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Preface 


In spectral theory, the inverse problem is the usual name for any 
problem in which it is required to ascertain the spectral data that 
will determine a differential operator uniquely and a method of con- 
structing this oparator from the data. 

А. problem of this kind was first formulated and investigated by 
V. A. Ambartsumian in 1929. Since 1946, various forms of the inverse 
problem have been considered by numerous foreign authors (G. Borg, 
V. Bargmann, N. Levinson, ete.) and Soviet authors (V. A. Marchenko, 
M. G. Krein, I. M. Gelfand, B. M. Levitan, etc.), and there now 
exists an extensive literature on the question. 

No attempt is made in this monograph to review the work done on 
the inverse problem. Instead, merely one of its variants will be treated 
and solved, namely, the problem arising in connection with the quan- 
tum theory of scattering and which is apparently the most interesting 
from the standpoint of application. The mathematical techniques 
developed in the solution of the problem may also be applied to 
related questions. 
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Translator's preface 


The basic question treated in this book, a translation of the mono- 
graph entitled Obratnaya zudacha teorii rasseyaniya, is encountered 
in many fields. Besides the quantum theoretical problem, there is, 
for example, the electromagnetic inverse scattering problem, і. е., 
the problem of determining information about à medium from which 
an electromagnetic wave is reflected, given a knowledge of the ref- 
lection coefficient. The authors Agranovich and Marchenko have 
presented a comprehensive lucid solution of another such problem 
arising in the theory of the deuteron. It is based mainly on the consi- 
derable amount of work they have done in this and related areas. 
Moreover, the functional analytic and algebraic methods used should 
also be of great interet to pure and applied mathematicians. 

The content of the translation remains the same as in the Russian 
original except for some stylistic changes and minor additions for 
purposes of clarity. However, an attempt was made to find and eli- 
minate all typographical errors. Also, a subject index and notation 
index were added, the latter covering thesymbols used most frequently 
throughout the book. 
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Introduction 


The inverse problem of scattering theory! originates in theoretical 
physios. 

It is well known in quantum mechanics that the scattering of par- 
ticles by a potential field is completely determined by the asymptotic 
form of the wave functions at infinity. In accordance with Heisen- 
berg's ideas (1948—1946), it is precisely the asymptotic behavior 
of the wave functions that has physical meaning. 

The question therefore naturally arises as to whether it is pos- 
sible to reconstruct the potential from a knowledge of the asymp- 
totic form of the wave functions at infinity, and if this is possible, 
to give a method for carrying out the construction. Such is the 
inverse problem of scattering theory. Of even more interest than 
the actual construction of the potential are the various relationships 
that can be established between it and the asymptotic form of the 
wave functions. 

Aside from these remarks, we shall make no further mention 
of the physical aspects of the problem. We shall be interested only 
in the mathematical side of the question which can be formulated 
as follows. 

Consider the boundary-value problem described by the system of 
differential equations 


n 
yi t y; = 2 yn, 0< z< æ(j = 1, 2,...”), (1) 
1 Бог a survey and short history of the problem, see L.D. Faddeyev [15]. 


(Numbers in brackets refer to the bibliography at the end of the book). 
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with & Hermitian coefficient matrix (potential matrix) 
V(z) = || (2) ||P, 
and boundary condition 
y(0)=0 — (j-1 2,...). (2) 


Knowing the asymptotic behavior at infinity of the normalized 
eigenfunctions of the boundary-value problem (1), (2), we are re- 
quired to determine the potential matrix V(z). 

In the case most interesting from the physical standpoint, V(x} 
has singularities of the order z^? in the vicinity of zero and infinity. 
The boundary-value problem with these particular singularities will 
be considered in the second part of the book (Chapters VII and 
VIII). However, in the first part (Chapters I—V), we shall treat the 
mathematically simpler case in which the condition 


Jalor) 142 < о (j, k= 1, 2,...n) (3) 
0 


is satisfied. The results obtained there not only are of independent 
interest, but also serve as а basis for the investigation of the singular 
boundary-value problem. 

In Chapters II and IV it is shown that when condition (3) is satis- 
fied, the boundary-value problem (1), (2) has a finite number 
of negative eigenvalues Aj, with Im A, < 0, and a continuous spect- 
rum coinciding with the entire positive axis. The normalized eigen- 
functions of the problem are the columns of matrices U(z,A) (А > 0; 
A=A/,, k=1,2..... p) for which Parseval’s equality holds in 
a form equivalent to the following expansion of the 4-function: 


seo = È Ше, WUY +g, | Ue 0066, Ad o 
0 
(here I is the identity matrix). Moreover, as z — co 
U (z, A) = éI — e—i*8( — 4) J- o (1) (А > 0), 
U(z, А) = ell [M +o (1)] (k = 1, 2,... p), 
where S(A) is a unitary matrix for —со < А < co with the property 
that S(—4) = S*(A), and M, is a non-negative Hermitian matrix 


of rank equal to the multiplicity of the eigenvalue A2. S(A) is called 
the scattering matriz, M, are the normalization matrices, and the ag- 


(5) 
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gregate of quantities S(4), Az, and M, (k = 1,2..... р) constitutes 
the scattering data of the boundary- -value problem (1), (2). 

Thus, for the case in question, the invérse scattering problem 
becomes the following: 

1. Determine a method of constructing the potential V(x) from 
the scattering data of the boundary-value problem (1), (2). 

2. Find necessary and sufficient conditions for а given unitary 
matrix S(A), negative numbers 22, and Hermitian matrices M, 
(k = 1,2,....,p) to be the scattering data of some problem (1), 
(2), in which the Hermitian matrix V(x) satisfies condition (8). 

The first of these problems was considered in à paper of Newton 
and Jost [1]. Imposing stricter conditions on the potential than (3), 
these authors reduced the problem to that of determining the spect- 
ral matrix from the scattering data from which the potential could 
then be obtained by the method of Gelfand and Levitan [2]. Some 
special cases of this problem were treated by others using the me- 
thods of Krein [3,4]. 

The method to be used in this book? permits the construction of 
the potential directly from the scattering data and yields the com- 
plete solution to the above second problem of determining the cha- 
racteristic properties of the scattering data. 

The starting point is the following theorem,? which will be proved 
in § 3, Chapter I. 

If the condition (3) holds, then a solution H(z, Д) of the matrix 
differential equation 


Y"-4?Y = Ү(2)У, 0 m g = œ (6) 


exists which can be represented as 


E(x, a) = e~ 01+ f K(x, t)e? dt (4 = 0), (7 
х 


2 The idea behind this method is presented for з single equation (n = 1) 
in the article [Б]. The basic results obtained by this method for a system of 
equations appear in [6]. 

з This theorem for the scalar equation y’’+ 120 = v(z)y was first proved 
‘by Levin [7] under the assumption that 


Ла +a) 100) |4 < =. 


4 INTRODUCTION 
the matrix K(z, t) and potential V(z) being related by 
(т) = -2 5 ка, х) (2 > 0). (8) 


The procedure set forth for constructing the potential is based 
on the fact that K(x, t) satisfies a linear integral equation (the fun- 
damental equation) 


Fry +E, y)+ | Kt 0Р0) й = 0 (0<2=y), (9) 


in which F(t) is determined by the scattering data according to the 
formula 


Fit) = de teu | [1— S(4)]é'^ da. (10) 


The derivation and investigation of (9) is carried out in Chapter III. 

It is clear that the fundamental equation (9) and the formula (8) 
together yield the solution to the first of the above problems, i.e., 
they enable V(z) to be constructed from the scattering data, and 
moreover, in a very simple way. 

The analysis carried out in Chapters I—IV shows that the scat- 
tering data for the boundary-value problem (1), (2) [in which the 
Hermitian potential V(z) satisfies the condition (3)] has the five 
following properties: 

I,. The matrix I—S(A) is the Fourier transform of a Hermitian 
matrix F (t); each element of the matrix 


Р.) = On [u-saye ад (11) 
is summable over the interval (0, оо) and can be expressed in the 
interval (— oo, 0) as the sum of two functions, one of which is sum- 
mable and the other square summable and bounded. 

ІІ,. The derivative F,(t) exists for all t > 0 and 4 


eoo 


JELEO |4 < о. 
0 


4 We shall define the absolute value of a matrix А = || ајһ || by the 
formula  |A|— max > |а|. 
1 k 
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III, . The equation 


0 
—2(t)+ ЈР) = 0, `—=<<0 


has no non-trivial vector solutions with components that are square 
summable over the interval (— оо, 0). 
IV. The. equation 


a(t) + f «5F--5 4 =0, O0-t-e 
0 


has no non-trivial vector solutions with components summable over 
the interval (0, co). 
V. The number of linearly independent solutions of 


a(t)+ ЈАР) dE = 0, O<t<= 
0 


with components summable over the interval (0, со), is equal to 
the sum of the ranks of the normalization matrices Mi, М,,..., M р 

In Chapter V, it is shown that these five conditions are not only 
necessary but also sufficient for a given unitary matirx S(A), nega- 
tive numbers Az, and Hermitian matrices M, (k = 1,2,..., p) to 
be the scattering data for some boundary-value problem (1), (2) 
with à Hermitian potential V(z) satisfying condition (3). At that 
time, the role of each of the above five properties will be clarified. 

The results of Chapter III already show that if the unitary mat- 
rix (А) satisfies merely condition I, and M, and 242 = 0 аге 
prescribed arbitrarily (k = 1,2,..., p), then the fundamental 
equation (9) [with F(t) defined in terms of the above data by means 
of (10)] has a unique solution K(x, у) for each positive value of 2. 
Once K(x, y) is known, it is possible to obtain E(x, y) from formula 
(7) and then the matrices 


U(z, А) = E(x, —2)— Е(а, 4)8(— 1) (4 > 0), 

U(x, Ay) = E(x, Ap) My, (k = 1, 2,... p), 
(Chapter IV, § 2), which clearly satisfy the asymptotic relations 
(5) and yield Parseval’s equality (4). 


If the matrix S(4) has the properties J, and II, then the matrices 
U(z, A) defined by (12) are solutions of equation (6) with a Hermi- 


(12) 
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tian potential V(x) = —2 dK(z, x)/dx satisfying the condition 
Ја (а) |а < = 

for any positive e. If, in addition, the given data possesses property 

IV, V(x) wil also satisfy this inequality with & = 0, i.e., it will sa- 

tisfy condition (3). [We note that if the condition IV does not hold, 

then V(x) will not satisfy (3)]. 

In general, the conditions І,, 11,, and IV are not sufficient for 
U(z,À) and (т, 4,) to satisfy the boundary condition (2). The ful- 
fillment of the boundary condition on the discrete spectrum, i.e., 
the equality 


U(0, Ap) = 0 (k = 1, 2,... p), 


is assured if the given data has the properties I,, IV. and V; if, 
moreover, property III, holds, then the boundary condition is also 
fulfilled on the continuous spectrum, i.e., 


U(O, A) = 0 (0 = À = œ). 


In $ 6, Chapter V, it is further shown that 1„ II, and III, are 
necessary and sufficient for a unitary matrix S(4) to be the scatter- 
ing matrix for some boundary-value problem (1), (2) with а Hermi- 
tian potential satisfying condition (3). In other words, if S(A) is 
@ given unitary matrix having the three stated properties, then it 
is always possible to find negative numbers 13, 45, ..., 42 and Her- 
mitian matrices Му, M;,..., M, which together with S(A) have 
the properties J,, HI, III, IV and V. 

A more detailed analysis in $ 6, Chapter V shows also that if S(A) 
has the properties I,, I, and III, then the matrix F(t) deter- 
mined by (11) is in fact summable over the entire real line and 
S(A) is therefore uniformly continuous. 

Concerning the actual solution of the fundamental equation (9), 
we note the following: If the elements of S(4) are rational functions, 
then the kernel of the fundamental equation F(é+-y) is degenerate, 
and the equation ean be solved by elementary means. It is also 
obvious that the fundamental equation ean always be solved for 
large z by the method of successive approximations. It is further 
shown (Theorem 3.4.2) that if no discrete spectrum exists, i.e., 
M, = 0 for all Ё, then the fundamental equation ean be solved by 
the method of successive approximations for any positive value of z. 
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In the second part of the book, a method of investigating bound- 
ary problems with singularities is developed (i.e., systems of equa- 
tions of the form (1) in which the coefficients have singularities of 
the order x7? in the neighborhood of zero and infinity). 

The procedure consists in applying transformations of a special 
type which convert the boundary-value problem in question into 
one without singularities (such as is investigated in the first part of 
the book) while enabling one to observe how the spectrum and asymp- 

- totic form of the normalized eigenfunctions change as the singular 
problem is transformed. General information concerning these 
transformations is contained in Chapter VI. 

In the following chapters, the above method is applied to a 
boundary-value problem consisting of а system of two equations 
which in matrix form is 


Y” +Y = [Y(z)--6z-*P], 0< = = ә, (18) 
Неге V(x) = || v(x) ||? is a Hermitian matrix satisfying the con- 
dition 
J + [у (а) [аа < о (—e < 0- е), (14) 
ò 


for some value of є with 0 = є < 1 and 


»- (11). 


It is well known [8,9] that the Schrioedinger equation for a deuteron 
(in its ground state) leads to such a system if tensor interaction 
forces are taken into account. 

Chapters УЦ and VIII will be concerned with obtaining a few 
concrete results pertinent to the system (13) 5 and primarily with 
а demonstration of how the above method works. This method may 
also be applied to other analogous boundary-value problems with 
singularities. 

In Chapter VII, the spectral analysis of the boundary-value prob- 
lem consisting of the system [13] and boundary condition 


Ү(0) = 0 (15) 
is carried out by this method, and the following is established. 


5 These results were published without proof in [10]. 
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The boundary-value problem (13), (15) [in which V(x) satisfies 
the condition (14)] has a continuous spectrum coinciding with the 
entire positive real axis (A? > 0) and, possibly, a finite number 
of non-positive eigenvalues A? < 42 < ... = AL = 0. With 4? in the 
the spectrum, there exist matrix solutions U(z, A) of equation (18) 
which vanish for v = 0, for which Parseval’s equality (4) holds, 
and which satisfy the relations 


U (z, A) = eP*I—e-?xS(— 2) - o (1) (А2 > 0), 

U(x, Ap) = e—!*|*[M,, + o (1)]. (Az = 0) 
If A, = 0, then 

U(x, Ap) = U(x, 0) = 2-{M,+0(1)] (Mp = mP, m > 0). 


(x — со). 


Here, S(A) is a unitary matrix for —oo < À < оо with the property 
that S(—A) = S*(A), and M, is a non-negative Hermitian matrix 
of rank equal to the multiplicity of the eigenvalue A2 - S(A) is the 
Scattering matrix, M, are the normalization matrices, and the ag- 
gregate of quantities S(4), Az, and M, (k = 1,2,..., p) comprises the 
scattering data for the problem (13), (15). 

Along with the spectral analysis of the boundary-value problem 
(13), (15), а study is made of the properties of its scattering data, 
and it is shown that these properties split up into three different 
possible cases. These results are formulated in sub-section 2 of 
§ 7, Chapter УП. 

In the last chapter, the inverse problem for (13), (15) is solved. 
It is shown there that the conditions obtained in the preceding chap- 
ter not only are necessary but also sufficient for а given unitary 
matrix S(A), non-positive numbers 42, and Hermitian matrices M, 
(k = 1,2, ..., р) to be the scattering data for some boundary-value 
problem (13), (15) [with a Hermitian matrix V(x) satisfying con- 
dition (14)]. At the same time, an alogrithm is presented for deter- 
mining V(z) from prescribed scattering data. 

We note that the scattering data is not always uniquely deter- 
mined. Їп certain cases, there exists a one-parameter family of 
Hermitian matrices V(z) satisfying the condition (14) such that 
the corresponding boundary-value problems yield identical scatter- 
ing data. 

There are two appendices to the book. The first is devoted to 
a modification of the set of characteristic properties of the scatter- 
ing data of the problem without singularities. Yn this connection, 
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several results are also obtained on the factorization of a unitary 
matrix. In the second appendix, some important inequalities, used 
in the first part of the book to investigate the problem without 
singularities, are sharpened. 

To simplify the presentation, we shall assume that the potential 
V(z) is continuous in the interval 0 < 2 < co. It is clear that this 
restriction may easily be removed. 


PART ONE 


The Boundary-Value Problem 


without Singularities 


CHAPTER I 


Particular Solutions of the System without Singularities 


§ 1. Preliminary Remarks and Notation 


Consider the system of differential equations 
n 
yjt Ay; = PR QU (ў = 1, 2,... т), (111) 


where the matrix of functions 
V(x) = || vlz) 117 


is defined and continuous ! in the interval 0 = = = co, and A is an 
arbitrary parameter. In the following, we shall call V(x) the potential 
matrix or, simply, the potential. 

Every set of » solutions of the system can be represented as 
a square matrix of n-th order Y (zx, A) satisfying the equation 


Y” +Y = У(®Ү, 0O<2 < œ, (1.1.2) 


Conversely, the columns of every matrix solution of equation (1.1.2) 
are clearly solutions of the system (1.1.1). 
Thus we can study the matrix differential equation (1.1.2) in- 
stead of the system (1.1.1), and this proves to be more convenient. 
The absolute value of the matrix A = || aj, || (which, generally 
Speaking, is rectangular) will be defined as the non-negative number 


max 2 | а | 
ј R 


! A matrix is said to be continuous if all its elements are continuous 
functions. In the same sense, we shall refer to a matrix as being summable, 
differentiable, regular, etc. 


13 
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which we shall denote by | А |. The determinant of A will be deno- 
ted by det A. 
It is easy to show that 


|4-B|s |A|4 18| 
[4-B| s 141-181 


(provided, of course, the expressions A+ Band А.В are meaning- 
ful), and that if the matrix A(z) is summable over the interval (a, b), 


then 
b 


b 
| f A) da] = f | A(x) | da. 


In the investigation of the equation (1.1.2), we shall make sys- 
tematic use of the notation 


f, 


o(a) = }|У@|й; оца) = ауа. (113) 


Of other notation to be used below, we mention the following: 
I is the identity matrix, A* is the complex conjugate transpose of 
the matrix А, and W{Y,Z} is the Wronskian of the differentiable 
matrices Y(x) and Z(z), i.e., 
W(Y,Z) = Y(z)Z' (z) Y '(x)Z(). (1.1.4) 
The inequality f^ |/(t)| dt - co wil mean that /(t) is summable 
over the interval (a, оо), and f, | /(t) | dt < co that it is summable 
over the interval (0, а) for any positive value of a. 


We shall use the symbol o(p(z)) in matrix equations to denote 
the fact that all the elements of а matrix are o{y(z)}. 


§ 2. A Fundamental System of Solutions with a Prescribed 
Behavior in the Vicinity of Zero 
THEOREM 1.2.1: If for some е = 0 (e < 1) ? 
J at-®| V(x) | de < =, (1.2.1) 
0 
then the equation (1.1.2) has a fundamental system of solutions G(x, А) 


2 The theorem is true for 0 < € < 2 but we shall not need this fact later 
on. 
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and H(x,A) for each (fixed) value of A, satisfying the asymptotic 
relations 
G(x, 4) = a[I+o(z*)], G'(z, 2) = I-o(z*); 


(a > 0) 
H(a,a)=I+o(at), — H'(m 2) = ofa-t#*). 


For each fixed value of x = 0, G(x, А) is an entire function of A. 
Proof: Consider the integral equation 
x 
G(x, a) = ха 2 І+ f me V(t)@(t, a) dt, (1.2.2) 


0 





which is easily seen to be equivalent to the differential equation 
(1.1.2) with the initial conditions 


G(0, А) = 0, G'(0, 4) — I. 
We first consider the саве Im 4 = 0, and we let 
G(z, 4) = ve?*Z(z, A). - 
Equation (1.2.2) then yields 


Z(z, A) = 8242 ras. 
«| Bin №20 ек0 (t)Z(t, A) dt. (1.2.3) 


0 


We now seek a solution of this equation in series form 
Z(z, A) = 2; 22, a), (1.2.4) 
R=0 


using the method of successive approximations. Here, by definition, 


Zole, 2) = 952 ert, 


Zy(z, А) = | nen e-i-0t y (1)Z, a(t, А) dt. 


0 
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Since for Im 4 = 0 and 0 = t = z, we have 


sin Ax 
Ac 


ei^ 





=] 


x . 
= Е | е—21% ds 
2 
0 











sin A(z—#) e 








pm —-iMx—) | = 1—-- =], 
it follows that the series (1.2.4) is majorized by the series 
> Са), 
к= 0 
where 


x 
&@ =|1[=1, Sale) = []У@)| бй. (k= 1, 2, ...) 
0 
This last вегіев converges and, moreover, uniformly in every finite 
interval 0 = z = a since 


1 d k 
Ox E. (x) s| [17918] . 


0 
Hence, the series (1.2.4) converges uniformly for 0 = z =a 
Im А = 0 and its sum 2(2,4) is a solution of (1.2.3). It is also evident 
that (т, A) satisfies the inequality 


f ti VCE) | dt 
|Z(z, å) | «e? 
But this means that G(z,4) = хех Z(z,4) is a solution of (1.2.2) 
and satisfies the inequality 
f t| V(t) | at 
| €? *G(z, A) | xe? (zz0, Im 4x0). (1.2.5) 
From the uniform convergence of the series (1.2.4), it further 
follows that its sum (т, 4) (and therefore G(x, 4) as well) is regu- 
lar in the half-plane Im 4 = 0 for each fixed value of z = 0 and is 
continuous there up to the real axis, since every term of the series 
has these properties. 
In an analogous way, it can be shown that a solution to (1.2.2) 
exists for Im 4 = 0, and that its solution G(z, 4) for each fixed value 
of 2 = 0 is regular in the half-plane Im 4 = 0 and is continuous 
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there up to the real axis. Hence, G(z,A) is an entire function of 4 for 
each fixed value of т = 0. 


The required asymptotic behavior of G(z,4) as r — 0 is an 
immediate consequence of (1.2.2), the equation 


G'(z, А) = сов AzId- f сов A(z—-t) V ()G(t, A) dt, 
0 


the condition (1.2.1), and the inequality (1.2.5). 


The matrix H(z,A) is defined as the solution of the integral equa- 
tion 
x 





H(z, a) = cos Axl —cos Ат m V(t)H(t, 2) dt — 
0 
. h 
_sin de | cos AtV (t)H(t, 2) dt, (1.2.6) 


any solution of which is also a solution of (1.1.2). Let us show that 
it is possible to solve (1.2.6) by the method of successive approxi- 


mations for sufficiently small values of z lying in some interval 
0 = z = h whenever 


h 
el f e| v()|dt =g <1. 
0 


In fact, if we define 
H(z, А) = cos AzI, 





x 
H(z, 2) = -cos iz | snd V(t)Ha(t, A) dt— 
0 
h 
cos AtV(t)H,_,(t, a)dt — (k= 1, 2, ...), 





x 


we find that for 0 = 2 = h 
| Holz, A) | = | cos 221 | = exI^l m el^], 


x h 
| Hy (a, А) | s etl Al f tefl ^| V (o) [etl dtt gen. е [р (0) etis dt = 
0 x 


h 
=< e^1M ft) V(t) | de = eblalg, 
о 
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By mathematical induction, we then obtain 
| Hye, A)| s eh^lgh (60, 1, 2,...). 
The above estimates imply that the series 


X Ayla, 2) 
k=0 


converges for fixed 4 uniformly in the interval 0 = z = h, and its 
sum H(z, A) is therefore a solution of (1.2.6) and hence of the equa- 
tion (1.1.2). If is further obvious that for fixed 2А, H(z, 4) is bounded 
in the interval 0 = z = k. 

Now consider the behavior of H(z, 4) in the neighborhood of 
x = 0. From (1.2.6), we have 


x 
| H(z, 2)-1 |x|eos àz—1] +151 f tet 117 (2) || H(¢, А) | dt+ 
0 
h 
ael! [ел |р) || H(t, А) | dt = 
x 


x 
= |cosAz—1| +2%e=!¥1 f eetl] | V(t) || H(t, 2) | dt+ 
0 


үх 
+ ater lA! U feet! àl |V (t) || H(t, 2) | dt 4- 


x 
1+. h 
+22 [а-л (V(t) || H(t, nia). 
Vx 
Hence, by (1.2.1), it follows that for € = 1 
H(z, 4) = I+ o (2°) (2 — 0). 


In a similar way, we deduce from the relation 
| х 
H(z, A) = —Asin AzI -- sin д2 f sin atV(t)H(t, 2) dt— 
0 


h 
— cos Ax J cos AtV (£) H (t, A) dt 


that 
H'(z, A) = o(z 1**) (z — 0). 


This completes the proof of the theorem. 
The following lemma will also be needed later. 
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Lemma 1.2.1: For all x = 0 and Im 4 = 0, 


x 


f t vola: 
| Ae? *G(z, А) | se? . (1.2.7) 
Furthermore, for each fixed value of x = 0, 
| Ae EG (e, A)—sin Ах еї] | — 0 (1.2.8) 


as | à| — œ, uniformly in the region Im А = 0. 
Proof: The integral equation (1.2.2) can be expressed as 


Ae-* *G(z, Д) = sin Az e-* «I + 
+ f sin Д(а—)е—#М=—® (t) [e-iNG(t, 2)] dt, (1.2.9) 
0 


ала hence, by virtue of (1.2.5) and the inequality 


| sin åz - е | «1 (Im 4=0), 
we obtain 
t 
x Ј sivi as 
| 4e-?*G(z, А) | = | E] + f t] Vee dt = 
0 
x x 
f slvis)l ds f vola 
= 1+„е% —1 = е0 › 


i.e., the inequality (1.2.7). 

The relation (1.2.8) is trivially true for z = 0. However, if z > 0, 
then taking Im А = 0, | å | > 1/2 and making use of the estimates 
(1.2.5) and (1.2.7), we find rom (1.2.9) that 

| Ae *G(z, А) — sin Az eie] |< 
1 


УТАТ x 
= | |V (t) || e-**G(t, A) dt | | V(t) || Ae-*G(t, А) | dt = 
0 A. | 
ДЕП 
x zl 
NL fave "EN 1 favor 
| : Vial ; 


ШИ 
Ав |A|— оо, the right-hand side of this inequality clearly tend 
to zero uniformly in the half-plane Im 4 = 0. 
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8 3. The Special Solution and Transformation Operator 


THEOREM 1.3.1: Ју 


olz) = f tIV(t)|dt <= (x > 0), (1.3.1) 


x 


then the equation (1.1.2) has а solution E(x, A) given by 
E(z, a) = e =I + f K(x, t)e-?t dt (Im 4 = 0), (1.3.2) 
x 


where the matrix K(z,t) satisfies the inequality 


| K(z,t)| = ze ) (see 1.1.3). (1.3.3) 
For each positive value of x (and for x = 0, as well, in the event that 
с1(0) < оо), E(x, A) is regular in the half-plane Im Л < 0 and conti- 
nuous there up to and including the real axis. 

Proof: Consider the integral equation 


E(x, 4) = eI + | iaaea) V(t)E(t, 2) dt, 1025 0, (1.3.4) 


which is equivalent to the differential equation (1.1.2) with the 
boundary condition 


lim e^*E(z, 4) = I. 

x—> oo 
We formally seek a solution of (1.3.4) in the form (1.3.2). Substitu- 
tion of the expression (1.3.2) for E(x, A) in (1.3.4) yields 


i K(x, te ^t dt = “| мало). V(s)e—$ ds + 


x 


We now transform the integrals on the right-hand side of (1.3.5) 
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first making use of the formulas 


sin A(s—a) gs = 
— = 


bo] - 
— 
a 
[ 
l 
E 
& 
h 


sina(s-z) 4, l Lint 
a е — 9 € 1 dt, 


utx—s 
апа then interchanging the orders of integration. 
This yields 
2s—x 


J, = i | V (s) ds f etd = [= | V(s) J dt; 


x+t 
uts—x 2 


J, = i | V (s) ds f K(s, и) du | e? dt = 
x ud x-s 


t+s—x 


оо "3 
| e-iM [= | V(s) ds K(s, и) du - 


+ 1 | тоа | к, u) au |а. 


The change of the order of integration in the integral J, is easily 
justified using the condition (1.3.1); as to J,, we perform the inter- 
change formally at this point and justify the operation below. 
Substituting the expressions found for J, and J, into (1.3.5) and 
making use of the uniqueness of the Fourier integral representation, 
we arrive at the following integral equation for the matrix K(x, t): 


x+t 
1 ©з 1 79 t-5—x 
K(z, t) — э | V(s) ds, | V(s) ds f K(s, u) du 4- 
х+і х t+x—s 
2 
1 eo 1+5—х 
tuy | V(s) ds K(s, u) du (0 < x = t). (1.3.6) 
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Applying the method of successive approximations, we now show 
that a solution to this equation exists. To this end, we define 


Кд, t) = i | V (s) ds, 


xt 
"3 
xt 
1 "3 1+5—х 
EK mlz, $) = э | V(s) ds Km_1(s, и) dut+ 
x t+x—s 
1 eo t+s—x | 
+ u | V(s) ds | Кул—1(5, и) du, 
t s 


+? 
2 


and we obtain the following estimates (since x = t): 


1 Ё 1 [+ 
| Ko(z, t) | = э f IF (s) | ds =) : 
i 


Ol fex _ 1 (a+) 
- т) | s|V(s)|ds = se 
: . 
By mathematical induction, we then conclude that 


l f#+t\of(« 
| Ea, t)| 0r)? (m = 0, 1, 2, eel 
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From this estimate, if follows that the series 


converges uniformly in the interval 0 < a = = = t for any a > 0, 
and that the inequality (1.3.3) holds for its sum K(z, t). It is easy 
to see that the matrix K(z, t) obtained in this way satisfies the in- 
tegral equation (1.3.6). 


Finally, 
f o(u) du = f du f ivo) t) | dt = jive а f du = 
x x и 


= f (t-z) V(t) |4 = оү(ш). 


x 


and applying (1.3.3), we find that 


d I d zc 
<= —— (x) —— = 
J| fena ue [4 z)” 
x x 


= enx) f o(u) du = eno, (a) (1.3.7) 
x 


We can now justify the interchange of the order of integration 
in the integral J, (see (1.3.5)). In fact, it is permissible to apply 
Fubini's Theorem here because by (1.3.7) 


J s1v(314s. f | K(s, и) | du se oi(x)< 
S 


x 


for any value of x > 0 (and for x = 0, as well, in the-event that 
e,(0) < оо). | 

This completes the proof that the expression (1.3.2), with a kernel 
K(x, t) satisfying (1.3.6), is a solution of (1.1.2). From the represen- 
tation (1.3.2) and the inequality (1.3.7), it obviously follows that 
E(x, А) is regular in the half-plane Im 4 < 0 for each fixed value 
of x (and for х = 0, as well, in the event that o,(0) < oo) and is 
continuous there up to and including the real axis. 

Remark. Equation (1.3.6) implies that K(z,¢) has continuous 
partial derivatives with respect to each of its arguments where, in 
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particular, 
xc 


2 
K(x, t) = -rF | V(s)K(s, t-- m —s) ds— 
->Í V(s)K(s, ¢+s—z2) ds (0 = 2 = t). (1.3.8) 


Ар analogous expression holds for K,(z, t). By means of the estimate 
(1.3.8), it follows from (1.3.8) that 


кн 
1 a+t 

-x Cz) ever | | F(s) | ds+ 

epe [mo «(e ")e 4 EF) 


1 zt 
— eei (x) ——— 
+ g * 4 2 Jo. (1.3.9) 


К (=, t) 








If V(x) is differentiable, K(z, t) then has second partial derivati- 
ves, and from (1.3.6) it is possible to derive the following equation 
for K(x, t): 


д? д? 
p K(x, t) - V(z) K(z, t) = 38 xz K(z, t). (1.3.10) 
Also immediately following from (1.3.6) is the relation 


oo 


K(z,2) = E | Vit) dt, (1.8.11) 
х 
which wil be important in the later development. 
Conversely, it is easy to show, that if K(z, ¢) satisfies equation 
(1.3.10), the relation (1.3.11), and the conditions 


lim К.) = lim Ка) = 0, (1.3.12) 
x+ 


x+ l—> «о æ 


then it is a solution of equation (1.3.6). Thus the matrix H(z, 4) 
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which, K(x, t) determines by means of formula (1.3.2)] is a solution 
of equation (1.1.2) with V(z) = —2 dK(z, x)/da. 
Lemma 1.3.1: If с1(0) = оо, then 


lim zE'(z, 4) = 0 (Im 4 = 0) 


x—> +0 


and 
lm zEÉ'(r,4)—0 (Im A = 0), 


х->+0 


the dot denoting differentiation with respect to A. 
Proof: The successive differentiation of (1.3.2) with respect to 
х and A yields 


Е'(х, л) = — ihe I — K(x, z)e-i^* + 
+ f Ea, te" dt (Im 4 = 0), (1.3.13) 


x 


E'(a, А) = —ie-U*I— AÀze-V*I + izK(m, z)e- i — 
—i f Kaz, tre" dt (Im < 0). (1.3.14) 
x 


The validity of these two expressions is proved in the same way, and 
we shall give the reasoning only for the latter one. 
Let 


1 
с = — e% (0). 
2 


By means of the inequality (1.3.9) and with z and å such that 
0 = cQ = ХЕ, Im 4 = — uo = 0, 


we have 


| fiu, етім | f t| KL t) | etat 
N N 


< qe | (5) | to FP ema = 
N. N 


= eeN f u | V(x) | ае т) | te t dt. 
Ñ 


1 
.N 
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This estimate shows that the integral on the right-hand side of 
(1.3.14) is uniformly convergent for x and A in the above region 
for any positive quantities z; and ш. This implies the validity of 
(1.3.14) for z > 0 and Im 4 < 0. 

Now, using the inequalities (1.3.3) and (1.3.9), we obtain the 
following three estimates: 


| K(z, z) | =co(z); 
for Im 4 = 0, 


| ee бена = i i| PE) | ceste) | (Ci) dt = 


x x 


for Im A= —gu < 0, 


| f UK (a, tje- dt 
x 





» 1 tab "(E2*) a 
cote) (2), еі dt = [Гетото (e (7) еї й x 


= o, (0) + 2e 10, (0) o(2), 


since 


«(s = ef |V(s) [ds = 2 f s |V (s) [45 = 20,(+) = 2o, (0). 
i i 


2 2 


From these estimates and (1.3.13) and (1.3.14), it is apparent 
that to complete the proof of the lemma it suffices to show that 


lim zo(r) = 0. 


x—> +0 
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But for 0 <a < l, we have 
. соо Vx Я eo 
гоа) = z f |V(s)|ds = z| f |У(в)|4г+ f iV(91ds] = 
x x fx 


Га ее 
= f s|V(s)|ds+Va f s|V(s)|ds, 
х Vx 
and the right-hand side of this inequality tends to zero as zr — 0 
‚ Lemma 1.3.2: Let the potential V(x) in equation (1.1.2) be Hermitian 
and satisfy condition (1.3.1). Then for all positive values of x 


W(E*(z, 2), Ez, à) = — 2441 for Im å = 0 
0 for ReA=0, д4 = 0, 
W(E*(z, A), E(x, —A)} = 0 for In 4 = 0. 
Proof: If V(x) is Hermitian and Y(z) and Z(z) are any two solu- 
tions of the equation (1.1.2), then when Im 4? = 0, 
we have 
Y* (æ) + A2Y*(2) = Y*(x)V (z), 
Z” (z) + A*Z(z) = V(x)Z(zx). 
Hence, 
Y*(z)Z"(z)—Y*"'(xz)Z(z) = 0 
which implies that 
W(Y*(z)Z(z)) = Y*(z)Z (z) Y *' (x)Z(z) 
is independent of z. By means of this and the fact that 
ейхЕ(а, A) — I, eE (z, A) > —iAI 
aS 2 — оо, the relations of the lemma result upon letting x — оо 
in their respective left-hand members. 


$ 4. A Fundamental System of Solutions with a Prescribed 
Behavior at Infinity for the Case А50 
THEOREM 1.4.1: If for some à = 0 
f ott? | У(ж) | de<, (1.4.1) 


then for any non-zero value of А in the halfplane Im А = 0, the equation 
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(1.1.2) has a fundamental system of solutions E(x, A) and Баа, A) 
with the following asymptotic behavior: 
Е(а, А) = e-"*[I-o(27179], E'(, 4) = — the + o(a), 
(z — =) 


EQ, 4) = [I+ o(271=)], EO (x, А) = ihe I + о(2—1—8)]. 


For Im А = 0, these solutions can be represented in the form 


E(a, А) = e-?« [2+9 | V (t) dt+ A(z, я] > 


E’(a, A) = —iAe-U [2+ i fro V(t) dt+ B(z, я], 
EO, Д) = ei Lx fro V(t) dt+ Ааа, я], 


EO (a, А) = she (2-9 | V(t) й+ Ваа, я], 
* 


where the matrices A(x, A), B(z, А), A(x, A), and Ва, А) 
satisfy conditions analogous to (1.4.1). 

Proof: According to Theorem 1.3.1, the condition (1.4.1) assures 
the existence of the special solution H(z, 4) of equation (1.1.2) 
determined by the integral equation (1.3.4) and given by (1.3.2). 
Differentiating (1.3.4) with respect to =, we obtain 


E'(z, А) = — ile — f сов A(t—2)V(t)E(t, A) dt. (1.4.9) 


By means of (1.3.4), (1.4.2), the condition (1.4.1), and the bounded- 
ness of e?* E(x, Л), we can show rather easily that H(z, Л) and 
E'(r,4) have the asymptotic behavior at infinity stated in the 
theorem. 
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И we use (1.3.2) and (1.3.4), we further obtain 


E(a, A) = e: + eV (t)E(t, A) dt xL eM (t) E(t, А) d = 


= “|2 tal V(t)dt - A(z, я], 


A(z, A) = a f Vi) dt | К, 8)е—1Мз—0) ds— 
x t 


where 


eüs poo Р | 
— ta eM (t) |: + | K (t, sje 248—0 | dt. 
x i 


In a similar way, it follows from equations (1.3.2) and (1.4.2) 
that 


E'(x, 4) = —– іе |a | V (t)dt+ B(z, a), 


where 
—iMs—t) 
B(z, 4) = эй | V (t) ағ | ко 8)е 148—0 ds + 
х t 


gae: 


— —2iMt —id(s—t) 
+ РУУ е V(t) [+ | K (t, ѕ)е— 5 J dt. 
x t 


Now, let Im 4 = —u < 0. Then (see (1.3.3)) 


| J Vide f Kis, tje™™s— ds | = 
x t 
=1 en) ў Vit) | a(t) dt ats ds zl Oota). 
2 2u 


t 
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Moreover, by (1.4.1) and the fact that f'o(z)dx = o(a) < co, 
a . 


Ј аа) da = f oa) de | аяу) |е  (a>0). 


а х 


Also, for b > a > 0, 


b oo оо gx b 
| дї+дефих às [зга = gie [ ези | V(t) | d - Sr - 


b eo 
=з | С + д) ёе2их | €? | V(t) | й—х1+% | V (a) | | дш = 
а x 


b1 +de2ub -out |р à I f 143/77 d 
DE fe Iv) | з (а) | de = 
b ü 





b eo b 
= 21 | й+ә |V(t) dep e P V(t) | dt+ 1 gi** |У(т) | de 
2b a 


This result together with (1.4.1) yields the inequality 


f reede f e-t Vt) dt< (a> 0). 


a 


From these estimates it is easily seen that 
J 249) Аш, Л) [с о, f xp B(z,2)|dr< œ (a>0). 
a a 
We now proceed to construct the matrix H(z, 4), and for 
Im 4 = 0, we define 
EOXz 2) = Еа, —32) (шл= 0, A # 0). 


E(x, — 4) is а solution of (1.1.2) and has the required asymptotic 
behavior at infinity. 


If Ima = —u <0, we define H(z, 2) for sufficiently large 
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values of z > 0 as the solution of the integral equation 


А ex f | 
Воҳа, Д) = ей —#— | eM (NEOs, A) й— 


x 


e- ox d . 
-S f eit V(t) EOE, 2) di. (14.3) 


After the substitution 
EQ(a, 4) = eX F(a, 2) 


this equation becomes 


F(z,2) = 1-56 V(t)F(t, 2) dt 





xi ety (t) F(t, 2) dt. 


h 


It is easy to show by the method of successive approximations 
that a solution to this equation exists in the interval k = = < co 
provided À is positive and is such that 


1 со 
h 


In this connection, it is found that 


| F(z, 2)| = (z=h), 


-l. 
1—4 
and this implies that for z = 2h 


| F(a, )- I| zl (Ре, A)| dt-- 





е—2их d 
+ f eo || P662) dt = cons IVG) | dt+ 
h: 


vite 


x 


2 
pecus | V(t) | а | < const (5) +=]. (1.4.4) 
h 
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From this and (1.4.1), we thus conclude that 
EM, 2) = e?*F(z, A) = [T4021] (w@ ә). 
Now, differentiating (1.4.3) with respect to т, we obtain 


{Ах о 
EO'(a, 4) = ines] — 2 | e- ^V (t)EOXt, А) + 


ех 





+ | HVED, 2) dt, (1.4.5) 


h 
and just as in the above, we find that 
EO (a, A) = iae" + o(a] (z =). 
From (1.4.3) and (1.4.5), if further follows that 


1 o 
а) = ех| Fo ax 
Ea, А) «|2 aa | "9 t) dt - A ва], 
x 





EQ» (т, a) = й зй | V (t) dt+ BONT, | , 
x 
where 
eo x 
1 е—20х ; 
AQOX(z, A) = ^35 V(t)[F(t, 4)—1I]dt — 2 | Му (t) F(t, A) dt 


x h 


l 
2ü 


Вал, д) = — M [F(4, 2) — I] dt4- 





x 
Sa | vere, ae 
А 
Applying the inequality (1.4.4), we have 


| j V (t) (FG, 4) — 1] a = const f |V(5 | 45) tet] dt = 
= const (4) + e| с(х), 
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and the refore 


je" f V (t)(F(t, 4) — I] dt | dz = 
h x 


= const | [(5) tem] dz f ttè | V(t) | dt « e. 
h x 


Now, for b> А 


b x 





А У e-?ux |b 
f 2118е—2их às | et |V(t)| dt = ал+ f et V(t) | dt — | + 
2u 
h h h h 
b . x 
+ z [a + )a3e-?ux | eut [V (Фф) | dealt? |V(z) | dz = 
н 
h h 


b x 
» x | |o + 8)ade-tus | eM |V(f) | dt aitt |V(a) | de, 
+ А ` 


к 
and for b = 2h 


[ ж®%е—?#'®% da; / e^t | V(t)| dt = const + П wees da; f et | V(t) | dt = 


ю|н 


= const + [oem } |V( | dt + jen] |V(£) | dt, 
x 
* 


во that by (1.4.1), 
eo x 
f gite ux дл; f et | V(t) dt < œ. 
h h 


` A straightforward computation using the above results shows 
that 


Ја | А002, 4) |де, f ай+%| ВО, 2) | dz ee. 
and.this completes the proof of the theorem. 
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$ 5. A fundamental System of Solutions with a Prescribed. 
Behavior at Infinity for A=0 


THEOREM 1.5.1: If the condition (1.4.1) is satisfied, then the equation 
(1.1.2) with А = 0, i.e., 


Y"-YV(zx)Y (1.5.1) 
has a fundamental system of solutions E, 0) and E(x) with the 
following asymptotic behavior: 

E(x, 0) = I+o(2-), E'(z, 0) = о(х—1—%), 
EGX(z) = a[I+o(a-*)],  EO'(z) = I+o0(a-). 


Proof: The required special solution E(z,0) of (1.5.1) satisfies 
the integral equation (see (1.3.4)) 


(к =) 


E(z,0) = I+ f (t—x)V(t)E(t, 0) dt, 
х 
which upon differentiation with respect to z yields 
E'(z,0)— — Ј V()E(, 0) dt. 
x 


From these two equations and the condition (1.4.1), it immediately 
follows that E(z,0) has the asymptotic behavior at infinity stated 
in the theorem. 

H(z) is defined as the solution of an integral equation whose 
form depends on what the value of the exponent 6 is in the ine- 
quality (1.4.1). Namely, if 0 = ô <1, then we choose 


eo x 
Еа) = zI—z | VOED) dt— f ev()goxn dt, (1.5.2) 
x h А 
for А = z < оо, where k is а positive quantity such that 
f t1V@ 1a; 
hk 
if ô = 1, then 
Ez) = zI + J (t-z)V(tEQX0) dt, O< x ә. (1.5.3) 


It is not difficult to show by means of the method of successive 
approximations, that (1.5.2) and (1.5.3) have solutions in the speci- 
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fied intervals, and that the matrix ЁЧ)(т) obtained in this way 
satisfies equation (1.5.1). The differentiation of (1.5.2) and (1.5.3) 
with respect to x then yields the following identical result: 


EQY"(z) = 1— ј V (t) £GX(t) dt. (1.5.4) 


Let 0 = 6 < 1. From (1.5.2), it follows that the matrix z^! H(z) 
is bounded in the interval h = x < œ, and by virtue of this and 
(1.4.1), we find from (1.5.4) that 


ЕЗ) (х) = I+ (x?) (x — ео). 


To find the asymptotic behavior of H(z), we start from the 
following relation which results from integration by parts: 


x 


ЈЕО) = — fo dsEBQ)(t) Е ў [ fo ds (t) dt. 
h t h t 


By (1.4.1) and the boundedness of the matrices 2-1#(a) and 
EO'(x) we have 


— nu dsEGX(t) |F = o(z1—9) (= ә); 
Л] sV (s) ds] E0" (t) dt | = const f dt [гу з) |ds= 
= const [ f #|V(s)|de f й+ У зв) [ав fa] < 
h h x h 


= const [ f s? |V(s)| ds-- x f s|V(s) | ds] = 
h x 


1—4 Vz со 
= const gi—)[z 2 f 81+ |V (s) | ds + f 81+ |V(s) | ds] = 
һ Vx 


= 0(21—%) (а: > со), 
These estimates applied to (1.5.2) show that 
EQO(z) = a[I + 0(2—5)] (= — e). 


By making use of (1.5.3) and (1.5.4), we can easily satisfy our- 
selves that EGX(z) and Е) (х) have the same asymptotic behavior 
for 6 = 1 as they have for 0 = 6 < 1. 
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Lemma 1.5.1: If the potential V(x) in equation (1.5.1) is Hermitian 
and satisfies both (1.2.1) and (1.4.1), then the solution G(x, 0) of this 
equation (see Theorem 1.2.1) has the following asymptotic behavior: 


G(x, 0) = zE*(0)-- А+ о(аї—®), G'(z,0) = E*(0)--o(z—9) (x — =), 
where E(0) = E(0,0) and A is a constant matrix. 
Proof: By Theorem 1.5.1, we have 
G(x, 0) = E(x, 0) A+ EQO(z) B, 
G'(z, 0) = E'(z, 0) A+ HO (x) В, (1.5.5) 
in which A and B are constant matrices, and therefore it is clear 
that we merely have to show that B = Е*(0). 


Let Y(z) and Z(x) be arbitrary solutions of equation (1.5.1). 
Then since V(x) is Hermitian, it follows that the Wronskian 


W(Y*(z), Z(z)) = Y*(z)Z'(z) CY" (z)Z(a), 
is independent of z. In particular, 
W(E*(z, 0), E(x, 0)}= lim W(E*(z, 0), E(x, 0)) 20, 


W(E*(z,0), EG(a))— lim W(E*(z, 0), EGX)) — I. 


Therefore, if we premultiply the first equation of (1.5.5) by #*’(zx, 0) 
and the second by #*(z,0) and then subtract the second from 
the first, we obtain 

E*(x, 0) G'(z, 0) — E*'(z, 0) G(x, 0) = B. 


We now let z approach zero. Since G(x, 0) ~ aI and G'(z, 0) ~ I 
as z— 0, it follows from Lemma 1.3.1 that В = Е*(0), q.e.d. 


CHAPTER II 


The Spectrum and Scattering Matrix for the 
Boundary-Value Problem without Singularities 


§ 1. The Point Spectrum 


In what follows, we shall consider the boundary-value problem: 


п 
Yj tay; = È о(к)уһ 0 <= < o \ 


k—1 (2.1.1) 
y;(0) =0 (j21, 2,... m) | 
under the assumption that the potential V(x) = ||vj,l|? is a Hermi- 
tian matrix such that 
J 2|V(2) | dr<% (2.1.2) 
0 


We shall agree to call it the non-singular problem, and we begin 
by studying its point spectrum. 
Consider the special solution E(z, 4) of 


Ү” +2 = V(a)¥, 0 = gz = œ (2.1.3) 
(see Theorem 1.3.1), and let 
E(A)= E(0, А). >? (2. 1.4) 


The matrix E(4) is regular in the half-plane Im å < 0 and is conti- 
nous there up to and including the real axis. 

Suppose that for some 4 = Ду, with Im A, < 0, det EH(Ay) = 0. 
This implies the existence of a non-zero vector a such that 


Ela — 0. 


But then the vector function H(z, Ag)a is a solution of the system 
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(1.1.1) vanishing at x = 0 and decreasing exponentially ав = — co. 
Thus, A is an eigenvalue of the boundary-value problem (2.1.1). 
Since this problem is self-adjoint, its eigenvalues are all real, and 
Ао is therefore of the form —iug, with ро > 0. 

Thus, if det H(A) is а regular function of А in the lower half-plane, 
then it can have zeros there only on the imaginary axis, and the 
squares of these zeros will be eigenvalues for the boundary-value 
problem (2.1.1). 

It is easy to show that the problem (2.1.1) has no eigenvalues 
other than the squares of the zeros of det E(A). In fact, by Theo- 
rems 1.4.1 and 1.5.1, every solution of (1.1.1) can be represented 
in the form 


y(z, А) = E(z, Aja + EGX(z, 1), 


in which a and b are constant vectors. The components of y(z, A) 
are square summable over the interval (0, оо) if and only if Im å + 0, 
where b = 0 in the particular case Im 4 < 0, i.e., 


ylz, à) —E(z,2)a (Im 4-0). 


In order for A2, with Im Ag < 0, to be an eigenvalue of the problem 
(2.1.1) it is necessary for à non-zero vector a to exist such that 


E(0, A)a = E(49)a — 0, 


and this is equivalent to det (А0) = 0. 

Now, according to formulas (2.1.4) and (1.3.2), H(A) — I when 
]A4| — co (Im å = 0),! so that the zeros of det H(A) form a bounded 
set with at most one limit point possible, namely 4 — 0. There- 
fore if det E(0) - О, then the number of zeros of det H(A) is finite, 
which means that the boundary-value problem (2.1. 1) has a finite 
number of eigenvalues. 

It turns out that the set of eigenvalues is finite even if det E(0) = 
= 0, ie., the following theorem holds. 


1 When Im 4 < 0, this statement is an immediate consequence of the 
expression 


Е(А) =I+ f xo, te ^ di. 


On the other hand, if Im 4 = 0, the Riemann—Lebesgue Theorem is then 


applicable since by (1.3.3) and (2. 1.2), K(0,2) is summable over the entire 
interval (0,00). 
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THEOREM 2.1.1: The non-singular boundary-value problem (2.1.1) 
has a finite number of eigenvalues (which are negative). 

Proof: Let у(х, В) denote the Hilbert space of vector func- 
tions f(z) = {f,(z), ..., f,(z)} with components square summable over 
the interval (a, B. and with а scalar product defined by 


P n 
(f, 9)<a,p>= | 2 Eala) da 
a k=1 ` 
Let 
Ty] = —y” + V(z)y, 


where y is a column vector with the components yj(z), Ya(®), . .. 
y,(z), and let us consider the self-adjoint operator L defined in 
Ly (0, оо) by Ду] and the boundary condition y(0) = 0. The domain 
of the operator L, which we denote by Dz, is to consist of all func- 
tions у(х) ЄТ (О, оо) satisfying the following conditions: 

(1) y'(z) exists and is absolutely continuous in each finite inter- 
val (0, a); 

(2) Uy] € Lm (0, оо); 

(8) (0) =0. 
For all у(х) € Dr, we have by definition 


Ly — Цу]. 
The boundary-value problem (2.1.1) is clearly equivalent to the 
operator equation 
Ly — ty, 


and our problem becomes that of showing that L has a finite number 
of eigenvalues. 


2 The basis of the proof is the method of decomposition of operators 
due to Glazman [11]. If in addition to (2.1.2), the condition 


Га? уа) 142 < = (1) 


is satisfied, the proof of the theorem becomes considerably simpler and the 
ideas of operator theory need not be resorted to. In fact, the theorem 
being proved is a simple consequence of the formula 

E-414) = A—IN-Lo(ÀA-3) (4-5 0, lm À = 0), 


which can be derived by elementary means when the conditions (2.1.2) 
and (!) hold. 
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To this end, we choose some number « >0, and we introduce two 
additional self-adjoint operators L, and L, as follows: 
L, is the operator which is defined in LẸ, (0, æ) by /[y] and the bound- 
ary conditions y(0) = y(x) = 0; and 
L, is the operator which is defined in Loy, оо) by Щу] and the 
boundary condition y(x) — 0. 

The respective domains of these operators, Dz, and Dz, are form- 
ed analogously to D,, and for all у(х) € Dj, , we have by defi- 
nition 


Ly = Цу) (#= 1,2). 


Let us show that Г, has no eigenvalues when « is a sufficiently 
large positive quantity. By means of the same reasoning used at 
the beginning of this section, we find first that all of the eigenvalues 
of L, are the squares of the zeros of det E(a, A) , which, if they exist, 
are of the form 4 = — y, и > 0. Now according to (1.3.2), 


Е(а, —iu) = eI + f K(x,tje-" dt. 
a 
Moreover, 


eo 


| f K(a, #)е— | еа f | K(a, t) | di e7"*o (1) 


a 


ав х — со, for by applying the inequality (1.3.3), we obtain - 


| | K(a, t)|dt-<c | (=) й=?е | о(и) du <= 2co;(a), 


where c = е0) /2. 

Hence, it follows that the function det E(x, —iu), w= 0, will 
have no zeros if « is sufficiently large. 

Choose and fix a positive value of х so that this condition bas 
been satisfied; then the operator L, will have no point spectrum. 
Furthermore, since the continuous spectrum of L, is situated on the 
positive axis when (2.1.1) holds, L, is à non-negative operator, i.e., 
for every function у(х) belonging to Dy, 


(Шу, y) = ly], Y)<a, o> =0. 


Let us now examine the operator L,, and let us show that it has 
a finite number of negative eigenvalues. 
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. In fact, it can easily be seen that the eigenvalues of this operator 
are the squares of the zeros of det G(x, A) (see Theorem 1.2.1), and 
because these eigenvalues are real, the negative ones are of the form 
—p?, where p is a positive quantity such that 

det G(x, — iu) = 0. 
Now, the substitution of А = —iu and z = а in (1.2.8) yields 
| ue" *G(x, —$u) — sinh ике ве | — 0 

as и — co. But the function det G(x, A) is even in A, and the last 
result shows that its zeros, which lie on the imaginary axis, form a. 
bounded set in the A-plane; since det G(a, А) is an entire function, 
the number of zeros must be finite. 

Let m be the sum of the dimensions of the subspaces corres- 
ponding to each of the negative eigenvalues of the operator L4, and 
let p be the number of eigenvalues of L. It then follows that 


p-m4n. (2.1.5) 


Let us assume the contrary, ie., p > m+n. Hence, there exist 
at least m--n4-l linearly independent eigenvectors of the operator 
L corresponding to these eigenvalues: 


yz), yz), ... , уба). 


From these eigenvectors, it is obviously possible to form m+1 

linearly independent linear combinations 
z) (a), 2(2)(a), el) gm (a), 
which vanish at z = æ. The vectors 2(a) (i = 1,2,...,m--1) thus 
satisfy the conditions 
20(0) = 290(x) 20 (i= 1, 2,...,m+]) 

and therefore belong to both Dz, and Dz, 

It is now possible to form a non-trivial linear combination of the 
2 (a), 


mil 
ща) = 2, vie (а), 
i= 


which is orthogonal in the metric of Lin) (0, о) to all of the eigen sub- 
spaces of the operator L, corresponding to its negative eigenvalues. 
` For the vector u(x), we have the two relations 
(Liu, и) = (I[u], u)<o, а> 20, 
(Lau, u) = (Д2, и) <а, o> =0 
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(the second one being à consequence of the non-negativeness of 
the operator L,). 

However, since u(x) is by definition a linear combination of the 
eigenvectors of the operator L, and since L has only negative eigen- 
values, it follows that | 


(Lu, ш) = (Ща), u)<o, => <0. 
Finally, noting that 


Q[u], u)<o, o> = (Hu), u)<o, а> т ( иш], U)<a, o>, 
we arrive at a contradiction because the left-hand side of this equa- . 
tion is negative whereas the right-hand side is non-negative. 


Remark. Define 
V(z, O<a=< 
yya) = l (z) 8 

0, zz 
and consider the boundary-value problem (2.1.1) with V (x) replaced 
by Vg(z). The proof of the theorem clearly shows that when 
В 2 а the number of eigenvalues of the new problem having V,(z) 
ав its potential will satisfy the same inequality (2.1.5). In other 
words, the number of eigenvalues of the boundary-value problem 


in which V(x) is replaced by V,(z), is uniformly bounded for all 
sufficiently large values of B = æ. 


§ 2. Properties of the Matrix E-1(A) 


From the results of the preceding section, it follows that the mat- 
rix function Е- (2А) is regular in the half-plane Im 4 = 0, with the 
possible exception of a finite number of points on the imaginary 
axis where det H(A) = 0, and, hence, where E-!(4) has poles. 

In order to investigate the character of the singular points of 
E-1(A), we shall need the following lemma. 

Lemma 2.2.1: Let A(z) be a square matrix, which is regular in 
the circle |z| = 1, such that det A(0) = 0 and det A(z) = 0 for 
0 = |2] < 1. 

Then the inverse matrix А-г) has a simple pole at z = 0 if and 
only if the relations 

A(0)a=0, 
A (0) b 4- A’ (0) = 0, (2.2.1) 
where a and b are constant vectors, imply that a = 0. 
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Proof? It is clear that A-!(z) is regular everywhere inside the 


circle |z| < 1 except at z = 0 where it has a pole of some order m. 
We may therefore write 


А-а) = z-"N Бету... 
A(z) = Aot 24, ..., 


where Ay = A(0), A, = A’(0), ete. 
The matrices N, obviously satisfy the following equations: 


T TO 
z AN ir m z Nr mA, = 8,1 (2.2.2) 
s= s= 


(r=0, 1, 2,...), 
with 
ba la if r=m 
0, if тут. 
Suppose that m = 1, i.e., A-1(z) has a simple pole at z — 0. Then 
from (2.2.2) there results 
A,N_,=N_,A,=0, (2.2.3) 
ANo EF AN, = N_,4,+N,4, = I, 
in which the matrix N. , ғ 0. 


Postmultiplying the second equation of (2.2.8) by the vector а 
and making use of the first equation of (2.2.1), we obtain 


a=N_, Аа. 
By the second equation of (2.2.1), we find that 
a= —N_,A,), 


and this is equal to zero as a consequence of (2.2.3). 

The necessity is thus proved. 

Suppose now that from the relations (2.2.1), it follows that a = 0. 
Using this fact, we find successively from (2.2.2) that N_,, = 0, 
N_m4 = 0, etc. until we arrive at the equations (2.2.3). Thus, 
A~1(z) has only a simple pole at z = 0. This completes the proof 
of the sufficiency of the criterion. 


3 The proof of this lemma and that of Theorem 2.2.1,which follows have . 
been taken from the article of Newton and Jost [11. 
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THEOREM 2.2.1: All the singularities of the matriz function Е- ЧА) 
in the half-plane Im А = 0 are simple poles. 
Proof: We begin by considering the differential equation 


E” (a, А) + A2E(z, А) = V(z)E(z, A). (2.2.4) 
Differentiating it with respect to A and then taking the complex 
conjugate transpose of both sides of the resulting equation, we ob- 
tain 4 
E*"(z, A) + 3É*(z, 2) -24E*(z, A) = E*(z, 2)V(a). 
Assuming that Re А=0 and In A < 0, we postmultiply this 
equation by E(x, A) and subtract the result from (2.2.4) after first 
premultiplying it by E*(z, A). Hence, 
E*(z, 4)E" (a, A) — E*"(z, А) (=, А) = —2AB*(a, A)E(z, А) 


(Re A = 0 and Im Л < 0). If we integrate both sides of this equa- 
tion from v to со taking into consideration that E(x, A), E'(z, A), 


and E(x, А) tend to zero as х — co when Im À < 0, we obtain 


E*(z, A) E'(z, А) — B® (x, А)Ё(х, А) = 24 n E*(t, A)E(t, A) dt. (2.2.5) 


(Re A=0, Im4A-«0) 


Let Ay = —i pig, With ug positive, be a pole of E-1(4). This im- 
plies that det E(A,) = 0, and hence that there exists a non-zero 
vector a such that 


E(A,)a=0 (2.2.6) 


(vectors are to be regarded as column matrices). 
Thus the solution E(x, A4;)a of the system (2.2.4) vanishes at x = 0 
when å = Ae. Hence, by Theorem. 1.2.1, it follows that 


E(x, oja — G(x, Ag)a4, 
where a, is some vector, and therefore, 
lim E'(z, A4j)a = E'(49)a 
x—0 
exists (the right-hand side merely denotes the limit). 


1 The dot denotes differentiation with respect to A. 
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Making use of this and Lemma 1.3.1, we then have 5 
lim {a*E* (x, A)E(z, 49)a) —lim ([za*E*' (2, 49)] [3E (z, 49)a]) = 
x—0 x0 


= lim ([za*E*'(z, A9)] [E (0x, Aga]) = 0. 
x—0 


Upon setting 2 = Ay in (2.2.5), multiplying this equation on the 
left by a* and on the right by а and then letting х tend to zero, 
we obtain 


a* E*(A9) E'(49)a = 24s fum. Ape]*[E(t, Ap)a] 50. (2.2.7) 
0 


Let us now assume that the vector а satisfies not only the condi- 
tion (2.2.6) but also the equation 


E(Agb + (Aga = 0. (2.2.8) 


where b is some other vector. 

Taking the complex conjugate transpose of both sides of the mat- 
rix equation (2.2.8) and then postmultiplying the result by E'(Ao)a, 
we obtain 


b* E*(49) E" (49)a + a*E*(49) E'(Ag)a. = 0. 
But by Lemma 1.3.2 and equation (2.2.6), 
b* E*(A19) E'(Ag)a = b* E*' (Ay) £(A9)a = 0. 
and therefore 
a* E*(A9) E'(A,)a =0. 
This is а contradiction to (2.2.7). 

This shows that no non-zero vector a exists satisfying conditions 
(2.2.6) and (2.2.8) simultaneously. But then by Lemma 2.2.1, E-1(4) 
has а simple pole at Ag and the theorem is thus proved. 

We shall now prove one further lemma which can be used to des- 
cribe the behavior of ЕЛ) on the real axis. 


Lemma 2.2.2: For any value of x = 0, the matrix E(x, Л) is non- 
singular when А ts real and non-zero. 


*If a complex matrix A(t) = || aj(£) --?bj&(t) || is differentiable, then 
A(t-+h)—A(t) = h || ojn(t-+0jnh) (0 05) 11, 


where 0 « Өз <1,0< Ө < 1. For brevity, the right-hand side of this 
equation will be denoted by &A'(t--0h). 
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Proof: By Lemma 1.3.2, the relation 
E*(z, A)E'(z, A) — E*'(z, A)E(z, A) = —24M 

holds for Im 4 = 0. 

Multiplying this equation on the right by a vector a and on the 
left by a* yields 

a*[E*(z, A)E'(z, A) — E*'(z, A) E(x, Alla = —2iĝa*a. 

From this, we immediately conclude that if E(x, А)а = 0 and 
Д # 0, then a*a = 0 and hence a = 0, q.e.d. 

Since Z(A) is continuous in the half-plane Im 4 = 0, Lemma 2.2.2 
implies that Е-1(4) is bounded and continuous for all real values 


of A with the possible exception of 4 = 0. The behavior of E-!(A) 
in the neighborhood of 4 — 0 will be investigated in $4. 


§ 3. The Scattering Matrix 


Throughout this section, 4 will be assumed to be real and non- 


zero. Consider the solution G(z, Л) of (2.1.3) satisfying the initial 
conditions 


G(0, 2) =0, G'(0, л) = 
(see Theorem 1.2.1). 
Applying Theorem 1.4.1 and recalling that Е()(к, 4) = E(x, —A) 


when 4 is real and non-zero (see the proof of Theorem 1.4.1), we 
can write 


G(x, A) = E(x, 2) A-- E(x, —2)B, 
G'(z, А) = E'(z, )A-- E'(z, —2)B, 


where А and B are matrices not depending on z. Premultiplying 
the first of these by E*'(r, Л) and the second by Z*(z, 4) and then 
subtracting the results, we have as a consequence of Lemma 1.3.2 


А = э" A)G (z, 2) — E*(z, 2)G'(, Ay], 


in which х may be any positive quantity. In a similar way, we find 
that 


В = 10а, —3)0'(а, 2) — E” (e, — 28 2). 
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Since G(x, A) ~ x 1 as z — 0, Lemma 1.3.1 gives 
lim E*'(z, 4) G(x, A) = lim E*'(z, —4)G(z, A) = 0. 
x0 x0 


Therefore, letting x tend to zero in the expressions for A and B, 
we arrive at 


1 1 
= ——E* = — Ё*(— 
А 25 7 (2), B z (— 2). 
Ав а consequence, 


GG, 2) = э Ше, – 2)8*(— 2) – Es, ЕД), 


and upon setting x = 0 in this, we obtain the important result 
E( — A)E*( —4) = E(A)E*(A). (2.3.1) 


On the basis of Lemma 2.2.2, the expression for G(x, A) can be 
written in the form 


G(z, A) = gi; e —4)—- E(z, 28(—2))E*(—2) (2.3.2) 


where: 
8(4) = E*( —À) [E*(2)] *. 
By (2.3.1), this may also be expressed as 
S(4) = E*(—A) [Е*(4)]-1 = E-1(—2)E(A), (2.3.3) 
from which it easily follows that S(A) is a unitary matriz, i.e., 
S(4)8*(4) = S*(4)S(A) = I, 
and, moreover, that 
S(—A) = S*(A). (2.3.4) 


The matrix S(A) is called the scattering matrix. In Chapter IV, 
we shall explain how S(A) determines the asymptotic form at infi- 
nity of the normalized eigenfunctions corresponding to the conti- 
nuous spectrum of the problem (2.1.1). 

THEOREM 2.3.1: The matrix I—S(A) is the Fourier transform of 
a Hermitian matriz F,(t), i.e., 


I—S(a) = n F,(t)e-™ dt, (2.3.5) 
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where 
Ft) = F2Xt)-4 FPO, 


|PO(t)| € L(—co, оо), | F2(#)| € L3(—oo, оо), and both functions are 
bounded јот all real values of t. $ 


Proof: Let us denote by L the linear manifold of functions Ta. 
each of which is the Fourier transform of a function in L(—co, оо), 
ie., which can be represented as 


= f the“ dt, f(t) € L( =, e). 


The product of any two functions in T is also known to belong to L. 
Now consider the elements of the matrix J—S(A), namely, the 
functions 


Fala) = 9u—s4(4), 
where ` 
Il ôy (IZ = 1, 18:4) 19 = S(4) = E-H —A)E(A) (2.3.6) 
(see (2.3.3)). For Im 4 = 0, (1.3.2) gives 
E(4) = || ôi; 4-2) №, E(—24) = || à +k —A) [It (2.3.7) 
in which 


ls) R= f KO, the ar. 
0 


Since 


| | K(0, £)| die eni) [ (+) dt = en(9 . g,(0)< œ 
0 ò 


by (1.3.3), each of the functions E) and 2E —4) belongs to Т. 
* The right-hand side of (2.3.5) is equal to 
f FO (e? ae f F2 (te qt, 


the first integral converging absolutely and the second converging in the 
mean. 

The fact that the absolute value of a matrix belongs to L(—co, со) 
or 12(—оо, œ) is equivalent to each of its elements belonging to 
І4— о, со) or І?(—о, со). 
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From (2.3.7), it further follows that 
det E( 4) = 14 »(4), (2.3.8) 


where p(A)is а sum of products of the 10-2), and therefore 


P(Aye L. In exactly the same way, it is found that the cofactors of the 
elements of det E( — А), which we denote by e;;( — A), are expressible as 


&j( — 4) = ôy + pi (4), (2.3.9) 


where p4(4) € Ê (i,j = 1, 2,..., n). 
Thus, equations (2.3.6) through (2.3.9) imply that 


n 


8:04) = daz 2 2 = A) [д + (д)] = 
_ 1 
u 1-20) 
which clearly can be written in the form 
syl) = [1+ 9(4)] 18; + pyl), (2.3.10) 
where gij(4) € L(t, j= 1, 2,..., n). 
Suppose now that det E(0) 7 0, so that det E( —4) = 1--p(4) # 0 


on the entire closed real axis (see Lemma 2.2.2). Then by a well- 
known theorem of Wiener [12], 


[1 p(a)J-? = 1+ 4(4), 4А) € L 
Therefore, from (2.3.10), we have 
Fal) = ôy— salà) = 85—U0 + gA) [85+ pu] = 
= —gu(4) -4(4)80ij — 4(Л)рь(2). 


Hence, we conclude that Ta єї (44-21, 2,..., n). In 
other words, in case det E(0) ~ 0, the relation (2.3.5) holds and 
[F,(t)|€ L(— oo, оо). 

Now let det Ё(0) = 0. Since as |А] — оо 


det E(—1) = 1+р(4) > 1 


‚2 [95i + р:(4)] [4j T E) 


(see (1.3.2)), it follows that p(A) — 0 when |A| — оо. Therefore, a 
positive number / can be found such that 


|p(A)|<1 for |3]=1. 
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Consider the function h(A) defined by 


1, if |4|<1 
h(A —-4—|A|tU 1, if Ts fal =1+1 
0, if [Aj = +1 
and set 
A)[1—A(A 2) = r(A). 


Since p(A) and h(A) both vlog to L, 7(A) also belongs to Г. Moreover, 


r(A) = p(A) for |A|—!41 
and 


|r(a)| = 1, —оо < Д = оо, 
Now set S9(4) = || (А) |t. where 
sg) = [1+ 7(A) ôy + pyl) (i, = 1, 2,..., n). (2.3.11) 
Since 14-7(A) # 0 on the entire closed real axis, applying Wiener's 
Theorem, we find that 
SPA) = др), vua) € È, (2.3.12) 
(i, j—1, 2, ..., n). 
Hence, it follows in particular, that s{?(A) is bounded on the entire 
real axis, and from (2.3.10) and (2.3.11) we have 
SYA) = S(A) for |å] = 1+1. 
Noting further that 
| 5(4)| =1 (Im 42:0, 20) 
because S(A) is а unitary matrix, we conclude that the matrix 
S@(4) = S(4) — 8%(4) (2.3.13) 
vanishes for || > 14-1 and that its elements 8(4) are bounded for 
all real values of 4 # 0. Therefore, the quantities s(?(4) are the 
Fourier transforms of bounded functions in Г2(— оо, co). 


Thus, for the case where det, Z(0) = 0, (2.3.12) and (2.3.13) show 
that l 


Fal) = 800) = — (А) – sA) 
with AOSA and s{?(A) the Fourier transform of a bounded func- 
tion in L?(— co, оо). 
It still remains to prove that F,(t) is Hermitian. This follows 
easily, for by the property (2.3.4) of S(4) and the fact that Im 4 = 0, 
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(2.3.5) yields 


J FRüe-9tat = ( | Fe й)* = 1—8*(—2) = I—8() 


= f Fate de. 

As a consequence of the uniqueness of the Fourier transform, we 
conclude that F*(t) = F(t). 

Remark. If det Е(0) = 0, then the system (1.1.1) with 2 = 0 has 
a non-trivial bounded solution which vanishes at x = 0 (see Theo- 
rem 1.5.1). In this event, we shall say that the boundary-value 
problem (2.1.1) has a virtual level. Theorem 1.5.1 also implies that 
the problem (2.1.1) has no virtual level if det E(0) = 0. 

As we have just seen, if no virtual level exists, then the elements 
of the matrix F,(t) belong to L(—oo, cc). 

In Chapter V (Theorem 5.6.2), we shall prove that even if 
det E(0)— 0, the elements of F(t) still belong to L(—oo, co). 

The proof of this considerably more refined theorem must. be 
postponed to the very end of our investigation of the non-singular 
boundary-vàlue problem. : 


$ 4. Behavior of the Matrix E-(4) in the Neighborhood of A=0 


To supplement the results of $2, we shall next study the beha- 
vior of E-1(4) in the neighborhood of å = 0. It is clear that this 
question only arises when there exists a virtual level (det E(0) = 0) 
since if det E(0) = 0, E-(4) is continuous everywhere on the real 
axis including the point 4 = 0. 

Lemma 2.4.1: The matric AE-1(A) is bounded in the neighborhood 
of A= 0. 

Proof: * Let 

rae [I9 aret 
0, if x= 


7 If in addition to (2.1.2), the condition 
Ја? | Va) | de < e ( 
0 


is satisfied, then the lemma being proved is trivial (see footnote 2 on p. 39) 
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and denote by Es(z, Л) and G,(x, А) those solutions of 
Y" AM = Var) 


which are analogous to the respective solutions H(z, A) and G(x, A) 
of (2.1.3). 
From the equation 


sin Az 


G(x, a) = 7 


x 
1+ f Жее. уде, А) (2.4.1) 
o 
and the analogous integral equation for G,(z, A), it follows that 
G(x, 2) G(r, 2) for Oxz-. (2.4.2) 


"Furthermore, by definition, we have 
Ерба, A) = I+ f Kola, t)e dt, (2.4.3) 
x 


where K,(x, t) satisfies the integral equation obtained by replacing 
V(z) in (1.3.6) by V(x). Making use of this equation and (1.3.6) 
one can easily show that 


lim f | K(2,t)—K,(z, t) | dt = 0 
B— Ux 
uniformly for ж = 0. This result and (1.3.2) and (2.4.3) then imply 
that 
lim Es(z, 4) — E(z, 2) (2.4.4) 
p> 


uniformly for z = 0 and 4 in the half-plane Im 4 = 0. 

From the equation defining K,(z,t), it is also evident that 
К p(x, t) = 0 when (x+#)/2 > В, and therefore for each fixed value of 
æ = 0, the integral on the right-hand side of (2.4.3) is over a finite 
interval. Hence, for each value of = = 0, Е р(х, 2) is an entire func- 
tion of 4. 

By Theorems 2.1.1 and 2.2.1 and the remark of Theorem 2.1.1, 
Ев1(А) = Eg!(0, 2) is regular everywhere in the half-plane Im А < 0, 
except for a finite number of points on the imaginary axis where it 
has simple poles, and for all sufficiently large values of В, the num- 
ber of poles is uniformly bounded, say, by N. In what follows, В 
will be considered to be such a sufficiently large quantity and no 
particular mention of this will be made each time. On the basis of 
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Lemma 2.2.2 (which obviously holds for Ej(z, 4) as well), E$!(A) 
is also regular for all real values of A ғ 0. 

Now let х, be an any non-negative quantity and suppose that 
В > хо. Consider the relation analogous to (2.3.2) which, by virtue 
of (2.4.2), can be expressed in the form 

2iAG(z, AE — A)]* = Eg(zo! — 2) — Eg(zo, A)Sp( — 2) 
(Im 4-0, 42:0), 
or 
2iAEgNA)G*(z,, —A) = Ех, A) — S( — А)Е (20, — A) 
(Im 4—0, 450). 

Since S,(—A) is a unitary matrix and E, (xp, A) is uniformly bound: 
ed for all positive values of В and — oo < А < оо,8 it follows that 
| 26AE5*(A)G* (aq, —A)| = | Едо, А)—5(—4)Ё (ж —2)| < k 
for all real values of A z 0. Неге, k is a constant not depending 
on В or 4. Now, recalling that Е (4) and G(zs, —A) are entire func- 

tions of A, we see that the function 
ФА) = 2iAEgNA)G*(m, —A) 
is meromorphic in the whole plane and cannot have a pole (in 
other words, is regular) at 4 = 0. Ав a result, 
| $4(4)| sk (— оо < Д < оо). (2.4.5) 
Upon letting В — оо and noting that 
lim slå) = (4) = 2iAE-1(4)G*(z,, — A) 
foo 


exists for all real values of 4 ;= 0 because of (2.4.4) and Lemma 
2.2.2, we obtain 


| GA) | = |2AE-1A)G*(z,, —A)| =k (mA=0,1 40). (2.4.6) 
It is then possible to find a positive number т such that E-1(4) will 
have no singularities on the semicircle 

|А|=т, Im4«0, (2.4.7) 


8 This follows immediately from (2.4.3) since the estimate 
| Kg(a, t) | = ос (==) c= leo 
holds for any positive value of B [cf. (1.3.3)]. 
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and in the domain D interior to the semicircle. The function (4) 
is bounded on this semicircle, і.е., · 
| D(A) | = |2iAE-Y2)G*(z,, —A)| = k (14| =7, Im’ <0), (24.8) 


where the constant k may obviously be assumed to be the same 
as the one in the inequality (2.4.6). Since E31(4) + E-1(4) at points 
on the above semicircle when f — oo, it follows that for all suffi- 
ciently large values of В = fy, ®,(A) will also have no singularities 
on this semicircle and will satisfy the inequality 
| O(a) | =k (|A| =7, ImA-«0) (2.4.9) 

Now let Hg1(2) have N, simple poles in D (№, = N). Let us 

denote these poles by 
AP (i1, 2,..., Ng), 

and let us define 


Ppl) = П (4—5). 


Then the function рв(А)Ф в(А) is regular everywhere in D and on 


its boundary. 
Without restricting the generality of our argument, we may take 
r = 1j, and we have 


N 
In(DI- Illà-3P|« Gn "a1  QcD. 
i=1 - 


But then on the basis of (2.4.5), (2.4.9), and the maximum-modulus 
principle, 


| Рв(2)Ф»(Л) | =k (дє D), 


i.e., 
| Del) 1 skip, Q)|7* (Єр). 


Now letting f — оо and taking into account that Д? — 0 and 
@,(A) — D(A) everywhere in D, we obtain? 


| (4) | =k |27 (4€ D). (2.4.10) 


з We take the largest possible power of | А | in the denominator of the 
righthand side of (2. 4. 10) because in the domain D 


1 
[Al«r s. 
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Next, applying the Phragmén-Lindelóf Theorem!? in connection 
with (2.4.6), (2.4.8), and (2.4.10), we find that 


| BA) | = |2:AE-13)G*(m,, —2)| =k (AED). (2.4.11) 
Finally, from (2.4.1), it follows that (see the proof of Theorem 1.2.1) 


G*(z, —A) = ze"*Z*(z, —A), 
where 


lim Z*(z, —A) = I 


x0 


uniformly for 4€ D. Therefore а positive number zy can be found 
such that |det Z*(z,, —A)| > 1/„ and, ав a consequence, 


| det G*(z,, —2)| > I 


for all 4€ D. Thus, [G*(z,, — 2)] * exists for all 4€ D and 


|[G*(zo — 21] =, (4 € D), 


where A is some constant. 
This, together with (2.4.11), shows that 


28-44) = 5:190) ey -D RS 60), 


and the lemma is proved. 


10 We first map the domain D onto the upper half-plane in such a way 
that the point А = 0 goes into the point at infinity. 


CHAPTER III 


The Fundamental Equation 


§ 1. Derivation of the Fundamental Equation 


1. Assuming, as we did in Chapter П, that the potential V(z) 
is Hermitian and satisfies the condition (2.1.2), we shall examine 
the matrix K(z, y) which occurs in the expression (1.3.2) for the 
special solution H(z, A) of equation (2.1.3). In this section, it will 
be shown that K(x, y) satisfies a linear integral equation whose ker- 
nel can be written explicitly in terms of the scattering matrix S(4), 
the eigenvalues A2 of the boundary-value problem (2.1.1), and the 
matrices M, that determine the multiplicity of these eigenvalues 
and the normalization of the corresponding eigenfunctions. 

To derive this equation, we begin with (2.3.2) rewritten in the 
form 
24AG(z, A) E*( —AÀ)] ? = E(x, —2)— E(x, 4)$(—2) (02 = 0,25 0), 
and we replace E(x, 4) in this by its expression (1.3.2). Ав a result 

244602, A) [E*( A)? = eI — e S — 4) + 


+ J K(x, t) [eI —e—?t8( — Ду] dt = 2i sin AzI - e-v*[I — S( —A]] 
4 J K(x, t) {eI — eI + e-iM[I — S( — 4)]) dt, 


or А 


94406, à 02%- А-1 +214602, 4) —sin Awl] = 
= e-)[r — S(— Ay] + J K(x, t)ei dt— jx K(z, the dt + 


+ jj K(z, t)e-?t di[1 — s AJ (3.1.1) 
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By Theorem 2.3.1, I—S(A) is the Fourier transform of a Hermi- 
tian matrix F,(t) whose elements can each be represented as the 
sum of two functions, one which is summable, and the other bound- 
ed and square summable over the entire real axis. As to K(z, t), 
its elements are summable over the interval (2, oo) for any fixed 
non-negative value of x in consequence of (1.3.3) and (2.1.2). 

Using these facts, we can apply known theorems on the convo- 
lution! and conclude that the right member of (3.1.1) (and, hence, 
the left member, as well) is the Fourier transform of 


Fy(z—12-K(z, —:) — Ez) t) f Ke, u)F,(u—t)du. (3.1.2) 


We now multiply the left-hand side of (3.1.1) by е^ and assum- 
ing that z = y, we integrate the resulting expression with respect 
to A from —oo to co. This integral exists as a principal-valued in- 
tegral and can be evaluated using contour integration. In fact, the 
first term in the integrand, namely, 

2iAG(z, А) ([E*( — 2] 1 — I)e?» 
is regular everywhere in the lower half of the A-plane except for 
a finite number of points A, = — ig, corresponding to the simple 
poles of Z-1(4); moreover, it is continuous for all real values of 
A # 0 and bounded in the neighborhood of 4 = 0, Im 4 = 0 (see 
Chapter П, $ 2 and 4).2 Since by Lemma 1.2.1, Ае Q(x, A) ів 
bounded in the region Im 4 = 0 for each fixed value of 2 = 0, and 
since by (1.3.2), 

lim (2-2-0) = 0 

[А [>œ 
uniformly for Im 4 = 0, Jordan’s Lemma may be applied. This 
yields for = « y 


1 
lim f 2iAG(z, А) ([E*( 21-1 —D)e-?w dà = 


loo =l 


р 
= —2л 5; Res = —4л 2 AQG(z, Ap) Nfe ww. 
k=1 


Неге, №, is the residue of the matrix £-1(4) at the pole Ду. 


1See, for example, Titchmarsh, Introduction to the Theory of Fourier 
Integrals, Oxford 1948, Theorems 41 and 65. 

* It is easy to see that the matrix [E*(— 4)]—? is regular in the halfplane 
Im A < 0,i.e., where E-!(4) is regular, and has simple poles at the points 
Аһ. Furthermore, if Мк is the residue of Е—1(4) at the pole Аһ, then the 
residue of [E*(—7)]-! at this point is —Ng. 
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The second term of the integrand, 
24[AG(z, А) —sin Ard], 


is an entire function of 4 and on account of the relation (1.2.8), 
Jordan's Lemma may also be applied to it, so that we have 


1 
lim [ 2440602, А)—вїп AzI]e-9w dA = 0. 


to —l 


Thus, we have shown that when 0 = z < y 


І 
lim f (2iàG(z, A) ((B*( 2) * — +244602, 2)— 


>= —l 


р 
—sinAzl]ee-?" dà = —4л 2 A&G(x, АМ е “з. (3.1.3) 
к=1 


But as noted above, the expression within the braces in the inte- 
grand of (3.1.3) is the Fourier transform of (3.1.2) (for fixed z), and 
therefore the integral in (3.1.3), with —у = t, is equal to the matrix 
(3.1.2) multiplied by 2л. Noting further that K(z, t) = 0 when z > t, 
we obtain the following result: 


eo 


Р,(®+ у) + К(х, y)+ f Ke, t)F, (ty) dt = 


x 

D 
= —2 X AG(r, An) Nfe, (0 == = у) (3.14) 

К=1 
2. We now convert the right-hand side of (3.1.4) into ànother 

form. To this end, we start from (2.2.5) with A= 4,:? 
É*(z, A) E'(z, A) — E* (x, А0) Е(а, Ay) = 2A. f E*(t, A) Et, ap) dt, 
x А 


(3.1.5) 
and the relations 


E(A,)N, = N,E(A,) =0, 
Elad NO + (А) = NOE) NÈ) = I, (3.1.6) 
which can be obtained directly from the following expansions: 


H(A) = Е(Аһ) + (A — А)Ё(А) + ...; BOA) = (0А), + NP +... 


з The dot denotes differentiation with respect to À. 
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Let P, be a Hermitian matrix which is a projection onto the null 
space* of the matrix E(A,), so that E(4,)P, = 0. By the use of (3.1.6), 
it is easy to show that the set of vectors of the form N,a, where a is 
an arbitrary vector, coincides with the null space of E(A,). Hence, 
it follows that the matrices N, and P, have the same rank and that 

P,N,— Ni. (3.1.7) 


We next multiply (3.1.5) on the left by Nf and on the right by 
P,, and we then let z — 0 in the result. Ав а consequence, we obtain 
[Bee the proof of Theorem 2.2.1 and derivation of (2.2.7)] 

NED*(A,)E'(0, Aa) P= 24 NE АР, 
where 


eo 


A,= J E*(t, A4)E(t, Ay) dt 
0 
and 


E'(0, Рр = lim E'(z, АР. 


One can easily see that A, is à positive definite? Hermitian matrix. 

Making use of the second equation in (3.1.6), and then Lemma 
1.3.2, we find that 

N$E*(,)E'(0, A)Py = E'(0, АР, — NQ*E*(Q4)E'(0, 44)Py = 

= E'(0, Aj,)P, — N*E*'(0, A,)E(4,)P, = E'(0, AJ)P,. 
Therefore, 
E'(0, Ap) Pp 2 2A4,NT АЬР. (8.1.8) 
Now, 
E(x, Ay)Py = G(z, À)E'(0, An)P, 


since each side of this equation is a solution of (2.1.3) when 4 = A, 
and satisfies the same initial conditions at z = 0. By means of 
(3.1.8) and (3.1.7), this relation can be put into the form 


E(x, АР. = 24.002, Ay) Ng АЬР = 24,002, Ax) NE [Pu APR + 
+(1—Рь)] = 2A,G(x, Аһ) Ву, (3.1.9) 


A * The null space or kernel of a matrix A is the set of vectors a such that 
a=0 


5 That is, with a corresponding positive definite quadratic form. 
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where 
В, = P,pAgPpt (1 — P4) 


can easily shown to be a positive definite Hermitian matrix. 
From the obvious equality, 


P,B,= ВР}, 
it also follows that 
Pp By) = By) Py S Pp Bp Ph- 
This yields 
1 1 


1 
Р.В. ° = By, *P,=P,Br *P,, 


By'* being a positive definite Hermitian matrix whose square is 
B,'. Hence, we conclude that 


1 


1 
p 2. p 2 
M,-P,B,'! = Вь P, 
is а non-negative Hermitian matrix whose null space coincides 


-with the null space of P, (therefore, these matrices have the same 
rank). Furthermore, 


. Mg =P Bp Pr = Ph Bh. 


M, Mz, ..., and M, will henceforth be referred to as the normaliza- 
tion matrices. 
Postmultiplying (3.1.9) by By`: and then by B,!, we obtain the 
respective results | 
1 


Elz, Ay) Мъ= 923602, ay) NEBR , (3.1.10) 
E(x, 4,)M2=2A,@(x, A) NE. (3.1.11) 


$ The term is justified by the fact that the columns of the matrices 

Е(х,5ь) Mp yield a complete set of normalized eigenfunctions of the prob- 

lem (2. 1. 1) corresponding to the eigenvalues o. 
In fact, 

1 1 


My | Е*(ж, Ay) E(z, Ap) dnMy = MypApMy = РьВк ^ Р АьРьВь ^ Ph = 
0 


1 1 


= PhBr ° [РъАһрРь -- (I — Py)]B&. ° Pr = Ру. 
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Substituting (3.1.11) in (3.1.4) and then using the expression for 
E(z,A,) given by (1.3.2), we finally have (0 = = = y) 


F(zcy)tK(m y)+ f K(x, )F(t+y)dt=0. (3.112) 


Here,’ 
PQ) = È Маон Р,() = 
р у f | 
= > Mje | и-де. (3.1.13) 
к=1 2л 


The equation (3.1.12) plays a basic role in the investigation of the 
problem (2.1.1), and it will be referred to as the fundamental equation. 
The aggregate of quantities 


502); 28, Mi (k=1, 2,..., Ф), 


from which the kernel [ie., the matrix F(é)]of the fundamental 
equation is constructed, will be called simply the scattering data 
of the problem (2.1.1). 

From (3.1.13), it is immediately evident that F(t) is a Hermitian 
matrix. Its further properties wil be examined in the next section. 


$ 2. Properties of the Kernel 


To begin our study of the properties of the kernel of the funda- 
mental equation, i.e., the matrix F(t) for ¢ > 0, we note that (3.1.13) 
and Theorem 2.3.1 enable us to write 

F(t) = F%t)+ F°(), (3.2.1) 
where F(t) issummable and F(t) is square summable (and bound- 
ed) over the interval (0, оо). 


? The integral on the right-hand side of (3. 1. 13) is merely a tentative 
formal expression for the matrix F(t) in terms of its Fourier transform 
I—S(A). However, in the next section, it will be proved that F,(t)is diffe- 
rentiable for all > 0, and from this it follows that the integral exists as 
@ principal-valued integral: 

1 
кш) = lim 2. fusea (t > 0). 
—1 


lo 
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With the help of the fundamental equation, we shall now describe 
the properties of F(t) in more detail. 

Let us first show that F(t) is continuous for all positive values of 
t. In fact, from (3.1.12), we have 


F(z--y--4y) — F(z--y) = —[K(z, у+ Ay) — К(а, y)]— 
— f Kiz, t) [F(t- y-- Ay) — F(t + y)] dt. 


Since K(x, y) is continuous for 0 < x < y (вее the remark of Theo- 
rem 1.3.1), it suffices to prove that when 0 = z = у 


lim f K(zt)[F(t--y--4y)—F(-cy)dt = 0. — (3.2.2) 
Ay-—0 x 


Taking into account (3.2.1) and making use of the estimate 
| K(a, t)| -(s*). e- genio (3.2.3) 


(see (1.3.3)), we find that 


| J Eie, t) LF(t - y - Ду) PO + y] dt} = 


= co(z) | | РО +у+ Ay) — РО) | dt 
x 
and 8 


| J K, 0 LFPXt-C y Ag) -POH y) dt = 


= fiKG 0). f | Ру Ay) — Ft y) 2 а 
x x 


(0 = x = y). It is clear that the right-hand side of each of these 
two inequalities tends to zero as Лу — 0. 


8 We are applying the Schwarz inequality. This is permissible since for 


т> 0 


fi Kia, t) |? dt = со(2) (9) dt = 20o(2) i o(s) дв = 
x x x 


= 2020(2)с (x) —< оо. 
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This proves the validity of (3.2.2), and hence, the continuity of 
F(t) for all positive values of t. 

It is now not difficult to show that the fundamental equation, 
which was derived on the assumption that 0 = x < y, also holds 
for y = z > 0 by continuity. Е 

For the further investigation of the properties of F(t), we shall 
need the following lemma. 

Lemma 3.2.1: Let f(x) and g(x) be non-negative functions in the 
interval a = x = b = оо, and suppose that g(x) and f(x) g(x) are sum- 
mable in this interval. If 


b 
Ha)sct f 000 4,  (a=2=b), 
x 
where c is a positive constant, then 


b 
Јода . 
Қа) = сех (a =x = Б). 
Proof: From the given inequality, it follows that 


fttt) 
b 

с+ f Agt) йт 
t 


= g(t) (a =t =b). 


Hence, integrating this from z to b with a = x = b, we arrive at 
b b 
log [+ f f(v)g(v) dv] —loge = f g(t) dt, 
x x 
or 


b f g(t) dt 
Ha) = c+ f KOJE) dt = ce 


x 


q.e.d. 


Starting again with the fundamental equation, we obtain the 
following inequality: ? 


(+) | = | К(х, у)| f | (у-н) | | EG, t) |а = 


o x 
t 
= co( 5") +e f | F(y--2) | (=) dt 
x 
? The existence of the integral on the right-hand side of this inequality 


is easily proved using the representation (3.2.1) for (?) (see the proof 
of equation (3.2.2)). 


Ill, THE FUNDAMENTAL EQUATION 65 


(see (3.2.3)). Suppose first that o(u) > 0 for all positive finite values 
of w. Then multiplying the preceding inequality by o—1{(z+-y)/2}, 
we have (x = y) 


ies (=3*) < eve (e$ f F(t-- y) (9) а= 


ООО 


х 





Now, for each fixed value of у — 0, the functions 


s = eon (7) (з) 
[ Fere (4) ay) = co Hy) | Flt ty) |o (=) 


are easily seen to be summable over the interval (z, oo) for z > 0. 


Lemma 3.2.1 is therefore applicable to the last inequality, and this 
yields 


and 





= с 


f gy(t) dt со (yo (ZEY fe iat 
reete (257) ех = се ( 2 J С) . 


Hence, for y = x > 0, it follows that 
с fe (+ ) at 
| F(22) | о—1(ж) =се * = су. 


Here, c4 is а constant since 


oo се oo 2s 
KO je [rnm неја 
+ x 


IE V (s) | ds 2o, А = 20, (0). 


2 
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Thus, it has been shown that if o(u) ; 0 for all finite positive 
values of u, then 


| F(t) | eo (s) (2-0). (3.2.4) 


It is easy to see that this estimate holds even if о(и) vanishes. 
For, suppose that o(u) = 0 when u = х > 0 and o(u) > 0 when 
2< u - x (this means that V(z) = 0 forz = a). In that case, (3.2.3) 
shows that K(z, у) = 0 for ху = 2x, and from the fundamental 
equation, we then conclude that F(t) = 0 for ¢ = 2x. Formula 
(3.2.4) is thus true for ¢ = 2x. In order to show that it holds for 
0 = t < 2x, we again resort to the fundamental equation assuming 
the values of z and y to be such that z = y and 0 = a+y < 2a. 
Since F(t) = 0 for t = 20, the fundamental equation yields for the 


case in question 
2a—y 


| Py) = | K(z, y) f | FG y) | Ke, t) | dt. 


Hence, using Lemma 3.2.1, we find as in the above argument that 





2a—y oo 
f soa f soa 
Ret wot) = a x == cet 


for 0 < z--y = 2a, and this clearly leads to (3.2.4) for t < 2x. 
Finally, if o(u) = 0, then obviously F(t) == 0 for positive values 
of і, so that (3.2.4) is also valid in this case. 
Let us next show that F(t) has a continuous derivative F'(f)for all 
positive £, and that it may be obtained by differentiating the fun- 
damental equation with respect to x, i.e., for 0 = = = y 


F'(zty)- —Exz, y) - E(z, z)F(z- y) — 
- f куе, t) F(t + y) й. (8.2.5) 


It clearly suffices to show that the integral in this converges uni- 
formly for z in the range 0 < є = 2, e being any given positive 
number. 

By (1.3.9), 





6" 
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Using this inequality and (3.2.4), we find that for 0 <= = z= y 


fis a, t)|| F(t+y)| di = af (F) (5° )а+ 
FEN - 
eem н) 6) PEE) 
Ñ N 
esee) f 4) dt = Aga “(ж )+ 2ee(0o( 5) (F) 
UN 


and any № > = 














Since 
t 
PESE- | oroa- 
N Nts 





and 


The above estimate shows that the integral on the right-hand 
side of (3.2.5) is uniformly convergent, and so the derivative F’(é), 
which satisfies this equation, exists. From (3.2.5), it immediately 


follows that F’(t) is continuous for ¢ > 0 
Setting y = хт in (3.2.5) and noting that 


= -YG -5 [í (Vt)K(t, t) d 





К.(=, y) 


х= у 


(cf. (1.3.8)), we obtain 


1 F(2a) — 


1 Vz)- 5- | VOKU, 0) dt Ка, 2) 


F’(2a) = 


е, 


— f Ку(х, t) F (æ+ t) dt. 
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On the basis of this equality, ib is now possible to prove that 


Paz) — (ж) | = eyo*(z), (3.2.7) 








where c is some constant. For, by (3.2.3), (3.2.4), and (3.2.6), we 
have 


eo 


| f V(t)K(t, t) dt 





=c f o(t) | V(t) 105-0568); 
| K(x, x)F(2z) | xce,o*(z); 

с d 2+? 

=% H) 


res) 


нене fo (Frye = 2 o(s) | V(s) | ds + 


|| к F(a+t)dt|= dt 4- 
x 














2 
x 


4-2cc,0*(z) f o(s) ds = a o?(x) + 2ce,0*(z)o,(z) = 


x 


< B + 60 | o*(z). 


We next note that 
воб) == f |V(s)|de= f 8|V(s)|ds=o,(z) 
and therefore " i 
n zo*(z) da = f c.(z)o(z) dz «o, (0) f «o dz = o? (0). 


By (3.2.7) and (2.1.2), it follows from this that 


] t| F'(t) | dt «o. (3.2.8) 
0. 
We summarize the above results in the following theorem. 
THEOREM 3.2.1: The matrix F(t) determined by the scattering data 
of the non-singular boundary-value problem by means of (3.1.13) has 
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the following properties; 
i . 
(1) | F(t) | (s) (#> 0), 


where су is а constant; 
(2) The derivative F’(t) exists and is continuous for all positive 
t, and 


F'(2t) -4 V(t) | = e,o*(t), 








where c, is a constant. As a consequence of this, 


f n rado. 


0 


ConoLLARY: The following inequalities hold: 
J | F@ | dt<e (3.2.9) 
0 


and 


f ero Pdt<e. (3.2.10) 


о 
In fact, 


LF) La f | F8) |ds, 
t 


EIF st f | P(e) des f s| P) de. 
D i 


The inequality (3.2.8) in conjunction with these estimates then 
leads to 


eo eo o oo 


ЈР |= f æ f | F(s)\ds= f F(a) [ds f а= 
0 


0 9 t [1] 
= fos | F'(s) | ds e, 
0 


J EEG) ars f |Р@)|й f s(F'(s)|ds = f (F()idt.J s|F'(s)| ds. 
0 o t 0 0 
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REMARK. It is apparent from (3.1.13) that F;(!) also exists and 
satisfies a condition analogous to (3.2.8). This means that estimates 
similar to (3.2.9) and (3.2.10) will also hold for F;(é). 


$ 3. Lemmas on Integral Equations with Kernels Dependent 
on a Sum 


Let us denote by Lile, оо), p = 1, 2, or oo, the normed linear 
spaces of vector functions z(t) = (zi(t), . . ., z,(¢)} in which the norms 
are defined byl? 


- 1 
= 109 = ua EO pad? (p=1,2), 


jele = max vrai max | z;(t) | (p=%). 
т=ш=п e«t«o 


If vectors are regarded as row matrices (which we shall do below), 
then by the definition of the absolute value of a matrix, we can 
evidently write 


Па f [ale | de. 


Also, for fixed t, z(t) is a vector in n-dimensional vector space 
where a scalar product can be introduced in the usual way: 


(2), vO)= 2 «090. 


By the use of this, it is possible to write || z ||) in the form 
1 


пете [T (a (x(t), aoa]? ©’ 


Consider a square matrix A(t) of n-th order whose rows. (and 
hence, columns) are elements of Lty(é, оо), with & = 0. By the 
theorem on the convolution of two summable funciions, the matrix 
A(t) generates a linear operator A in L(,j(e, оо) defined by 

A[z] = f z(E) A(t4- E) dé, a(t) € Liy(e, ә). (3.3.1) 
€ 


10 The vrai maximum ог “true” maximum of | x;(¢)| is the smallest 
value of M for which |z;(f)| < M almost everywhere for = < # < œ. 
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Let us find an estimate for the norm of the operator А. We have 
I Az] |1 = J | A[z] | dt = / а J [а(8) | 1408) 14 = 


= іе )14 I | A(s) | ds = || ж [IP Лав ) | ds 
and therefore 
ПА ||. = f | Als) | ds. 


Lemma 3.3.1: A is a completely continuous operator. 
Proof: Let || x ||P = 1 be the unit sphere in the space ГІ (е, co), 
and denote by R the set of vectors of the form 


y(t) = A[z], || e 1 =1. 
From this definition, we immediately have 
(x) ПУП = ПА жү s A ||, y(t) cR. 
Using (3.3.1), we further have that 


f iaeth- 01d f dt f 12051 | At 73-5 — 6+8) 14= 


= [1251€ f iam - Al) |ds = I| e [iP - Йде) — At) ds. 
Э 
£ e+ e£ 


Hence, for any ô > 0, 
(8) J |y(é+h)—y(t)|dt=< 8, y(t) CR 


for all values of k sufficiently en 
By applying (3.3.1) again, we finally have 
[19i faj | 2()| | A@+é)| dé = 


= f 120) 14 d | A(s) | ds = || = |Р f | 41d 


€ 


and hence for any 6 > 0, 


(y) J ly@jd<6, — y()cR 
N 


for N sufficiently large. 
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From (x), (В), and (y), it follows that the set R is compact in 
Lla (E, оо),1 and with this the complete continuity of A is proved. 
ConoLLAnY: The equation 


a(t) + Ax(t) - A[z] = 0, 


where a(t)€ Lin(€, oo), has а unique solution x(t) if the only solution 
of the homogeneous equation 
А) + A[z] = 0 


in Ltyy(e, оо) is the trivial solution. 

Below, we shall also deal with functions which do not belong 
to the spaces introduced above, but are instead expressible as the 
sum of two functions, one belonging to Lt, co), and the other 
to both Li,)(e, оо) and L(;,(s, oo). The space of all such functions 


wil be denoted by L(j(e, oo). 


Lemma 3.3.2: If the rows of a matriz B(t) belong to Lin le, оо), € = 0, 
hen any solution of 


K+ J (6)Be--5dt = 


‘in Loy, oo) is ат element of Lle co) and hence an element of 
Lye, со). 
Proof: Let f(t) be any solution of the equation, and suppose that 


К) = POHA, BO = Ва) + BD), 


where f(t) and the rows of B‘(t) belong to ТЛ (е, o»), and /(#) 
and the rows of B®(t) belong to both L$j(e, оо) and Lyle, œ). 
Then 


fr) + f rese dë = -[mes f f" (E) B*(t + £) дъ 


+ f у®&В®@+®4&+ f PEBL 6) d 


We can now obviously find а matrix Bt) with rows in Го) (ё, оо) 
such that the matrix 


C(t) = BY(t)— B® (t) 


11 See, for example, V.I. Smirnov, Course of Higher Mathematics Vol. 5, 
Chap. V., § 91 (in Russian). 
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satisfies the inequality 


eo 


J 100141. (3.3.2) 


€ 


Hence, 
Pa) f fe) 5) dé = gt), (3.3.3) 
where 


ot) = -/*oy- f me seernar- Јува) а 


_ f f? (5) B9(t4- E) dé — f fa (E) BO (t 4- E) dé. 


It is easy to see that g(t) belongs to L(j(e, оо). 

Because of (3.3.2), the method of successive approximations may 
be used іо show that (3.3.3) has a unique solution, the approximations 
converging to f(t) in the metric of Ге (е, оо). Therefore, fælt) 
€L(j(c, со), and since by assumption, f(t) is in L7,)(e, oo), it fol- 
lows that /(t)€ Li,(e, oo). But then f(t) = f%(t)+/(#) belongs to 
both Lle, со) and Leale, oo). 

 CoroLLARY. If the rows of A(t) belong to Lt,)(e, oo), then any solu- 
tion of ` 


a(t) + f state n di = 0 (3.3.4) 


in Ltyy(e, оо) belongs to both Lyle, оо) and Li,y(e, оо). 

Remark. In a similar way, it may be shown that if the rows of 
A(t) belong to Lim (£, оо), e = 0, then any solution of (3.3.4) in 
LE, со) belongs to both Lt,)(e, оо) and Гі, (е, ос). _ 

Lemma 3.3.3: Let the rows of a matriz D(t) belong to L(,)(—eo, оо) 
and suppose that tts Fourier transform U 


Ф(А) = f (te? dt 


is continuous over the entire real axis and vanishes when | Л | — оо. 
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Then for any є > — co, the operator 


Diz] = f x(£)o(t - E) dé 
48 completely continuous in Lye, оо). 
Proof: The operator Ф is defined everywhere in Lie, oo) aS a 
consequence of known theorems on the convolution. 
Because of the properties of H(A), it is possible to construct a 
sequence of bounded and continuously differentiable matrix func- 
tions ©,(4) such that 


max |9,0)—9()| = l (k = 1, 2,...). (3.3.5) 


— во SA Zoo 


If Ф, (1) is the matrix having &,(A) as its Fourier transform, then!? 


J IDe) вае, — feld. 


and therefore 


J f ise eb ваа = f dt fie |248 = 


- f ious) | ds T dt = f (8—26) | Dals) ds < =. 
2e € 2€ 


Hence, the operators 


eo 


Фма]= J a(E)®,(t + E) dé (k=1, 2,...) 


are completely continuous іп Lale, оо). 
Now, since 


ое 1 ое 


Фа = f- a(EDalt +E) dE = = | 3( — 2), Ae da, 


€ —ео 


оо eo 


Фа] = [= 006+ EdE = у- [ adea, 


е 
€ —o 


12 Titchmarsh, Introduction to the Theory of Fourier Integrals, 1948, p. 90, 
Theorems 64 and 65. 
13 Ibid, p. 92, Theorem 68. 
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where 
$()— f eee de, 


this yields 


{|| P.lzJ-O[z} iP} = f ((Ф„—Ф)[а], (6,—9)[]) dt = 


Е 


К: (3.3.6) 
=> IE & 25.0) -BAN 3 - 4) (Bla) — Bay) aa 


But for any vector а = (a,,...,@,) and matrix A = || oj, ||,!* 
(aA, аА) «n? | A | (a, а). 
Therefore, from (3.3.5) and (3.3.6), we conclude that 


Gre. - Piz] 12) = 





B Гел, aaa = 


=% f («0 нд) а= 1 пер. 


1Ф,-Ф| = 7. 


and hence 


This shows that ®, converges uniformly to ® when k — oo and 
this implies that the operator Ф is also completely continuous in 
Lise, eo). 


44 In fact, denoting аА = b = (b,,...,bn), we have 
n т n 
| by |? = | х ав |? = х | a; |. 2 | «jn |? = (a, a):n| Al? 
ј= j= j= 
and therefore, 


(b, у= 5 [by |? = nè | A |? (a, а). 
= 
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CoroLLARY: If e = 0 and the rows of the matrix P(t) belong to 
Liy(é, оо), then the operator 


Diz] = f «(®Ф@+ 5) dé 
is completely continuous in 1Дуу(в, oo). 

For, only the values of GO (t) for t = 2e enter into the expression 
for [z]. Thus, without changing the definition of the operator 
Ф, we may assume that O(t) = 0 for t — e, and then, it is easy to 
See that the conditions of Lemma 3.3.3 are fulfilled. 


$ 4. Existence of Solutions 


Let F (t) be a square matrix of n-th order satisfying the follow- 
ing conditions: 

1°. its rows belong to Loy —oe, со); 

`2°. its Fourier transform is 


Г Е, (де dt = I 8(4), 


where S(4) is а unitary matrix such that 
S(—2) = S*(A). 

It is easy to see that this property of S(A) is equivalent to F,(t) 
being a Hermitian matrix.!5 

We recall that if S(A) is the scattering matrix of the non-singular 
boundary-value problem (2.1.1), then J—S(A) is the Fourier trans- 
form of a matrix F,(f) having the properties 1° and 2° (see 83, 
Chapter II). | 


35 In fact, if S(—A) = S*(A), then 
f. Fhe a =] Fe? HUSA 21—80)— Ј Fe? d 


and this implies that F?()) = F,(t). 
Conversely, if F?(t) = F(t), then 


I—S*)- f PM yea = f Rene = I—s(—2 
and hence S(—A) = S*(A). 
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Let the vector z(t) belong to 2 у(—оо, оо), and let 2(4) be its 
Fourier transform: 


&(4)— f (te^ dt. 


—o 


From theorems on the convolution,!® it follows that 


y(t) = f a(£)F,(t+é) dé 


exists for almost all £ and belongs to 2 „у(—оо, оо); moreover, its 
Fourier transform is Z(— A)[I — S(4)]. Therefore 


y(t) — | z(£) P, (t+) 45 = «(-0—g- | 2(—A)S(A)e™ 44. 


—eo —9 


(3.4.1) 


Now choose some e = 0 and consider the linear operator 


F,[z] = f «(5)F,(t--£) dé 


€ 


defined іп La (e, оо). Supposing that s(t) = 0 for t£ < e, we find 
from (3.4.1) that 


Гела, Bena eg. | GC oso. x 059a 


for any x(t) E Ltsye, со) [which, of course, is zero outside the interval 
(е, оо)]. From the fact that S(4A) is unitary, we then get 


Гем, Е, [2]) dt = z | (z(—4), 3(—2))dA = | (x(t), 200) dt. 


Therefore, for | | > 1, the only solution of 
va(t) + f a(£) F,(t-- £)d£ = 0 
€ 
іп L%,)(e, оо) is the trivial solution. 


16 See footnote 12 on p. 74. 


178 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


Again, from (3.4.1), it follows that for amy 2(é)€ Lẹ (e, со) with 
x(t) = 0 for t = e, 


| вм, z(t)) dt = -5 (8 28), #(a))da. (83.4.2) 


Using the unitariness of S(A) and the Sehwarz inequality, we see 
that 


| 7280), 2()] = + GC A), a(— 4) + (202), 2(2))] 


and therefore 


1 oo - oo 
las fe —A)S(A), zwaa |= f (x(t), a(t) dt. 
This inequality in conjunction with (3.4.2) shows that 
Re { J (a(t), 50) dt je. [2], a(t) dt} = 0, 


in which equality is possible if and only if 


(20 — 4)5(2), 2(4)) = + 3-02 (—4), æ( —2)) + (22), 2(2))]- (8.4.3) 
We now prove that (3.4.3) is equivalent to 7 
z(—2)8(À) = EXA). (3.4.4) 


In fact, from (3.4.4), it follows that 
(8( —2)8(), BA)) = + (7(A), =(4)) 
and because S(A) is uni : ry, | | 
(280—4), «(—24)) = (@(—A)S(A), 2(— 4)8(А)) = (a(4), z(A)). 


Hence, we obtain (3.4.3). 
Now, suppose that (3.4.3) holds, and set 


z(—2)S(4) = £2(A)+2(A). 
Again using the fact that S(4) is unitary, we conclude that 
(2(— 4), z(—2)) = (2(4), £(4)) E (Z(A), 2(4))+ 
+ (2(4), 2(A)) + (2(A), 2(A)), 
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апа by (3.4.3), we have 


x (H(A), Z()) + (2A), TA) = £5-(8$( ča) 


The last two equations show that (2(4), z(A)) is real, and so 
(«(4), «(4)) = (@(—A), (2) - (Z4), 2(А)) F2(2(A), Z(4)), 
(«(4, Z(4)) = £[(Z(—A), (—2)) - (£(4), 2(4))], 
i.e., (2(4), «(4)) = 0, and therefore z(4) = 0. 


From (3.4.1) and the uniqueness of the Fourier transform, it 
follows also that (3.4.4) is equivalent to 


oo 


ta(t)+ | «(5)F,(t--£) dt = 0, єчї —< о 


e 


for the case under consideration (x(t) = 0 for t — e). 
Suppose now that z(t) is a vector in Li,)(e, оо) (identically лего 
for t = ғ) which is a solution of | 


+ a(t ov Гав Р.) 4 = 0, еі ә. 


Then using the relation 
z(—2)S(4) = +2(А) 
proved above and (3.4.1), we obtain the result 
+@)+ f х(®)Е,@+Е) dE = а) ка) фа), 
ог 


+ f st s(é+&) d£ = z(—1), —co « i< со, 


Thus, we have proved the following lemma. 
Lemna 3.4.1: Let е = 0 and suppose that F(t) satisfies the condi-. 
tions 1? and 2°. Then 


(1) for | v | > 1, the equation 


40 fa s (CE) dé = 0 


has no non-trivial solution in Lty(s, оо); 
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(2) for any (t) € Lise, оо), 


Re l ] (oe, am dtt f (f s, (E746, 20) a) = 
quality being achieved if and only if 


2(—4)8(A) = EZA) (TA) = f a(0e-?*at). 


This relation is equivalent to 
Es + f AEF GEE 0, estica, 


(3) if x(t) belongs to Le, y(s, со) [z(t) = 0 for t < e] and satisfies the 
equation 


tat) + Гав, e+e) dé = 0, est < оо, 
then | 
20+ Га, +0) =2(-), ә. 
COROLLARY: | Let 


F(t) Мўе-ні + F; (2), 


l 
TMe 


where all M, are Hermitian matrices and u, > 0. Then, for e = 0 
a vector x(t) in Liy(e, оо) is a solution of 


()+ f a()F(t4- 5) dé = 0, e= i< o (3.4.5) 
if and only if its Fourier transform 


H(A) = f (дей 
€ 
satisfies the conditions 


2(—tp,)M, = 0 (k = 1, 2,...,р), | 


(3.4.6) 
ZASA) -80) (=> <A <=). 
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Proof: If z(t)€ Liye, co) and satisfies (3.4.5), then by forming 
the scalar product of both sides of this equation with z(t) and inte- 
grating, we obtain 


J (200, =0) at J (Jer s (E+E) dé, x(t) dt+ 


e 
p 


+ 2 (Z( —tuy) MR, 2(—иь)) = 
or 


J (20), 2) + f (f Р, (t+) dé, x(t) dt - 


Е Е Е 


+ Ў (2(— ѓиһ)Мь, g(— ipa) My) = 0; 


Taking the real part of both sides of this equation and making 
use of statement (2) of Lemma 3.4.1 we get the result (3.4.6). 

The sufficiency of (3.4.6) can be verified directly. 

eo 3.4.2: If е > 0 and the rows of F(t) satisfy conditions 

? and 2° and belong to Line, со), then for | v | = 1 the only solution 
of 


vat) + fa AF (t+é)dé=0, еі 


in Lene, со) is the trivial solution. - 
Proof: The validity of this assertion for |v| > 1 was proved in 
Lemma 3.4.1. Suppose a(t) € Lele, оо) and is a solution of 


ta(t)+ f a«(E)F,(t--£) d£ = 0, ext<o 


? 


Assuming z(t) = 0 for t — e, we have by statement (3) of Lemma 
3.4.1 that 


+0 f 2t F,(t--£) d£ = z(—1t), — о <{ < em. 


Hence, for any value of h, 
+а@+Ь)+ f a(E)F,(t--h-- 5) d£ = 2(—-t—h), 


+a(t—h)+ f (Fate dE = a(—t4-h). 


82 THE BOUNDARY-VALUE PROBLEM WITHOUT SINGULARITIES 


Choosing 0 < ћ < e/2 and recalling that s(t) = 0 for t< e, we 
conclude from the last two equations that 


oo 


(0+0) +а0 0] f [lq +h) +200) hF, +n) à = 
e—h 


= 2(—t+h)+a(—t—h). 


Hence 


tenli) + | э, 0+0=0, ==, GA) 
т 


where 


a(t) = а@+Ь)+@—Ь, O<h< =. (3.4.8) 


Now, if x(t) were not equal to zero almost everywhere in the inter- 
val (e, oo), equation (3.4.7) would then have an infinite number 
of linearly independent solutions (3.4.8) in 128/2, оо). But this 
is impossible since under our assumptions, the rows of F (t) clearly 


belong to Lij(x, со) for any а > —оо and according to the corol- 
lary to Lemma 3.3.3, the operator 


J 20, (t+ E) d£ 


2 


в completely continuous in L{,)(e/2, оо). 
THEOREM 3.4.1: Let є > 0 and suppose that the rows of F (t) satis- 
fy conditions 1° and 2° and belong to Іл, (е, оо). If 


F(t) = Ў Met + Е, (t), 
k=l 


where all M, are Hermitian matrices and all u, > 0, 
then for any f(t)€ Lt, (e, оо), the equation 


f(t) +2(t) O+ f at F(-£d&—-0, estea 


has а unique solution in ІЛ, (е, oo). 
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Proof: According to the corollaries to Lemmas 3.3.1 and 3.3.2, 
it suffices to prove that the homogeneous equation 


х@)+ f a(E)F(t--£) d£ = 0, ext<o 


has no non-trivial solution in L%,)(e, оо). 
But by the corollary to Lemma 3.4.1, every solution z(t) of this 
equation belonging to Lẹ (e, оо) also satisfies 


z(t) + Í (Р, (t-- E) dé = 0, ext<o, 


e 
However, by Lemma 3.4.2, the only solution of this equation belong- 
ing to 12,(6, оо) is the trivial solution. 
THEOREM 3.4.2: Suppose that the rows of F (t) satisfy conditions 
1° and 2° and belong to Li,)(e, со), with e > 0, and that f(t) belongs 
to Lèl, оо). Then a solution to the equation 


кд+0+ f «DF Dd = 0, е. 


exists (by the method of successive approximations). 
Proof: By the corollary to Lemma 3.3.3, the operator 


F,[z] = f z(£)F, (t+) dé 


Е 


s completely continuous in Loy, oo). Moreover, the fact that 
F(t) is Hermitian implies that Е, is a self-adjoint operator, and 
by Lemma 3.4.2, the modulus of each of its eigenvalues is less than 
one. But then || Е, || = 1 and as a consequence, the Neumann 
series 


(I+F,)-) = I- F,4F2- ..., 


where I is the identity operator, converges, q.e.d. 

From Theorems 3.4.1 and 3.4.2, it follows in particular that the 
fundamental equation (3.1.12) [in which F(t) is determined by 
the scattering data of the non-singular boundary-value problem 
(2.1.1)] has a unique solution for any 2 > 0, and in the event that 
the problem has no point spectrum, it is possible to solve the fun- 
damental equation by the method of successive approximations- 
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However, Theorem 3.4.] is not true in general when ғ = 0 and 
therefore yields no information concerning the existence of a solu- 
tion of the fundamental equation for z — 0. This question will be 
dealt with in the next section. 


$ 5. Investigation of Homogeneous Equations Constructed 
from the Scattering Data 


THEOREM 3.5.1: If F(t) is determined by the scattering data of 
he non-singular boundary-value problem (2.1.1), 


p 
Ft = » М} ЕР, 0 = 2 Mie —1%1+ 
k=l 


i — it då 
+50 | [1— S(4) e?! da, 


then 

(D a(t) + f 40805) dt = 0, О<<х‹= 
and ° 

Ш) ty) + Г OP- 4 =0, Ost<x 


have no non-trivial solutions 1% Loy0, oo), and the number of linearly 
independent solutions of 


(11) H+ Гев F,(t--£) dé = 0, 0=1= 


is equal to the sum of the ranks of the matrices M, [in other words, 
the number of vector eigenfunctions of the problem (2.1.1)]. 
Proof: By Theorem 2.3.1 and Lemma 3.3.2, all solutions of the 
equations under consideration in 1,200, оо) also belong to 12,(0, оо). 
By Lemma 3.4.1, the solutions of (II) and (Ш) will be exactly 
those y(t)€ Lm (0, оо) and 2(¢)€ Lm (0, оо), respectively, for which!* 


+74) = ¥(—A)S(—A), 


(3.5.1) 
ZA) = Z(-4)8(2), 


17 When F.(t) is replaced by F';(—4), as in equation (П), it is clearly 
necessary to replace S(A) by S(—4). 
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with 
#0) = f yte dt, 2()- J ztje- dt 
0 0 
regular in the lower half-plane. 
By now making use of the fact that the scattering matrix S(4) 
of the boundary-value problem (2.1.1) is given by (Cf. (2.3.3)) 


S(4) = Е*(— 4) [Е*(4)]-1 = E-1(— 2)E(A), (3.5.2) 
we find from (3.5.1) that 


£9(A)E*(—A) = 9(-2E*4) ^ ImA= 0), (3.5.3) 
Z(A)E-Y4) = Z( -2)E-1(— å) (ImA2 0) (3.54) 


The equation (3.5.3) shows that the function + 7g(A)E*(— А), which 
is regular in the halfplane Im A < 0,48 is equal for real values of 


A to the function 7(— A) E*(4), regular in the upper balfplane. This 


implies that 7(4)E*(—4) is an entire function, and since 
E*(—2)— I and 9(4) 0 as | A| — оо (Im à — 0), it follows that 
9 (A)E*( —4) = 0. But then by Lemma 2.2.2, J (4) = 0, and as a result, 
y(t) = 0. | | А 

Thus, we have shown that the опу solution of (П) in L((0, со) 
is the trivial solution. 

Let us now consider (3.5.4). By similar reasoning, the function 


(4) = Z(A)E-Y(A) for Im å = 0. 
И d(—4)E-1(—4) for Пад 0 


is meromorphic in the entire A-plane, having only a finite number 
of simple poles at the points 04, = Fiu,, ир > 0 (k = 1,2,..., p), 
and, possibly, a singularity at A = 0 (see $ 2, Chapter II). Since by 
Lemma 2.4.1, AE-1(4) is bounded in the neighborhood of zero, the 
function Ag(A) is regular at zero and in accordance with (3.5.5) is. 
given by 


(8.5.5) 


k=1 À—Àn Kei Ad 


Here, M, is the residue of E—1(A) at the point A, = — iu,, and y(4) 
is an entire function which grows less rapidly than |A|. Therefore, 


` 18 #*(—A) is regular, along with E(4), in the halfplane Im A < 0. 
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y(A) = e, where c is a constant vector, and hence 


p 2Àn ^ с 
= —À— NQT—. 
ф(3) 2 д2 — 22 Z(Ax) Ad À 
But according to (3.5.4) and (3.5.5), o(—A) = ф(л) for real A, and 
thus it follows that c — 0. As a result, 
P 2A 
pa) = 2 pg UN. 


к=1 
and this together with (3.5.5) gives 


" р 24 
(A) = à ii E-H Zlk) Np E(A). (3.5.6) 


1 


Thus, we have shown that the Fourier transform of any solution 
of (ПТ) satisfies (3.5.6). Conversely, if we prescribe arbitrary vectors 
2(A,), then a straightforward computation shows that the function 
2(A) determined by (3.5.6) satisfies the second equation of (3.5.1) 
and, therefore, is the Fourier transform of а solution of (III). 

Hence, it follows that the number of linearly independent solu- 
tions of (III) is the same as the number of linearly independent vec- 
tor functions of the form 


P 25 do 
узе” 3.5.7 
iH, Ba” "€ (3.5.7) 


where c — (c9, ... e) (k = 1,2, ..., p) are arbitrary constant vec- 
tors. Therefore, as can easily be seen,!? this number is equal to the 
sum of the ranks of the matrices M, (see $ 1, sub-section 2). 


19 Denote by R the linear manifold of vector functions of the form (3. 5.7), 
and by Rr the jnear manifolds of vector functions of the form 


2A&(2— AZ) CN, (k = ...,p), where c is any constant vector. 
For any f(4) € R, we ve by definiton 
К) = X 1^4), 
where 
f(A) € Ra. 


Since from the identity 2, f(a) = 0 it clearly follows that РА) 0 


for k = 1,2,...,p, Ris the direct sum of the linear manifolds Вр. It is also 
clear that the dimension of Rẹ is the same as the rank of Np and, as a 
result, the dimension of R is equal to the sum of the ranks of N,, N,,..., Ny. 
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It still remains to prove that equation (I) has only the trivial 
solution. By the corollary to Lemma 3.4.1, every solution z(t) of 
(I) belonging to L@,)(0, oo) is simultaneously a solution of (IIT) and 
satisfies the conditions 

Z(A4,)M, 20 (k=1, 2,..., р). (3.5.8) 
Since z(t) is a solution of (III), its Fourier transform satisfies the rela- 
tion (3.5.6), i.e 
~ PA, 
za) = 2 omg 


Finally, by the results of sub-section 2, $1 of this chapter, it follows 
that?° 


Z(Ay) Ny H(A). 


2(A;,)N,=0 (k=1, 2,..., р). 
Therefore, 2 (4) = 0 and hence, z(t) = 0 also. 
Remark 1: The existence of only the trivial solution of (II) in 


Loj(0, oo) is obviously equivalent to the existence of only the tri- 
vial solution of 


ty(t)+ f wor s (£--£) d£ = 0, — о <= 0 
іп Loy(—oo, 0). 

REMARK 2: In the investigation of equation (П) and the derivation 
of expression (3.5.6), we only made use of conditions 1? and 2? of 
$4 for F(t) and the factorization of S(A) given by (3.5.2). The impor- 
tance of this last formula is not the actual meaning of the matrix 
E(A) entering into the factorization but rather its analytical pro- 
perties. If the above conditions hold for F (t) and S(4), then by what 
was proved above, equation (П) has no non-trivial solutions, and the 
Fourier transform of any solution of (III) is given by 
р 2A, 


za = 2 ogg FNAB, 
where A, = —iu,, Up > O, are the poles of Е- (2) and N, the corres- 
ponding residues. Hence, the number of linearly independent solu- 
tions of (Ш) is equal to the sum of the ranks of the matrices N,. 


20 Since Mp and Pp have the same null space, (3. 5. 8) implies that 
2(A,)P& = 0 fork = 1,2,..., p and hence using (3.1. 7, we find that 
Z(Aj)N4—0, k = 1,2,.. .,p. 


CHAPTER IV 


Parseval's Equality 


$ 1. Preliminaries 


1. Let S(A) be a unitary matrix with the following property: 

I, The matrix J—S(A) is the Fourier transform of a Hermitian 
matrix F (t) with rows belonging ‘to Lace, 0) and 21,0, со). 

According to Theorem 2.3.1 and the remark of Theorem 3.2.1, 
I, is certain to hold if S(A) is the scattering matrix of the non-singu- 
lar boundary-value problem. 

Let M, and å, = —iu,, uy > 0, (k = 1,2, ..., p) be any prescrib- 
ed Hermitian matrices and numbers, respectively, and define 


FW) = È Mpe-mt Р, (0). (4.1.1) 


By Theorem 3.4.1, the integral equation formed on the basis of 
F(t), namely, 


eo 


Е(&+ у)+ К(ж, y)+ | Kls, t)F(t--y)dt = 0, О<х=у (412) 


x 


has a unique solution K(x, y) with rows belonging to Liz, co) for- 
each fixed z > 0. By definition, K(z, y) = 0 when z > y. 

Making use of (4.1.2), we shall presently show that the matrix: 
functions 


(ж, А) = Elz, —2) — E(z, 2)8(— 2) (0< A <œ), (413) 
U(r, А) = Ela, a)M, — (k—1,2,..,9, (414) 
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where 
E(x, Д) = e-?9*I-. | K(z, the-™ dt, (4.1.5) 
x 


satisfy Parsevals equality in a form equivalent to the following 
expansion of the ó-function: 


S(e—y)I = 2 U(z, A)U*(y, An) + 
=1 


OP 
+5 | U(z, 2)U*(y, 2) da. (4.1.6) 
0 


Conversely, we shall also show that if (4.1.6) holds, in which the mat- 
rices U(z, 4) and U(x, À,) are given by (4.1.3)—(4.1.5), then the 
matrix function K(x, y) appearing in (4.1.5) is a solution of the fun- 
damental equation (4.1.2), with F(t) defined by (4.1.1). 

These results imply, in particular, that if 

S(A; Ai M. (k—1, 2,..., p) 

is the scattering data for some non-singular boundary-value prob- 
lem, then the expansion (4.1.6) is valid. This shows that besides 
having a discrete spectrum Aj, 42,...., 42, the non-singular problem 
also has a continuous spectrum comprising the entire positive axis, 
and that the columns of U(z,4)(A4— 0; A=A,, БВ = 1,2,..., p) 
yield a complete set of normalized eigenfunctions for the problem. 

2. To derive Parseval’s equality, it is necessary to obtainsome 
supplementary results, which we now proceed to do. 

Let us denote by Lin, лу(&,со) the normed linear space of all n-th 


order matrix functions summable over the interval (e, oo) with the 
norm 


ПФ je f 190 at. 
It is clear that if P(t) belongs to Дл, лу(&, со), then its rows beong 
to Lye, оо). 
The function F(t) given by (4.1.1) obviously belongs to Lin, „у(0, оо) 


and generates in this space a family of linear operators F, (x > 0) 
defined by | 


Е„[Ф] = f 90) F2-t4-9) dt. 
0 
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Since 


f 1F«(d1Idy = f dy f | DŒ) || F2z -t-y)1dt = 
0 0 0 
= [1Ф@|й f | F(s)|ds= || SI” f | F(s) |ds, 
о 2x + .2x 
we have the following estimate for the norm of Е,: 
Fell = f | PO | de. 
2x 


From Theorem 3.4.1, it follows that a bounded inverse operator 
(I--F,)"! exists for each z > 0, where I is the identity operator. 
Lemma 4.1.1: For any £ > 0, there exists a constant c(e) depending 
only on £ such that for all x = e 
ПОЕ) || = ele) (а: = е). 
Proof: Since ||F,|| — 0 as z — оо, we can find an æ > € such that 
IE l| = 1/2 for z >a, and therefore 


|| (I+F,)7+]| = тг = 2 (ж > а). (4.1.7) 
Now, for any x > 0 and z, > 0, we have 
I+F, = (1+F,,) {I+ (LÀ- F4) (F, — F,)). 
As а result, 
(I+ F,) = (1+Е„)—Ч(Е„—Е„)}—1. (L-F4)71); 
(I+F,,)—? = {1+ (E-E4)7 (Fx —E4)) (+E): 
and thus 
|| D E2)7* || = || {E+ I+ Bay) (Е, — 49) 7 Il + || @+ Fag)? ||, 


|| (1+ Fao)? || = [| 14+ 1+ Es) (9, Feo) || - || @+Е„)—1 m 13) 
Since for any P(t) belonging to Lin, „)(0, oo) | 


(Е. — Fag) [0] || =f f Фи) [FQe+tt+y)— 


0 
CFOnEUEg) бу = fia |a f | re) 


— F(2z, 4$) | ds = || Ф||®. i | P(22:4- в) — F (22, 4- 8) | ds, 


0 
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we find that 


ПЕ. Е. |= f | F(2z 5) — F(2z + 8) | ds (4.1.9) 
0 


Hence, ||F,,—F,,,|| — 0 as z — 20. 
Therefore, for any ô > 0 (ô = 1), we have 


[| I+ F3) (Е.Е) || < à 


for all 2 sufficiently close to zy (2, > 0), and we conclude from (4.1.8) 
that 


1 
Па+в = 511 + Bae) |15 


|| (LEES)! = (1+ 6)| GE ||. 
This means that ||(I4-F,)-!|| is a continuous function of z for all 
positive values of z, and hence 
max || @+„Е„)—1|| = ебе, æ) 


exx 


exists. This together with (4.1.7) implies the result of the lemma 
with 
с(є) = max {c(e, æ), 2}. 
Remark. lf the operator (1-Е) 1 exists, then 
|] AHE.) || = co (z = 0), 


where c, is some constant. This statement may be proved in exactly 
the same way as Lemma 4.1.1. 

Let us now consider the fundamental equation (4.1.2). Making 
the substitution t = +2 and y = 7 + x yields 


F(2z-- 7) + K(z, 2+) + f K(z, 2+ E)F(2z - E-- 5) dé = 0. 
0 


This can also be expressed as 
(I+F,)[K(2, ж-з] = — F(2z n). 
By Lemma 4.1.1, we conclude from this that 


J | E(z, 24-9) | dg = Лк, y) | dy = 
0 


=|| (1+ Е„)—1]|. J iren ) | dy = с(є) fir )|dt (4.1.10) 
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for all zz & :>0. Similarly, for K*(y, г), we find that 


fi К*(у, z) | dz <e(e) f F(t) | dt, (4.1.10^) 
V 2y 


for all y = є > 0. 


Lemma 4.1.2: For any € > 0, there exists a constant сү(є) depending 
only on & such that 


h со 
sup Jl Fety+o+ f Ke, E)F(y+t+é)dé|dt< 


zyme —h 


= e(e)ô(£, В), 


h оо 
вар f | Fet+yts)+ Ре) Ку, п) й]|й = 


х,у>Е —h V 
= o,(€) d(e, h), 


where 


E 
ó(c, h) = max f 1,914.50 
ид, —h 
as h — 0. 
Proof: Let z, y = е > 0. Then 


h o 
J Fry ЈК, \Fytt+édé|de= 
—h x 
h oo h 
<f|Fety+t)|de+ f LEG, £186 f | Fytt+O|a< 
—h x —h 


h oo 
= max  f|F(u420|dt (1-- f | K(z, £) |48} 


uz-2e€ —h 
and by (4.1.10) 


oo 


h 
sup f | F(ety+t)+ f Elz, 8) (у +248) d£ | dt = 


x,yz6 —h x 


oo 


h 
= max || F(utt)|dt{1te(e) f | F(s)| ds} = o (e)ôle, В). 


и = —h 22 


The second inequality is derived in а similar way. The fact that 
8(є, h) + 0 as h — О is a consequence of F(t) belonging to Lin, „у(0, oo) 
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ConoLLARY: For x, y = £> 0, 


h 
sup f | K(e, y+#)|dt-=<e,(e)d(e, h), 
suse B (4.1.11) 
sup f | K*(y, x +t) |dt sc,(e)d(e, h). 


X,yze —h 


In fact, since K(z, y+t) = 0 for x > уі and since for = = y+t 
K(z, у+ї) = —Flatyt+i)— Jke E)F(y +t+&) d£, 


the first inequality of (4.1.11) follows immediately from the above 
lemma. The second inequality is proved analogously. 


§ 2. Derivation of Parseval's Equality from the Fundamental 
Equation 


Let us recall, first of all, that the matrix F (t) with the Fourier 
transform J—S(A) (property I,) is Hermitian if and only if 
S(—A) = 8%(4) = 8-51) 
(see footnote 14 of Chapter IIT). 


Making use of this property of S(A) and the expression (4.1.5) for 
E(a, A), we immediately obtain from (4.1.3) 


U(x, AÀ)U*(y, a) = (EM c7 6-91 — 
— e- MEW S( — 4) — MEt S (A) + 


+ f K(a, E) (0—0 4 £746) — e- 9«£-)8( — 2) — 


x 
— eiX£-)8(2)) d£ + f (ee фет) 
У 
—e Gt mS( — A) — EMEA DSA) C (y, n) dn + 
+ J Í K(a, E) ((e946—0 + еі) J — eits — 2) — 


y x 


— eXtenS(4)) K*(y, n) d£ dy. 
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But 
(ex) + е-+4—0))] — e-9G-V)S( — 2) — e^ H)S(A) = 
= 4 sin Ar sin AyI + e? P, (— 2) + e? (A), 


where 
F(a) = 1-80) = f F,()e-9tat. 


Therefore 
U(x, A)JU*(y, А) —4 sin Az sin Ay I = 
= Да, y, + Ale, y, —A), (4.2.1) 


where 
A(z, у, A) = ciety) р, (A) + J Кт, £) (et — 
x 


— giME ty) + eiMt 0) р, (4) 45+ 


+ J| (Ped — ehe mr 4 ehem p, (4) K*(y, n) dnt 
Y 


eo 


+ Г] K (a, Е) (600—7 — e^ vm) + 
у х 


емет Р, (4)) K*(y, п) ФЕ dn. 
We next multiply both sides of (4.2.1) by 


І /sin Ah M? 
zn) ® 


and integrate with respect to A over the interval (0, со). Since 


oo eo 


1 sin Ab \2 ~ ~ 1 sin Ah \2 ~ 
zx) [A(a) + A(—A)] da = g- |( Th ) A(A) 4А 


0 





and since (*) is the Fourier transform of the function 
1 12] А 
Jal) if |t| = 2h 
0 , if |t|—2h, 
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we can use the evenness of g,(f) and the convolution theorem to 
show that 





sjoe A)U*(y, А) — 4 sin Az ein AyI) (uy dà = 


2h 


= J palt) A(z, y, t) dt. 
—2h 


Here 
A(z, Y, t) = Р.(=+у+0) + K(x, yTt)— 
—K(z, t— y) + K*(y, z t) – K*(y, 1—2) + 


+ f K(x, £F, (E yt) dE f Р, (24-040) Е*(0, т) р 
x y 


+ f Kt, n+)K*(y, эў ёр f К(х, tn) Кто, nant 
y y 


+f J Ki, £F, (E n0) K*(y, n) d£ dn. 
y x 


Now the integration with respect to ¢ extends over the interval 
(— 2h, 2h) and by definition, K(x, y) = 0 for x > y. Thus, for any 
£ = О and for all 2, y = £ and 2h = є, we have 





Jn A)U*(y, А) — 4 sin Az sin AyI) (ж) аА = 


2һ 
| Ph ofr, (x+y +t)+K(z, y T 0 + K*(y, z4-0)4- 
—2h 


+ fixe, EP (E+y+tdét+ f FL (z- 5 +t)K*y, т) dg 
x y 


eo 


+ f K(x, gr 0E*(y, т) do 
y 


+] f к® 0r neni, itae. 22) 
y x 
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From (4.1.4) and (4.1.5), it then follows that 


U(z, Aj)U*(y, Аһ) = Mie o + f K(x, E Mje- 6*9 d E 4- 


+ J M$K*(y, т)е +") dy + 


Zr 


Multiplying both sides of this equation by e~*“g,(t), summing the 
result from k = 1 to k = р, and then integrating with respect to 


M$K*(y, q)e-«6* d£ dy. 


t, we obtain 
1 2 
È Ule, AQU*(y, А) (ык) 
к=1 urh 
2h 


= Е ZR 2 [Mge- ocv 4 


—9h 
t f K(x, E) Mge-X6 *v*0 ДЕ 4 / M$K*(y, p)e- er *0 dy + 


+f f ze 


If this equation is added to (4.2.2) and (4.1.1) is applied, there 


E M$E*(y, е e~e E ++i ДЕ a) dt. 


results 
р inhuh\? lf 
È Ula, A)U*(y, А) (HE) += | [U(z, aU*y, 2)— 
k=1 uh 2л 


sin im) dà = R(x, y, h), (4.2.3) 





—4sin Ax sin ay} ( 


R(z, y, № = f prt) 


—2h 
+K*(y, 2+0) + f K(x, E)F(E+y +t) dE + 


where 
2h 
[recorte Kt, yTÜ-t 


+ f Fon) (y, п) dy J K (z, n+t)K*(y, п) dnt 
y 


+f f Kis, BF(- n 0K*(y, n) dë dn} at 
y 


x 
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An immediate consequence of this formula and the fundamental 
equation (4.1.2) is that R(x, у, h) = 0 for x, y =e, 2h = e, and 
|z—y| > 2h. On the other hand, if |z— y| = 2h, then the Lemma 
4.1.2, the estimates (4.1.10’) and (4.1.11), and the inequality  (#) = 
= 1/,h show that 


1 
| R(x, y, h) | ^U es(&)ó(e, 2h). 


Therefore, one can easily see that 
1 1 


Í j | R(z, y, h) | dz dy =c,(c)6(e, 2h), (4.2.4) 


where ¢,(e) is a constant depending only on s. 

Now let P(t) = ||p;,(t)|t be any matrix function whose elements 
are each continuous and vanish outside the interval (e, 1/e). We 
multiply (4.2.3) on the left by (x) and on the right by Ø*(y) and 
then integrate with respect to x and y. If we set 


U(Ó; 2)= f Ф000, a) dt 
1 


S(D; А)= f Ot) sin At dt, 


£ 


the result of the integration is expressible ав 


1 2 
$ UO; АОФ; э) (000 Y 
h=1 Erh 


3 2 
+3, | U(®; aU*(®; A) (a) a= 
0 


== S(D; 1)8*(0; 2) Cy dÀ4- 
о 








11 
+ f J $()RG, у, Ъ)Ф®(у) dz dy. 
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Finally, using (4.2.4) and Parseval's equality for the Fourier sine 
transform, we find from this that as h — 0 


2 UD; A)U*(D; Ay) + 


1 а (Ф; a)U*(®; a)da = f ó()ó*()d. (4.9.5) 
0 


Parsevals equality has thus been proved for continuous matrix 
functions vanishing outside some interval (e, 1/є), where £ is ар ar- 
bitrary positive quantity. However, as usual, from this follows the 
validity of (4.2.5) for any (t) with rows in 12,,(0, со) and in this 


case 
i 


U(®; А) 2 lium. f eve, A) dt. (4.2.6) 


e>oO € 


If (t) and y(t) are any matrix functions with rows in Li,)(0, oo), 
then by (4.2.5) 


2 О(Ф; A)U*(V; ay) + вче ; AJU*(Y ; А) аА = 


= ў Фу) dt, (4.2.5^) 
0 
in which (р; A) is defined analogously to (4.2.6). 


§ 3. Derivation of the Fundamental Equation from Parseval’s 
Equality 


Suppose that Parseval’s equality (4.2.5), (4.2.6) is given and that: 
the matrix functions U(z, 4) therein are expressed by the formulas 
(cf. (4.1.8) —(4.1.5)) 


U(a, А) = О, (a, A)+ no t)U y(t, А) dt (А > 0), (43.1) 


U(x, А) = Mpe ht | K(x, t) Mpe dt (k= 1, 2,..., p). 
х 


Here, 
U, (z, А) = e?*I —e-9xS8(— 4), (4.3.2) 
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S(A) ів a unitary matrix with the property I, M, is Hermitian’ 
and A, = —i Hp U, > 0 (Е = 1, 2,...,р). We now show that the 
matrix K(z, y) appearing in.(4.3.1) is a solution of the fundamental 
equation (4.1.2) with F(t) defined by (4.1.1). 

Concerning K(z, y), we merely make the following apriori assump- 
tions: | 

(1) K(x, y) = 0 for = > y; 

(2) K(x, y) is bounded and measurable in the domain 0 = e = x zy 
for any e > 0; 

(3) for every fixed x > 0, K(z, y) belongs to Lin, niz, оо), and for 
any є > 0, the function 


а(х) = f | K(x, y)|dy 


is bounded in the interval ғ = x < co. 

Suppose that (t) and W(t) are any matrix functions vanishing 
outside the interval (c, 1/2), e > 0, and are bounded and measurable 
in this interval. It is easy to see that under our assumptions, the 
matrix functions 


Фк (0) = J 90K, t)dz Чка)у= DEZ t)dz, (4.3.3) 
0 0 


vanish for t < e and are bounded and measurable in the interval 
(e, оо). 
Applying the first formula of (4.3.1), we obtain 


U(®; А) = f O(x)U(z, 4) dz = fou, (x, 4) dz 4- 
0 


0 


eo 


+ f Фе) dz f xe, 00,0 A) dt = f Glx)U (a, А) dz 
0 0 


0 
+ f x (0U,(,.2) dt 
3 
(the interchange of the order of integration here is justified), i.e., 
U(®; 4) = U,(6; 2) - Uo (Og; A), 


where 
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Similarly, 
U(V ; А) = U,(Y; 3) gU, (He; A). 


Therefore, 


eo 


s; | ve: AU*(P; А) ал = 5 uj" o(®; A)JUS (F; 2) dat 
0 
на | Me о(Фк; А)Ш} (Р; pasg foa (Ф; AUG (PR; А) dA + 


f U (Dg; A)U& (Vg; А) da. (4.3.4) 


Next, (4.3.2) leads to 
Uo(a, А)76(у, А) = 
= (giMx—v) 4 g-iMx—y)] — e+) G( — 4) — 
— e -H)S(4) = 4 вір Az sin AyI + e^ [I — S(A)]4- 
+e a+ I — S( — 2)] 
and therefore 


z | U,(®; ЗУР; 2) = 
0 


= = f ад | | D(x) {4 вір Ax віп Ду + e^ I — S(4)] + 


ec — S( — 2)]) V*(y) dz dy = 


o уг 3 * 
= = (Гов деа) ( [ од in ay ay) ал+ 
J 
`0 M 


0 


eo 


tz | (| D(z) às) [I — 8(4)] (| V(y)e- ow iy)" da. 
—e 0 0 


Making use of theorems on the convolution, the present Parse- 
val equality and the one for the Fourier sine transform, we find 
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from this that 


=| U,(6; ЭШ (Р; A) ал = Joona 
+ i f $(z)F; (c+ Ply) dx dy, (4.8.5) - 


where F(t) is the matrix having 1—5(4) as its Fourier transform. 

If (4.3.5) and the relations analogous to it are substituted in 
(4.3.4), the formulas stet (4.3.3) applied, and the order of integration 
interchanged (which is permissible under our assumptions), there 
results 


z | U(®; j)U*(V; Ada = | aor aes 
0 0 | 
+ f f G(x) {. . .) V*(y) dz dy, (4.3.6) 
о 0 
{...} = Fit y) KG, y)+ f K(x, Р, (4-9) 2+ K*(y, z) + 
0 
+ f Е„@+)К%у, t)dt+ f K(z, t)E*(y, t) dt-- 
0 0 


+ f f К@, oF, (t+)K*(y, t) dct. 
0 0 
The second formula of (4.3.1) then yields 


2 О(Ф; A,)U*(P; Ар) = 
= 5 {је (a) [nene F Ј Ка, ates a| ae} x 
0 


| eid 4 J My K*(y, te“ z| T*(y) ay} = 


i ha. 


I 
—: X 
v; m~ 


e 


(x i. Z Mg e ax y) + J Ken t) ‚2 M? eut) di + 


o. 


Р 
,2, Міс ORM y, 1) de 
0 = ` 


+ f f Ка, т) Š Mjeat*oK*(y, t) а V'*(y) dz dy. 


о о к= 1 
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Combining this with (4.3.6) and applying the Parsevalequality (4.2.5"), 
we obtain 


o=f 
0 


+K*(y, х)+ f F(z4-0K*(y, t)dt+ f K(z, t)K*(y, t) dt- 
0 0 


f Фа [ret y) Ks, y)+ J EG, )F y) dt 
0 0 


f Ke, T) F( 4- t) K*(y, t) а) V*(y)dzdy, (4.3.7) 
with 

F(t) = F, @+ 2 M? e~e 
(Cf. (4.1.1)). Since (t) and W(t) are arbitrary matrices, it follows 
that the expression within the braces in the integrand of (4.3.7) 


is equal to zero. Noting further that K(x, у) = 0 if 2 > y, we thus 
have for 0 =< z < y: 


F(z--y) + K(z, y)+ f K(x, t)F(t y) + 


tj | reote. t)+ f K(x, v)F(v--1) | K*(y, t)dt = 0. 
y. x ` 
This means that for fixed x > 0 and y > z, the expression 
F(z- y) + K(z, у)+ f Ee, t)F(t+y) dt 
x 


is the solution of à homogeneous Volterra integral equation, and 
therefore 


eo 


F(z4 y)3-K(z, y)+ f K(z, )F(t-y)dt 20, O<a<y, 


x 


q.e.d. 


CHAPTER V 


The Inverse Problem 


$ 1. Statement of the Problem 


‘In Chapters II and III, it was shown that the following five con- 

ditions hold for the scattering data 
S(A), 3}, My (Е=1, 2,...„ p) 

of the non-singular boundary-value problem (2.1.1) (Theorems 2.3.1, 
3.2.1, and 3.5.1): 

I, The matrix 1 — 8(А) is the Fourier transform of a Hermitian 
matrix F(t) with rows belonging to L(4((—99o,0) and Г! (0,со) 
and 


F,(t) й = 5 Ji [I —S(A)le* da. (5.1.1) 


Il, The derivative F.;(i) exists for all positive values of ¢ and 


ЈЕР, (0) |а. 
0 
III, The equation 


0 


—2(t)+ f x(€)F, (E+E) dé = 0, —o<t<0 


has no non-trivial solution in Lin еә, 0). 
IV. The equation 


z(t) + f z(E)F(t-£d$ —0,  0st< o, 
о 
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where 


F(t) = > Меір L [I — S(A) Je da, 
k=1 2л 


has no non-trivial solution in Lo(0, co). 
V. The number of linearly independent solutions of 


z(t) + Габ, (t+£) d£ = 0, 0=1= ә 
0 


is equal to the sum of the ranks of the normalization matrices M,, 
Mz,- Mp- 

Note that the first three properties only concern the scattering 
matrix S(A); this is the reason for the subscript s. 

In this chapter, the inverse problem will be solved. The definitive 
result to be obtained here is that the above five conditions are not 
only necessary but also sufficient for a unitary matrix 8(4), Her- 
mitian matrices M,, and numbers A? (k = 1,2,...,p) to be the scat- 
tering data of some non-singular boundary-value problem (2.1.1). 

In the course of the investigation, the role of each of the five 
enumerated characteristic properties of the scattering data will also 
be clarified. | 

Let there be given p arbitrary Hermitian matrices M,, p negative 
numbers AZ, and a unitary matrix S(A) having the pro- 
perty 1,. 

In the preceding chapters, it was proved that if F(t) is construct- 
ed from the scattering data according to (5.1.1) and (5.1.2), then 
the fundamental equation 


F(z--y)4- K(z, y)+ n K(a, t) F(t4- y) dt = 0 (5.1.8) 


has а unique solution K(z, y) belonging to Lin, n(x, оо) for each 
fixed = > 0, and 
U(x, А) = E(x, —4) — E(z, a)S(—A) (A > 0), 
U(x, An) = E(x, Ax) Мк (k = 1, 2, .. p), 
where 


E(x, А) = eI | K(x, te? de (5.1.5) 
x 


are matrix functions for which Parseval’s equality (4.2.5) holds. 
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We shall presently show that if S(A) has the properties 7, and 
Il, then U(z, А) and U(z, A,) are solutions of 1 
Y” +Y = V(x), 0 == = œ, 
in which 
V(z) = -2z К(@, г), (5.1.6) 


апа 


J ®| У) |а 
for any value of ¢ > 0. This inequality wil also hold for = 0 
under the added assumption that the given data has the property 
IV. 

However, even in this саве, U(x, А) and (ж, Ap) do not in general 
satisfy the boundary condition, i.e., they do not vanish at 2 = 0. 
The fulfillment of the boundary condition is assured by properties 
III, and V. 


$ 2. Estimates for the Matrix K(z, y) 


Let F(t) be a given matrix tending to zero when t — oo and sa- 
tisfying the following two conditions: 
(Ae) For all ¢ > 0, F(t) exists and for any ғ > 0 
ЈР 1-е; 
Е 
(Be) For апу e > 0 and matrix P(x) in Ly, »(e, оо), the equa- 
tion | 


D(x) + f d()F(t--z) dt = P(x) 
has a unique solution in Lin, „)(8, oo). 
These conditions are automatically satisfied if F(t) is constructed 


from (5.1.1) and (5.1.2) in terms of given Hermitian matrices M,, 


1 If the elements of the potential matrix V(x) are permitted to be gene- 
ralized functions, then this result holds under the single assumption I;. 
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numbers A2 < 0, and a unitary matrix 5(4) having the properties 
I, and II, (see Theorem 3.4.1). In this case, IJ, immediately yields 
the stronger condition 


eo 


(Ag) ЈР) |е. 
0 


If, in addition, S(4), M, and 42 have the property IV, then by the 
corollary to Lemma 3.3.1, F(é) will also satisfy the following condi- 
tion: 

(By) For any e = 0 and matrix P(x) belonging to Ly, „у(в, оо), 
the equation 


(z) + f Ot) F(t--z)dt = P(x) 


has a unique solution in Lin, n(€ ©). 
Since it follows from (A,) that 


eo eo 


fi F(t) | @ = fa ЈР) |= f | Р'(в) | ds f PP 


t 2 
= арр) |ds<=, 
i.e., F(t) belongs to Lo e co) for any s > 0, the formula 
F.[0] = J 90 G2-t4-9) dt (5.2.1) 
б 


defines an operator in Ly, „(0, оо) for any x > 0. 

Now, Lemma 4.1.1. evidently holds for the family of operators 
F [Ø]. By virtue of this, the solution K(x, y) of the fundamental 
equation (5.1.3) for a given matrix F(t) satisfies the inequality 


fi K(z, x+n) | dq = с(е) fi Fit) | dt (к< є > 0). (4.1.10) 
б 2x 


Let us set 
K(x, x+n) = A(z, n); (5.2.2) 


then this inequality becomes 


J 146 0185 sce) f | FE] de (а> в > 0). 
0 2x 
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Now introducing the notation 
та)= f | F(t) | dt (220), 
х 


т(шжщ= ft|F()|dt (52-0), 


x 
and observing that 
f 1501268 f s| F(s)|ds=x,(22), 
2x 2x 


we obtain 


f 146 m1dn— fIK(s, y) | dy sc(s)u(22) — (26-0). 
0 x 


Making use of this result and the inequality 


| F()| = f | Ё'() | 4в=т(), 
t 


we find from (5.1.3) that for 0g zy 


|K(z, у) |=| Fle+y)|+ f 1EG, 20] | Pt 9) | dt 


= tæ yen) f | К(ам)|й = 


= t(x +y) {1+ e(e)m(22)], 
ie. for апу e > 0 
| K(z, y) | = e(e)v(z +y) (0-— 6 = у), 
|4(, n)| = | К(@, 2-9) | = e (eye(22 m) 
(0-&zzc; у 20), 


where су(=) = 1--0(е)т (2). 
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(5.2.3) 


(5.2.4) 


(5.2.5) 
(5.2.6) 


If F(t) satisfies conditions (А,) and (By), then we may also apply 
the remark of Lemma 4.1.1 and thus obtain the inequalities 


| K(z; y)| = e(t y) (О =2=у, у #0), 


(5.9.57) 


| A(z, 4) | = @7(22 +n) (z2:0, у = 0, x+n ә 0), (5.2.6) 


where & = 1+ с071(0). 
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$ 3. Existence of the Derivatives of K(z, y) 


As in the preceding section, we shall assume that F(t) satisfies 
the conditions (.4,) and (B,). Furthermore, for simplicity, we shall 
also assume that F'(t) is continuous for positive values of t. 

Lemma 5.3.1: If F(t) satisfies (A,) and (B,), then for each x > 0 
and y = x, the partial derivative K (x, y) exists and can be found 
from (5.1.3) by differentiation with respect to y, i.e. 


Ky («, у) = – F'(zty)— f Ke, )P(tt+y)dt. (5.3.1) 


Proof: Assuming х to be a fixed positive quantity and making 
use of (5.2.5), we obtain for any N > = 


| | K(z, NF (t +y) dt | = сд ) f mere | Pty) | dt = 
N 


me(x)wN) f | F(s) | дв = с(ж)т(1/), 
N+y 

where ¢,(z) із a constant depending on z. From this estimate, it 
follows that the integral on the right-hand side of (5.3.1) is uniformly 
convergent for y = х, and this proves the validity of (5.3.1). 

Remark 1. The expression (5.3.1) shows that K,(z, y) is conti- 
nuous in y and that for any fixed value of т > 0, the matrix K,(z, y) 
belongs to Linn (2, со). 

ВЕмАвк 2. If it is further assumed that F(t) has a continuous 
second derivative for all #:> 0 and that for апу s > 0 


f 15012, 


then it is possible to prove that K,,(z, y) exists and is continuous 
for y = z > 0, and that 


Ey y) = —P'e+y)— f Ke, ОРНЫ). (8.3.2) 


From this, it follows that the matrix К , (2, y) belongs to Lin n)(%, оо) 
for each fixed value of z > 0. 

Let us now consider the matrix A(z, 7) defined by (5.2.2). From 
(5.1.3), we find that 


F(2x-+n)+ A(z, n)+ f Alz, £)F(2z-- £5) d£ = 0. (5.3.3) 
0 
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Lemna 5.3.2: If F(t) satisfies (А.) and (B,), then for any z > 0. 
n = 0, A(x, 7) exists and 


Ада, n) = —2F' (22 +n) —2 f A(z, E)E (22+ E +n) d£ — 
0 


— f Arla, E)P(22+E+ n) d£. (5.3.4) 
о 
This expression is obtained by differentiating (5.3.3) with respect to z.. 
Proof: Starting with (5.3.3), we form the difference quotient 
A, A(z, 7) Ф da Fn +n) 
h h 
(A, A(a, E). 
+ [ARE погна at 


0 


eo 


4 | A(z, à) TOt EE) g = 0, (5.3.5) 
0 
where 
A, A(z, n) = A(zth, а) — A(z, n), 
А.Е (22+) = F(22+2h+n)— 
— F(2z +n) = QhF’ (22+ 20h +7) (0 < 0 = 1). 
Set 


оца) = 20884) | дь, p dear EEEN op 
0 


Now, for fixed z > 0 and k # 0 such that z+h = 0, the matrices: 
B, (z, 1) and k! A, A(x, n) belong to л „)(0, со) (see (5.2.4)), and. 
we can therefore write (5.3.5) in the form 


(Lip, ,)=4@ т) = dz, n) 
(see (5.2.1)), or 
246 n) = (1+Е„ „72 [®,(z, n))- (5.3.6) 
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Making use of the properties of F(t) and the estimates (5.2.4) 
and (5.2.6), we can easily show that ®,(z,7) has the limit 


Фох, y) = —2P'(2z 4-5) — 2 f A(z, E)P(2x-FE4- n) dé 
0 


as h — 0 both in the sense of ordinary convergence and convergence 
in the metric of Г, „)(0, оо) with respect to the variable 7. 
But for any x > 0, we have (see (4.1.9)) 


ПЕ аһ Е, || = f | F(22--2h +t) — F(22-- 0) | dt — 0 
0 


as h — 0, and using the easily verified equality 
(FEQQ - (THE) = 
= ([L- (Lc E) 1 (Е. E911 I} (1+ F4), 
we can show that 


lim || (LEE, 44)71— (EH-E9)71 = 0. (5.3.7) 
h-—0 


These results together with (5.3.6) enable us to prove that as k — 0, 
h-1 A, Alz, n) converges to (I--F.) ![G,(z, 7)) in the metric of 
Гоп,п)(О, оо). For, 
I| @+ Е, +) {Pn (ж, n) (I+ E) 1 [5 (ж, 0) [| = 
= || AH Eeen) t IH E9711] + [| Pn 119% + 
+ IAHE) 1 ПФ, Фе ||, 

and the right-hand side of this inequality approaches zero as h — 0. 

Again considering our original equation (5.3.5), we see that the 


last three terms on.the left-hand side have ordinary limits as h — 0. 
Therefore 


. Ax A(z, 
lim 2:46, т = A,(z, 7) 
h->0 
exists, and by the above results 

A,(z, n) = (I+ F,)~* [Go (2, ›))]. 


But this is equivalent to (5.3.4), and the lemma is proved. 
Remark l. Since A(z, 0) = K(x, x), we have, in effect, shown that 
dK (x, 2)/dx exists under the assumptions of Lemma 5.3.2. Setting 
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1 = 0, we find from (5.3.4) that 


2 ка, х) = -27"22)—2 Í Alx, EF (2x + £) d£— 


0 
— f де, Е)Ё(2ж-+&Е)4ЁЕ. (5.3.8) 
0 


REMARK 2. The proof of Lemma 5.3.2. shows that for any fixed 
х > 0, A, A(x, y) approaches zero in the metric of Г. „)(0, со) as 
h— 0. Using this fact, the inequality | F(t) | = (f), and the esti- 
mate (5.2.6), we can easily show from, (5.3.3) that A(z, 7) is a con- 
tinuous function of z and у for x > 0 and у = 0. But 

K(z, y) = A(z, y— z) 

and is therefore a continuous function of z and y for 0 = = = y. 

By now considering (5.3.1), we can show that K (x, y) is a con- 
tinuous function of z and y for 0 = z = y. 

Lemma 5.3.3: Under the assumptions of the preceding lemma, for each 
ж > 0 and y = x, the derivative K (x, y) exists, is continuous in х 
and y and 


Ky(z, y) — F'(z-- y) - R(z, х) F(z- y) — 
- fx. (2, t) F(t-- y) dt, (5.3.9) 


the last expression being obtained by differentiating (5.1.3) with respect 
to 2. 
Proof: By (5.2.2),2 we have 
A, A(z, n) _ K(z+h, z+h+n)—K(z, +n) 
h h 
_ K(at+h, ct+th+n)—K(xt+h, s+n) 
о» NN 


K(a+h, 2+2) – K(z, x+n) 
h 


+ 


+ = K,(a+h, x40 0h) + 


K(a+h, z--9) - K(x, x+n) 
р. 


2 See footnote 5 of Chapter П. 
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From the existence of A,(z, 7) and the ‘continuity of K,(z, y), it 
follows that 
lim K(x+h, 2+7) – K(z, 2+) 


h = KE, (x, y) |у=х+т 
h-—0 


exists (x > 0, 7 = 0). Moreover, 


Kx(z, y) ly-x4 = 4.02, 7-Е, (2, у) |у=х+т , 
or 
Ax(z, 9) |n=y-x = Kx(z, y) - Ky(z, y) (0-— zy) (5.3.10) 
Inserting the value 7 = у— in (5.3.4) and making useof (5.2.2) 
and (5.3.10), we find after some simple computations that 


К„(ж, y)t K,(z, y) = —2F'(z - y) + K(z, z)F(z - y) - 
— f K(z, t)F"(t +y) dt — [Ec t) F(t4- y) dt. 


This in conjunction with (5.3.1) yields the required equation (5.3.9). 
Now, make the substitution t = z-F-£, y = z--5 in (5.3.9) and in- 
troduce the notation 


Kx (2, y) [у=х+т = Biz, n), 
— F"(2z -- 9) + K(z, zx)F'(2z +n) = Р(х, т). 


As a result, (5.3.9) becomes 


B(x, n)+ | Ble, 002+) а = Me, n), (5811) 
0 


or (see (5.2.1)) . | 
B(x, n)=(I+F,) 1 (Pz, })]. (5.3.12) 
The matrix Y(x, 7) can easily be shown to be continuous in z and 
у for x > 0, у = 0 and to depend continuously on the parameter 
x in the metric of L(,(0, со). Since the operator (I+-F,,)~} also de- 
pends continuously on z for positive z (see (5.3.7)), it follows from 
(5.3.12) that B(x, 7) is continuous in х in the metric of Іп), ео). 
Ав a result, (5.3.11) implies that B(z, 7) is a continuous function of 
x and y in the ordinary sense (х > 0,7 = 0). Therefore, K,(z, у) = 
= B(z, y—2) is continuous for 0 < z = y and belongs to Дл ъ)(2, оо). 
Remark. If it is further assumed that F(t) has a continuous second 
derivative for all positive ¢ and that for all s > 0 
Јер) |<, 


Li 
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then K,,(z, y) exists and is continuous for all z > 0 and y = x. 
Furthermore, this derivative satisfies the equation 


Kasl, y) = — Paty) +Š Kla, а) е4) + 
+ Ка, 2) (2-9) + К (т, 0 |Р) — 
— ў К, (=, t)F(t-+y) dt, (5.3.13) 


which is obtained by formally differentiating (5.3.9) with respect 
to z. This can be proved in exactly the same way as is the existence 
of К„(х, y), since the equation (5.3.9) differs from (5.1.3) only in 
that it has the free term 


— F'(z 4- y) + K(x, z)F(x-- y) 
instead of — (x+y), and under our assumptions, this term behaves 
analogously to — F(x+y) in regards to differentiability and conver- 
gence in the metric of Lo, ,j(x, oo) with respect to y. 
Finally, in the case in question, K,,(z, y) belongs to Ly, »)(x, оо) 
for each fixed value of z — O. 
Lemma 5.3.4: Under the assumptions of Lemma 5.8.2, for any є > 0, 


as Ken х) + 2F'(2x) | = k(ey (2) (rz є), (5.3.14) 





in which t(x) is defined by (5.2.3) and k(e) is а constant depending on £. 
Therefore, for any 2-0 
| А 


€ 


4 K(z, а) 


E dr<. (5.3.15) 








Proof: From (5.3.4), it follows that 


Ax(z, n) = (I+ F,)7} [Ф, (x, 1)), 
where 


eo 


Dilz, n) = —2F'(2z -5)—2 f A(x, E)F'(2z-- £4- 9) d£, 
0 


and by Lemma 4.1.1, 


f | А (ж, n) | dg sole) f | By (o, 01 dn (22е). 
0 


0 
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Since 

f LP 22 5)1dg = f | P Od = x22), 

0 2x 


and since by (5.2.4), 


J | | A, DF (22 +n) dE | dn = 
0 0 


= f iate, £) 14E f | P(e) | dt ete) (20) 022) = o(e)e,(2e)x(22) 
for any z = e, we obtain 
f | d, (z, у) | @ = 2[1 + с(е)т, (2e)]r(2x) = Ё(в)т(2г). 
As a consequence, 
f 4,02, 1) | dm me(e)s(e)u2m) _ (а=). 


Applying this estimate, as well as the inequalities | F(t) | = c(t) 
and (5.2.6), we find from (5.3.8) that 


= 


| 2. K(x, x) 4-2 P" (22) 





= 9e, (e)w(22) f | #'(2х+ E) | dE c v(22) f | Asle, 8) | dë = 
0 0 


= [20,(е) + се), (e) (22) = е) (22). 
This completes the proof of (5.3.14). To prove (5.3.15), it clearly 


suffices to show that = т(2) is summable over the interval (e, oo) 
for є > 0. But 


ат(х) == f |Р) 10 f | F(0|dt— (2) 


and therefore 
f х1) dz = J v, (2)v(z) dz = r (8) Í t(z) dx = qt?(e). 
Remark. If F(t) satisfies conditions (4) and (By) of $ 2, then 
by using the remark of Lemma 4.4.1 and the estimate (5.2.67), we 


V. THE INVERSE PROBLEM 


can deduce the stronger result 


© K(x, a) +2P (2a) | = k2) (2 0) 
dx 





where k is a constant. From this, it then follows that 


Е 


0 


d ,, 
d; Ko х) 


йд =. 
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THEOREM 5.4.1: Let F(t) satisfy conditions (A,) and (B,) of 8 2 
and let K(x, y) be the solution of the fundamental equation (5.1.3). 


Then 


E(x, a) = e-9514-. f K(x, t)e-?t dt (Im 4 = 0) 
x 


is a solution of 
Y” AY = V(z)¥, 0 = g < ә, 
where 


d 
Viz) = 2 Ee а), 


and for ату е > 0 
|F (x) — 4F'(22) | = C(e)yv*(2z) (2: 2= є), 
Cle) being a constant depending on e, and 


f «ivo | dz =. 


(5.4.1) 


(5.4.2) 


(5.4.3) 


(5.4.4) 


(5.4.5) 


Proof: We first observe that (5.4.4) and (5.4.5) follow immediately 


from Lemma 5.3.4. 


Let us now prove the main statement of the theorem. To this end, 
we first assume that F(t) not only satisfies (.4,) and (B,), but also 
has a continuous second derivative fcr all ¢ > 0 such that for any 


=> 0 


fi | P^(t) | dt o. 


€ 
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According to the remark 2 of Lemma 5.3.1 and the remark of 
Lemma 5.3.3, the partial derivatives K,,(z, y) and K (=, y) exist 
and are continuous for 0 = 2 = y; furthermore, for each fixed 
х > 0, they belong to Li, лу(Ф, оо) and satisfy the respective equations 
(5.3.13) and (5.3.2). 

Integrating (5.3.2) by parts, we obtain 


Ky (2, у) Р(х у) – К(х, ш) Рау) + 
+ К, (2, 0) lif la+ y)+ f| Kula, t) F(t+y) dt = 0. 


Subtracting this from (5.3.18) and using (5.4.3), we then have 
Ky (2, y) - Ky,(z, y) + V(z)F(z у) + 


+ J Eala, 0) Ka, й+у) dt = 0. 


Hence, replacing the term V(x)F(x+y) using (5.1.3), we finally 
obtain 


Ky (v, y)—Kyy(z, y) - V(z) K(z, y)+ 
E fus (x, t) - Ka (z, t) - V(z) K(z, t)])F(t-- y) dt = 0. 


By the property (B,), we conclude that 
Ky (2, y) - Ky, (2, y) - V(x) K(a, y) = 0, (5.4.6) 
since for each fixed value of x > 0, the matrix 


Kx (2, y) —Ky, (2, y) ш V (z)K(z, y) 
is in Linn (z, eo). 
Furthermore, under our assumptions, 
lim K,(z,y)= lim K,(z,y)—0. (5.4.7) 
x+y—>oo x+y—> co 
These results can easily be deduced from (5.3.1) and (5.3.9). 
Thus, K(x, y) satisfies the equation (5.4.6) and the conditions 
(5.4.7), and V(x), moreover, satisfies (5.4.5). But then, by the remark 
of Theorem 1.3.1, the matrix E(x, 4) determined by (5.4.1) is a solu- 
tion of (5.4.2). 
Now, suppose that F(t) satisfies only (A,) and (B,). Then we 
can clearly find a sequence of functions F(t) with the following 
properties: 
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(1) F,(t) is twice continuously differentiable for £ > 0, and for 
any e > 0 


J t| Fa | dt<=, fune )| == (m=1, 2,...); 


(2) F,,(t) — F(t) аз m — oo uniformly in each interval [a, 5], 
.a > 0; 
(3) For each s > 0 


lim f: | F(t) — F"(t) | = 0. 


Т > о» E 


From property (3), it also follows that for any ғ > 0 
lim | P4—P||9— Нш f | F4()— F(t) | dt = 0. 
тео ` T—9 e 
Consider the operators 


F, [Ф] = f Ow rs +e+y) dt (x > 0), 
0 


FS) = f (t), (2z -t4- y) dt (ж > 0), 
0 
defined in L(,,(0, оо) (Cf.(5.2.1)). It can easily be shown that 
[F - F, || = f Lo (5) — (в) | ds 
2x 


so that for any s > 0 
lim || F Е, || = 0 (5.4.8) 
т> со 


uniformly in x for x = e. 
Hence, for m sufficiently large, (I-+-F&”)—1 is a bounded operator 
in Lo 4(0, со); we shall assume this to be true for all values of m. 
By then applying (5.4.8) and Lemma 4.1.1 in connection with the 
obvious relation 
(L-F£5) 3 —(L-E5) t = 
= {@+(+Е„)-—1(Е® — E,]-1 1) (4+), 
we find that 
lim || C+E] = Па+Е,) 7: |I 
mo 
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uniformly in æ for ж = e. Therefore, if m = то, with m, sufficiently 
large, then by Lemma 4.1.1 


|| AES”) || = e(e)+1 (а = ё). (5.4.9) 


From the existence of (I--F77)-1, it follows in particular that 
the equation obtained from (5.1.3) by replacing F(t) by F(t) has 
a unique solution in Lin(x, со). Let us denote it by K,,(z, y), and 
let us define 


Е, (а, A) = e-?9514- f Kg (а, je” dt. 
x 


By the first part of the proof, E, (x, A) is a solution of 
Е" (z, А) - MES (z, А) = Vin(2)Em(2, A). (5.4.10) 
Let us next show that for any e > 0, 
lim ЈЕ, (2, y) - K(z, y)|dy = 0 (5.4.11) 
m> x 


uniformly in х for x = e. From (5.1.3) and the analogous equation 
for K,,(x, y), we have 


Km (а, y) - K(x, y) - f ust, t) — K(z, t) F4 (t y) dt = 
[(5.4.12) 


eo 


= [F(z-- y) - Fa (z--y)] + Ј Ke, t) [F(t t y) - Fm (t+ y)lde. 


x 


Making the substitution t = z-F-£, y = z-4-5, we obtain 
Am(, 1)— A(z, n)+ f LAn(z, 5) — A(z, 51Р (2x E+N) d£ = 
0 


=Ф,„(2, 1), 
where 
A(z, n) = K(x, zt-9)  Am(z ү) = Km(z, zT). 
Ф. (z, n) = (F(2z +) — F4 (20+) + 


+ f Alz, B F(2a E m) — Fm (20+&+n)] dé. 
0 
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or in operator notation, 
(I+ FY) [4.(2, 7) – A(z, )] = Ф, (=, n). 
This and (5.4.9) then yield 
|| Am, 4) — A(z, n) 19 = lele) + 1] |] Om (ж, 0р) |Р (z = е) 
for апу e > 0 and m = mp. But it is easy to see that Ф, (2, n) tends 


to zero in the metric of Г, (0, оо) as m — oo uniformly in x for 
x = є. Therefore, 


lim ||44(z, n)— A(z, n) ||? = 0 
mMm—> co 


uniformly in z for x = z, and this is equivalent to (5.4.11). 
Applying this result to (5.4.12), we then find that 


lim Kj (2, y) = K(z, y) 
m 


uniformly in each finite domain of the form 0<ce=a=sy= а. 
In exactly the same way, a consideration of (5.3.4) and the ana- 


logous equation Kr A,,(z, 1), shows that for any у = 0 


uniformly in each interval 0 < c = x = a. In particular, for у = 0 
lim V, (x) = V (x) 
m—9 
uniformly in each interval 0 = є = z = a. 
By means of (5.4.11), it can also be shown that for e > 0 
lim E, (z, 4) = E(z, 4) (Im A = 0) 
mo 
uniformly in z for x = e. 
From (5.4.10), we now conclude that the sequence E,(z, A) is 
uniformly convergent in each interval 0 = s= х = о. Hence, 
E” (x, A) exists for all z > 0 and 


E"(z, A) + A2E(z, A) = V(x) E(x, А). 
This is the required result. 


Remark. If F(t) satisfies conditions (.49) and (В), then by the 
remark of Lemma 5.3.4, the matrix V(z) defined by (5.4.3) satisfies. 


[7 (0) —4.F’(2a) | = evt(2a) (т > 0), (5.4.4) 
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where c is а constant and 
f ®|У(ж) | dz. (5.4.5’) 
0 " 


Finally, if.F(f) is Hermitian, then so is K(x, х) and hence V(z). 
For, if F(t) is Hermitian, (5.1.3) then yields 


K(z, z) = — F(2z)— f Kie, t) F (t 4- 2x) dt, 


K*(z, а) = —F(2z)— | F(t+2)K*(a, t) dt, 


x 


and it suffices to show that the integrals in these two expressions are 
equa]. 
Now, by (5.1.3) 


F(t+2) = —K(, t)— f Ke, s)F(s+t)ds = 


= —K*(z, t)— f покта, s) ds, 


and therefore 
J ко, F+) dt = — f Ка, )K*(@, t) й 


— Ff ко, t) F(s-4- t) K*(z, s) ds dt, 


J Fe а)Кта, t) dt = — f Kia, t) K*(z, t) dt — 


x 


f ке, в) F(s 4- 2) K*(z, t) ds dt... 


This proves the result. 

Theorem 5.4.1 is valid, in particular, if the prescribed data, deter- 
mining F(t) by means of (5.1.1) and (5.1.2), satisfies conditions 
I, and II, If the further condition IV is fulfilled, then (5.4.4") 
and (5.4.5’) will also hold for V(z). 
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$ 5. Fulfillment of the Boundary Condition 


Let the Hermitian matrices Mp, the numbers Ар = — ip, ug > 0 
(k= 1, 2,..., р) and the unitary matrix S(A) be given quantities 
satisfying I, and II,. 

Retaining the notation of $ 1 of this chapter, we shall examine 
the matrices 


U(x, a) = E(z, —2) — E(z, A)S(—A) = 


= eI —e-9x8(— 3)-- f Ка, t) [eT — e948(— Ду] dt 
x 


(47 0), 
U(x, Ay) - E(z, Ay) M. = 
= [eme Ј K(x, t)e "t a| My (k= 1, 2,..., p) 
x . 
(see (5.1.4) and (5.1.5)) determining Parseval’s equality (4.2.5), and 


we shall characterize the conditions on the given data that assure 
the fulfillment of the boundary condition 


U(0, 4)=0 (470), 
U(0, 2р) 20 (4=1, 2,.. ., p). 
Suppose that in addition to I, the given data also has the property 
IV. Then the fundamental equation (5.1.3) for x = 0, i.e., 
Ри) + K(0, t)+ f K(0, £)F(t- 5) d£ = 0 
0 


has а unique solution K(0, t) ір L@,,)(0, оо). 
Substitution of the expression (5.1.2) for F(t) yields 


P 
>, Mge—t4 Р, (0) + K(0, t)+ 
k-i 


p со со 
+2 J EO, дења. Mge- + f K(0, &)Е,(Ф@-+ЕЕ) d£ = 0, 
=1 9 0 
which according to (5.1.5) can be written in the form 
р 
2 Е(0, Ay) Mge + Р, (t) + К(0, t)+ 
Ё=1 


` (5.5.1) 


+ f KO, £)F, (t -£) d£ = 0. 
0 
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Lemma 5.5.1: If x(t) is a solution of 
()+ fa()F,(t--)d£ 20, O=t<~, (5.5.2) 
0 


belonging to Là, (0, оо), then 
J «7, (t) dt=0. 
0 
Proof: Since F,(t) belongs to Г, „}(0, со), Lemma 3.3.2 implies 
that x(t) also belongs to LG)(0, оо) and LZ,)(0, co). By Lemma 3.4.1, 
we therefore have 


a+ f at F,(t--£) d£ = a(—1t), — c < {<< о, 


or 


[sF.t-54£—2(7)—20, — ә. 


0 
Hence, we see that the integral 


J 2. (t+) dé 

0 
is an odd function of ¢ and, because of the properties of x(t) and 
F(t), is continuous for all real values of t. 
But then 


оо 


J «(®)Е, (5) 4&=0, 
q.e.d. ° 


Let us now take the complex conjugate transpose of both sides 
of (5.5.1). We then premultiply the result by any vector solution 
a(t) of (5.5.2) and integrate over the interval (0, оо). This yields 


х gU) MEE*(, dn) + Гад, (0) й+ 
1 0 


+f [2+ IE ATI, a| K*(0, t) dt = 0, 
0 . 


where 


= f «(t)e-? dt. 


0 
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Hence, Lemma 5.5.1 shows that 
р 


2 ®(А)М E*(0, Ay) =0 (5.5.3) 


В=1 


for any solution a(t) of (5.5.2). 

THEOREM 5.5.1: If the unitary matrix S(A), Hermitian matrices 
М, and numbers: A, = —tu, , uy >. 0 (k= 1, 2,..., p) are any 
given quantities with the properties I,, IV, and V, then 


U(0, A4) = E(0, А) Мь=0 (kK=1, 2,..., p) (5.5.4) 
and 


F,(t) + K(0, t)+ f K(0, £)F, (t-- E) d£ = 0. (6.5.5) 
0 


Proof: Let 
x(t), w(t)... (t) 


be a complete set of linearly independent solutions of (5.5.2), so 
that any solution of this equation can be expressed as 


T n 
a(t)— 2 yx? (t). 
ј=1 
Now consider the system of linear algebraic equations 


T * 
> yi 9()M,—0 (k—1, 2,... p) (5.5.6) 
1 


in the unknowns у;. By the corollary to Lemma 3.4.1, the existence 
of only the trivial solution of this system is equivalent to the exis- 
tence of only the trivial solution of 


a(t)+ | z(E)F(t-- 5) d£ = 0, Ost<o, 
0 
i.e., is equivalent to property IV. 

Since by assumption, property IV holds, the system (5.5.6) has 
no non-trivial solution, and therefore the rank of its coefficient 
matrix is equal to r (i.e., the number of unknowns). 

Now consider the nonhomogeneous system 


T А 
> у 9А) My, =M, (6=1, 2,...,p), (5-5.6) 


ј=1 
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where а® are any given vectors. It is easy to see that the rank of 
the augmented matrix of this system cannot exceed the sum of the 
ranks of the matrices M; which by property V is r. 

But then the coefficient matrix and the augmented matrix of 
the system (5.5.6’) have the same rank, and this rank is equal to the 
number of unknowns. Thus, this system has a unique solution. 
Therefore, for any vectors a'?, one can find numbers y; such that 
a solution of (5.5.2), 


T 


x(t) = P je (t) 


will satisfy the relations 
Z(4,)M, — a M, (k= 1, 2, ++) p). 
From this and (5.5.3), it follows that 


р e 
2, a” M? E*(0, 4,) 20 


for any given vectors a”. Therefore 
aMgE*(0, Ар) -0 (k=1, 2,..., р), 
for any vector a. But then, for any а and b 
(aM? E*(0, Аһ), b) Z0 (k=1, 2,..., p) 
and hence | 
(aM,, bE(0, A;,)M,)=0 (k=1, 2,..., p). 


Setting a — b E(0, Аһ) in the last equation, we conclude that 

Е(0, A,)M, = 0 (Е = 1,2,...,p), and since b is arbitrary, this 
implies that 

E(0, Ay) M,=U(0, A,)=0 (k=1, 2,..., p). 

This result in conjuction with (5.5.1) immediately yields (5.5.5) 
and the theorem is proved. 

THEOREM 5.5.2: If the unitary matrix S(A), Hermitian matrices 
Mp, and numbers A, = —iptn, иһ > © (k = 1,2,...,p) are any given 
quantities with the properties I,, III, IV, and V, then, in addition 
o (5.5.4), we have 

U(0,2) = 1—48(—5)+ 


+ j xo, t) [eI — e-?48(— Aj] dt = 0 (A > 0). 
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Proof: Set ` 
Фа) = F,(t)+ К(0, t) - K(0, – 0) + 


+ Гк, £F, (6+) d£. (6.5.7) 


0 
Since К (=, у) = 0 for у < z, it follows from (5.5.5) and (5.5.7) that 
Фе) = 0 for t > 0. From the form of (t), it is also apparent that 


its rows belong to Loy(—oe, oo). Postmultiplying both sides of 
(5.5.7) by F,(t+a) and integrating with respect to t, we obtain 


f eor, (t+2) di = [ro s (£4- 2) dt 4- 


0 
+ f K(0, )F,(t+x)dt— f K(0, —t)F, (t+) 0+ 


0 -—eo 


+ J K(0, 2) dé J Fe ВР, (t+ x) dt. (5.5.8) 


0 —ео 


Since 1 — S(4) is the Fourier transform of F,(f), by theorems on the 
convolution,? the Fourier transform of 


eo 


J POF, (¢+2) dt 


is 
[1 —S(—a)] -sA = 1—8(— 4) — (2) +1 
Hence, 


eo 


J FF, (t2) dt = F,(—2)4 F, (2). (5.5.9) 


In a similar way, we find that 


eo 


J Fit BF (++) dt = F,(E—2) + F, (@— 8), 


—eoo 


. ° See Titchmarsh, Introduction to the Theory of Fourier Integrals, 1948, 
Theorems 41, 64, and 65. 
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and therefore 


ко, E) dé jr (t-- E) F, (t-- 2) dt = - J xo, E)F,(E—2) d£ + 


+ f KO, 5), (2—8) dé = [ KO, BF, (E-a) E+ 
0 


0 


0 
+ f KO, —)Ё,(ж+4) dt. 


By (5.5.7), 
f KO, £) dé fr, (t-- E) P, (t+ z) dt = 
= 9 2) K(9, а®)—К(о, -z)- F,(—z)-« (5.5.10) 
+ j K(0, —t)F,(a+#) dt. 
Finally, by (5.5.7) again, 


J K(0, )F(t+2) dt = (z) +K(0, —2)— 551 


—K(0, z) — F, (2). 
Now, substitution of (B.5.9)— (5.5.11) in (5.5.8) gives 


0 
J O@F,(¢+2) dt = Ф(—х) + 9(2) 
and hence 
— Ф(ж) + + [eor (#2) dt = 0, —c-rz0. 


By assumption (property JII,), it then follows that ®(x) = 0, i.e., 
F,()+K(0, ) – К(0, —t)+ 


+ f K(0,.5 F, (+) d£ = 0, e cic, 
0 
Taking the Fourier transform of this equation and denoting 


= f K(0, te dt, 
0 
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we obtain 


I—S(a)+ K(a)— K( — 2) + K( A) [I —8(4)] = 0, 


or 
І+ А0 -U+ 0 – А4) = 0. 

If this is then multiplied on the right by —S(—A), there results 
1+K(—A)—[1+ ()]8(— 2) = 0, 


1.е., 


I—S(—2A)4 fzo, t) [eI — e-?tS( — 2)] dt = 0, 
0 


q.e.d. 

Remark. In the proof of Theorem 5.5.2, besides 7, and III,, use 
was made of (5.5.5) which is valid if, first, the fundamental equa- 
tion (5.1.3) has a solution for z = 0, and, second, if (5.5.4) holds. 


8 6. Characteristic Properties of the Scattering Data and 
Scattering Matrix. 


1. The fundamental result stated in $1 of this chapter is an imme- 
idate consequence of Theorems 5.4.1, 5.5.1, 5.5.2 and the remark 
of Theorem 5.4.1, namely: 

Conditions I,, M, III, IV, and V are necessary and sufficient 
for any given unitary matrix 8(4), Hermitian matrices M,, and 
numbers 42 < O(k = 1,2,...,р) to be the respective scattering mat- 
rix, normalization matrices, and eigenvalues (i.e., scattering data) 
for some uniquely determined non-singular boundary-value prob- 
lem (2.1.1). 

To actually determine the potential from the scattering data, it 
is necessary to construct the matrix F(t) using (5.1.1) and (5.1.2), 
then to compose the fundamental equation (5.1.3), and finally, 
after finding K(x, y) from (5.1.3), to apply (5.1.6). 

If there is no discrete spectrum, i.e., M, = 0 for all k, then by 
Theorem 3.4.2, the fundamental equation can be solved by the 
method of successive approximations for any z > 0. We note one 
other case, in which the fundamental equation can be solved by ele- 
mentary means. Namely, if the elements of 8(4) are rational func- 
tions, then it is easy to see that the kernel F(t--y) of the fundamental 
equation is degenerate. 
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Suppose now that only the unitary matrix S(A) is prescribed. 
Will S(A) be the scattering matrix for some non-singular boundary- 
value problem if it has the properties I,, II, and III,? 

To answer this question, we prove the following preliminary 
lemma. | 

Lemma 5.6.1: For any r-dimensional subspace of Lẹ (0, oo), it is 
possible to choose r non-negative Hermitian matrices M, and r posi- 
tive numbers up such that | 

(1) if x(t) is any vector of the given subspace and 


fi z()e-tdt - M,—0 (k=1, 2,.. 57), 
0 
then x(t) = 0; 
(2) the sum of the ranks of the matrices My, My, ..., М, is т. 
Proof: Choose some vector z@)(t) Æ 0 in the given subpace and a 
positive number u, such that 


oo 


Ја (ењ dt 0 
0 


(this is always possible). Let 
af? (t) = {xP(t), aP(t),..., aD (t)} 


and suppose that 
J Pet de 0. 
0 


Now, let m denote the vector whose i-th component is 1 and 
remaining components are zero. We then have 


Ј (x(t), теки) dt = Е aD (thet dt 5 0. 
0 


The vectors of the given subspace satisfying the condition 
ў (x(t), тени) dt —0, 
0 


form an (r — 1)-dimensional subspace. We now repeat the above con- 
struction for this subspace. We choose a non-zero vector 7@)(z) in it and 
a number u, > цу, and we form the vector л) whose %-5һ compo- 
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nent is 1 and remaining components are zero, so that 

J (x), mem!) д0. 

0 


Continuing this process, we finally obtain the vectors z(X(t), 
x(2)(t),...,2°%(t) from the given subspace, the.numbers 0 < ш < 
< д» < ... < рр and vectors mO, m®), ..., т each having a single 
i,-th component of 1 and remaining components of zero. Moreover 


(a(t), тен) dt =0, # jk (5.6.1) 
#0, if j=k. 


The r vectors 2(¢) are clearly linearly independent and therefore 
form à basis for the given subspace. Thus, if 


z(t)— > aaO (t) 


j—1 
and 


J (x(t), mem) dt=0 (k=1, 2,...,7), 
0 
then by (5.6.1), all о; = 0 and hence z(t) = 0. 

We next define M,(k = 1,2,...,r) to be the matrix having all 
zero elements except for the element at the intersection of its ¢,-th 
row and Z,-th column which is 1. It is easy to show that the mat- 
rices M, have the properties (7) and (2) stated in the lemma. In 
fact, if 


eo 


J (дее dt - M,=0 (k=1, 2,...,7), 
then 


J (a(t), тен) dt=0 (k=1, 2,...,7). 
0 
and therefore x(t) = 0. Since the rank of each matrix is 1, the sum 
of their ranks is r. 
ConorLAnY: If S(A) is a unitary matrix with the property I,, then 
it is always possible to find Hermitian matrices M, and positive num- 
bers up such that the conditions IV and V are also satisfied. | 
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In fact, consider 
a(t)t f х&Е,@+®4&=0, — 0st, 
0 


where F,(¢) is given in terms of S(A) by (5.1.1). By Lemma 3.3.2, 
any solution of this equation in Lim (0, oo) belongs to 142,00, co) 
also, and by the corollary to Lemma 3.3.3, the set of all such solu- 
tions forms a finite dimensional subspace of L?,)(0, oo). 

If this subspace has dimension r, then applying Lemma 5.6.1, 
we can find r Hermitian matrices M, and r positive numbers иь 
such that the conditions (7) and (2) of that lemma are fulfilled: But 
condition (2) for the case in question corresponds exactly to condi- 
tion V. Moreover, by the corollary to Lemma 3.3.1, it follows from 
condition (7) that 


a(t)+ ЈР) 48 = 0, Oxt<a, 
0 
with 
FO = Z pee Fl, 


has only the trivial solution in Lin(0, co), and hence, IV is satis- 
fied. 

In particular, we have proved 

THEOREM 5.6.1: Conditions I,, II,, and III, are necessary and 
sufficient for a unitary matriz S(A) to be the scattering matriz for some 
non-singular boundary-value problem (2.1.1). 

2. To conclude this section, we shall sharpen condition I, for 
S(A). Making use of the relation | 


S(4) = E-1( — A)E(4), (5.6.2) 


we showed in Theorem 2.3.1 that if det E(0) + 0, then 1— (4) is 
the Fourier transform of a function summable over the entire real 
axis. 

Suppose now that det E(0) = 0, and let Р, be a Hermitian matrix 
which is a projection onto the null space of Е(0), so that P,#(0) = 0. 

LEMMA 5.6.2: The matrix A-1Pg E(A) is the Fourier transform of 
a matriz P K ,(t) summable over the interval (0, со) and equal to zero 
in the interval (— co, 0). 
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Proof: We begin with (5.5.5) (вее also (3.1.4)): 
P,() + К(о, у) + J KO, 0, (4-9) di = 0, 
б 
and we integrate it over the interval (z, со), 2 = 0. Denoting 


K,(2z)= f K(0, y) dy, 


we obtain 


ША (y)dy + E, (д + | xo, t) dt ер, du = 0. 
z+t 


Integration by parts then yields 


J Fs (y)dy - K,(2) - K,(0) ЈР, (ш) du— 


i 
- fx, (i) F,(2+t) dt = 0, 
or ° 
` E(0) Jr, (y) dy +K, (8) – Ј zr, (z-+t)dt=0, (5.6.3) 
since by (5.1.5), 
І+К,(0) = І+ f ко, t) dt = E(0, 0) = E(0). 
0 
Premultiplying (5.6.3) by Ро, we find that 
P,K,(2)— j 5E OF. (z4-t) dt = 0. (5.6.4) 
0 


Now the matrix K,(z) is bounded in the interval 0 = 2 = оо 
because K(0, y) belongs to Г. „(0, co). According to the remark of 
Lemma 3.3.2, it therefore follows from (5.6.4) that P,K,(z) belongs 
to Linn)(0, o»). Hence, 


KA) j P, К, (t)e- dt 


is the Fourier transform of a matrix P,K,(t) that vanishes for t< 0 
and belongs to Г, „(0, oo). 
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If А x 0, integration by parts then yields 


Ё (A) = Py K,(t) (~i) 16-94 |р 4 (— i2)? Ў Р,К(0, tje- dt = 


= (i4)-1P [5.0 -j K(0, ten at |= 


= (узр, [ ко, оа f KO, e- di] 
9 0 


and by (5.1.5) 
` 1,0) = GA) Py [H(0) 71 — E(0, 2) - I] = (— )-1Р, H(A). 
Thus, the statement of the lemma is proved. 

The Fourier transform of à summable fuction is continuous over 


the entire real axis. Therefore, the matrix AB, Е(А) is continuous 
for all real values of A, and lim 4^! P, E(A) exists (we denote the 


A—-0 
limit by E): | 
lim A- 1P, H(A) = Ey. (5.6.5) 
Ao 
From this and the relation Р? = P,, it obviously follows that 
P, Eo = E, (5.6.6) 
and thus 
rank E, «rank P,. (5.6.7) 


Furthermore, by the definition of P,, 
rank P, = п – rank E(0). 


Since S(A) is unitary, the modulus of each of. its elements does 
not exceed 1. Therefore, we can find a sequence of positive numbers 
An — 0 such that lm S(A4) and im a S(— An) exist. We denote these 


respective limits by "SC +0) and S(— —0). We now define Q* 
and Q- to be Hermitian matrices (operators) projecting on the res- 
pective ranges of the operators [I — S(—4-0)] and (7 — S(— —0)], so 
that 
QH —9(— x0) = I—S(— +0); 
rank Qt = rank[I — S(— +0)]. 


‘But inasmuch as S(— 4) = S*(4) for А > 0, it follows that S(— —0) 
== S*(—. --0). Therefore, from (5.6.8) and the fact that Qt and Q- 


(5.6.8) 
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are Hermitian, we conclude that 
I—S(— r0)2[I—S(— ж0)]6+. (5.6.9) 
Lemma 5.6.3: For real values of A, D(A) = [I — P-- (i4) 1Pg] E(A) 


is a non-singular matrix, i.e. 
det D(A) = det ([I — Py + (44) 3P9]Z(A)) 4.0. 
Proof: By Lemma 2.2.2, det H(A) з 0 for all real values of A = 0. 
Therefore . 
det D(A) = det[I — Py + (£4) 1P,] - det H(A) # 0 


for all real values of 4 # 0. Thus, to complete the proof, it is neces- 
sary to show that 


D(0) = lim [I — P+ 64) 1P,]E(4) = (I— Po) #(0) — Е, 
—0 
(see (5.6.5)) is also non-singular. 
To this end, we start with (2.3.2): 
G(z, A) = — (23) Y [E(z, —A)— E(z, 2)5( 2)E*( А) (24), 
where G(x, A) is the solution of (2.1.3) satisfying the conditions 


G(0, 4) = 0 and G'(0, 4) = I. Postmultiplying this equation by P, 

and letting Л tend to zero through the sequences + An, we obtain 

Q(x, 0)P, = —– (20)-1Е(=, O) [I— S(— T0)E$. (5.6.10) 

Since lim z^! G(z, 0) = I, G(x, 0) Py and P, will have the same rank 
x—0 

for x sufficiently small. But the rank of à product of matrices does 

not exceed the rank of any of its factors. Therefore, (5.6.10) shows 


that for small values of =, rank G(z,0) P, = rank Р, = rank. Ё = 
— rank E, and 


| rank G(x, 0)Р, = rank P, = rank [I — S(— +0)]. (5.6.11) 
The first of these inequalities together with (5.6.7) yields 
rank Py —rank Ey. 
From (5.6.2) we further have | 


E(4) —£( — 4)8(4) = 0, (5.6.12) 
and letting A tend to zero through the sequences An, we obtain 
E(0) [I — S(— +0)] = 0. (5.6.13) 


This implies that 
rank P, = rank [I — S(— + 0)], 
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and hence by (5.6.11) and (5.6.8), 
rank P, = rank [I — S(— +0)] = rank Qt. (5.6.14) 


From the definition of Qt and Q- and (5.6.13) and (5.6.14), it 
follows that 


Е(0) (I—Q+) = E(0); rank ({—@Q+) = rank E(0). 


This means that both Q* and Q-, when applied on the right, are 
projections on the null space of #(0). Therefore 


Q*-Q--Q 
and E(0)(I—Q) = E(0). Moreover, by the definition of Р,, 
E(0) = (I—P,)#(0) = (I— P9)E(0) 1 — Q) (5.6.15) 
while (5.6.9) leads to 
I-—S(— r0)Q = I—S(— +0). (5.6.16) 


Now, premultiplying (5.6.12) by 4^! P, and letting A tend to zero 
through the sequence Àp, we find that 


Ey + Eo S(—> +0) = 0 
or 


E, Uus o = 0. 


Next, postmultiplying this by I — Q and then making use of (5.6.16), 
-we obtain 
E, 0 (1 = Q) = 0, 
and this result in conjunction with (5.6.6) yields 


E =P, ESQ. (5.6.17) 
Thus, by (5.6.15) and (5.6.17), we have 
D(0) = (I—P,)E(0)— Е = (I— P4)E(0) I — Q) - iP, E,Q. 


But, Р, and Q are projections, the rank of the first term on the 
right is equal to the rank (I— Pj) = rank (I— Q), and the rank 
of the second term is equal to the rank P, — rank Q. Hence, it 
follows that the first term maps the subspace (I—Q)R,, onto (I — P9), 
and the second term maps QR, onto P,R,, each in a one-to-one 
manner, and their sum maps the entire n-dimensional vector space 
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В, into itself in а one-to-one manner. Therefore, D(0) is a non-sin- 
gular matrix, and this completes the proof of the lemma. 

It is now possible to significantly refine condition J, on 
the scattering matrix of the non-singular boundary-value problem. 

THEOREM 5.6.2: If S(A) is the scattering matrix of some non-sin- 
gular boundary-value problem, then I—S(A) is the Fourier transform 
of a Hermitian matriz F(t) summable over the entire real axis. 

Proof: This property of S(A) was previously proved under the 
assumption that det E(0) Æ 0 (Theorem 2.3.1). In this theorem, 
it was also shown that if det Е(0) = 0, then 


I—8(4) = I—8%4) —S™(A), 
where [see (2.3.10), (2.3.11), and (2.3.13)] 


| 1+ p(a) 1+ (A) 
(4) = 8 QA) = — .6.1 

8904) = Sz Py» 8904) = Sa) -ip 6919 

1+ (A) = detE(—2), r(A) = p(A)1— (A), (5.6.19) 
1 , if |Al<l 
ЮА) = + —[3|+1+1, if 1x |A] m 141 
0 ‚ if |А] = 1+1, 
and 1— 804) is the Fourier transform of a matrix summable over 
the entire real axis. 

Therefore to prove the stated theorem, it is sufficient to show 
that S@)(A) is the Fourier transform of a matrix summable over 
the entire real axis. 

From (5.6.2) and the definition of D(A) (see Lemma 5.6.3), it 
follows that 

S(4) = DH — 4) [I — Po + ( - iAP] I — Py + (2) Pg] 1D(A), 


or 





S(4) = D- — å) [I - 2P4]D(A). 
Hence, by (5.6.18) and (5.6.19), we obtain 


_ _ Р(А)ћ(А) 
82(4) = —D-1—2)[I -2PgID(A) TFA’ 


or 


S*(j) = — D-1 — АМА) LI - 2P41D(A) i . 
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But it is easy to See from Lemma 5.6.2 and the definitions of 

pa), r(4), and h(A) that 
p(A) 
D(A) ———— ГЕ 

is the Fourier transform of a matrix summable over the entire 
real axis. It therefore remains to prove that D-1(— 4)%(4) also posses- 
вев this property. To do this, we must show, as in the proof of Theo- 
rem 2.3.1, that det D-1(—A)h(A) is the Fourier transform of some 
function summable over the entire real axis. However, this asser- 
tion is a consequence of Lemmas 5.6.2, 5.6.3, and a local theorem. 
of Wiener [12]. 

With this, the proof of the theorem is complete. 

ConoLLAnY: The scattering matrix of the non-singular boundary- 
value problem is uniformly continuous over the entire real axis. 
Furthermore, from (5.6.14), 


| rank P, = rank [I — 5(0)]. (5.6.20) 

Therefore, det E(0) # 0 if and only if S(0) = I. Finally, it 

can easily be seen that the matrix 1— (0), applied on the right, 
is a projection onto the null space of E(0). 


$ 7. Examples 


The purpose of this section is twofold: to give some simple exam- 
ples illustrative of the above method of constructing the potential 
from the scattering data and to prove the independence of the 
characteristic properties of the data. More precisely, several exam- 
ples will be considered in which one of the properties III,, IV, ог 
V does not hold. 

For simplicity, let us denote 


0 0 10 
ғ = (0 1), 1-P (0 2). 
Example 1: Let | 


say = Q*90-*20 . 


(2—4) (A—24) ’ 


(we are considering the scalar case, n = 1). 


à 2-1 М = 6 


* See, also, Hardy, Divergent Series, Oxford, 1951, pg. 358, Theorem 229. 
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Then 
6:4 6 12 
1-80) = — aJa- = i41" i42 
and hence . 
—6e-t- 12-2, # > 0 
BO = | 0 ; (c0 


F(t) = 12e: (t > 0). 


In this case, it is easy to verify that the five characteristic condi- 
‘tions all hold, and as a consequence, the given quantities consti- 
tute the scattering data for some non-singular scalar boundary- 
value problem. 

Solving the fundamental equation 


120-269 + K(x, y) J- 12e-?v f K(x, t)e2tdt = 0, 
x 
we find that 


1де—2(«+) 
K(z, y) = -IFZ . 
Hence 
d 96e—4* 
V(x) = —2 -g Ale, z) = Т (1-+3Зе—=)® 
ала 
220 12e f | 
= g—ikx_ —2t,—Àt di — 
E(x, Л) = et ree | ° eM di 


x 


= ех 1 — _ Per . 
(2 4- i2) (1+ 3e-4*) 


The normalized eigenfunctions are given by 
U(x, А) = E(z, —2) — E(x, 2)8(—2) = 


= s| ү let | 
(2—5) (1+ 3e—4°) 


-w|1-... e | (A= 8) (A= 28) > 
-e afi Gr) (ese | arata | 079 
U(z, 4) = U(z, —i) = Ele, —1)M, = 


_ LE 12е—4х | _ Үбе—(1—е—®) 


~ 3(14-3e-42) 1+3e-% 
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from which it is easy to see that 
0(0, A)=0 (A>0); U(0, A,)=0. 


Example 2: Let there be given the second-order unitary matrix 


80) = ар)? 





(there is no point spectrum). 
We have 


and therefore 


FO = MEA 
4(01+еР, 1-0, 
Е) =0 (0). 


The four conditions I, ЇЇ, IV, and У are satisfied. However, 
a straightforward computation shows that 


0 
—a(t)--. f 2(&)F, (t+) d£ = 0, —-o<t<0, 


has the non-trivial solution 
a(t) = (0, (1+é)e} (t < 0), 
and III, does not hold. Now since F(t) = 0 for t > 0, 
K(x, y)=0 (0 xy) 

and therefore 

Y(z)z0, 

E(x, 2) eI. 

However, the solution of the corresponding differential equation, 
U(x, 2) = E(z, — А) — E(z, a)S(—A) = e?*«I—e-9x8(—2) (А > 0), 
does not satisfy the coundary condition at x = 0, i.e., 

U(0, A) #0. 

Example 3: Let 


4 040042) (А 
800 = та a — aay © P+ (TF) P. 
2 

1 


= —1, M= 6(1—Р). 





А 
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Then (see Examples 1 and 2) 
6iÀ 454 
-gaan LP ga P 
— 6e-—t —2t) (I— > 
Р,(@ = (—Ge-t-4 12e-%) (I—P), t>0 
4(1+e)etP , 1<0, 
F(t) = 12e-?(I — P) (t > 0). 


I-S(4) = 


Ав in the preceding example, III, is not satisfied here. 
From the fundamental equation, we obtain 


К, y) = a I-P), 
во that 
Vie) = — qae lP, 
12e—4* 


E(x, Л) = ех L — ] (1— Р) +е-%Р. 


(24-34) (1 4- 3e—*) 


By direct verification, we can easily satisfy ourselves that 
U(z, 2) = Ele, —2)—E(z, 28(-2) © (A0) 


does not vanish at x = 0. At the same time, the boundary condi- 
tion is satisfied on the discrete spectrum, for 


U(z, 4) = U(z, —i) = E(x, —i)M, = Tem (I—P) 


and hence, U (0, 4,) = 0. 

This is related to the fact that only the condition III, does not 
hold and illustrates the results of $ 5 of this chapter. 

Example 4: Given the data 


Sa) = (Ey (I-P)+P; 2 = —1 М = P. 





In this case, 

454 
02—02 
Р, (0) = Шш —ЁЮ)е—(1—Р), t>0 

0 ; ї = 0, 
4(1 — t)e-*(I Р) - e-tP (t > 0), 


I-8()- (I—P), 


bey 

= 

= 
ll 
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во that the conditions I,, ЈІ,, and III, hold. Condition V also holds 
.віпсе it can easily be verified that to within a constant factor 


a(t) = (te-*, 0) (£2-0) 


is the unique solution of 
a(t)+ f z()F,(t-5)dE— 0, 02 о. 
0 


But, by a direct verification, we can satisfy ourselves that this 
solution also satisfies the equation 


z()4- рена = 0, 
0 


and this means that the condition IV does not hold here. 
The solution of the corresponding fundamental equation is 


4(z 4- y — 1)e- 6*9 + A(z — y + 1)e-22—v 


K(z, y) = ] — 4xe—?* — e—4* (1—P)— 
2e—G- V) 
~ 24 ene”? 
and hence 
16e-2* 
Ү(2) = viz) (1— Р) 7 reum , 
where 
d 4(2z — l)e-?* -+ 4e—4* 


dx l—4ze-?X—e-4 ` 


A simple computation shows that in the neighborhood of the 

origin 
оца) = 62-2 +9(2),. 
where g(x) is continuous at v = 0, and therefore 
Ја |а) | dz 

for any є > 0. However, this inequality fails to hold when & = 0, 
and this fact is related to the absence of property IV. 

Example 5: Consider the scalar case (n = 1) in which 


80)21; 22-1 М = 1, 
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so that 
F,(t)20, F(t) -e- (t > 0). 


It is easy to show that all of the properties are fulfilled except V. 
From the fundamental equation, we have 


9eg—(x--V)' 
K(z, y) = зү 
and therefore 
.d 16e—?2* 
V(z) — -24: Ke, z) = ~ Qe oí 


—х 
E(a, А) = є-®®— PES f e—te—ùt dt = 


x 


Li КЕ 9e—8x 
=e (1 (1+) Bre] 
This then yields 
U(x, А) = E(x, – 4) – E(x, 4)8$(—2) = 


oru _ 2e 24(вір Az + Л cos Ax) 
= 2¢ sin Ax Zpen d428  —— (4 > 0), 
2e-* 


U(x, А1) = U(x, — 4) = 9+2 ` 


These functions satisfy the corresponding differential equation, but 
they do not vanish at x = 0. In fact, 


46a ,_ 2 
U(0, А) = З.) (4-0; U0, –0 = =. 


PART TWO 


The Boundary-Value Problem with Singularities 


CHAPTER VI 


Special Transformation Operators 


$ 1. Method of Investigation 


In this section we shall give à very brief outline of one way of 
carrying out the spectral analysis of a boundary-value problem 
with specified singularities and of investigating the corresponding 
inverse problem. In so doing, we shall confine ourselves to a single 
differential equation (the scalar case). 

In treating the non-singular boundary-value problem, we made 
use of transformation operators which enabled certain bounded 
solutions of í 


y” —olzjy+ iy =0 (0 == ә), хаа) |< ә (6.1.1) 
9 
to be expressed in terms of the solutions of the simplest equation 
of its kind, namely, 
y' Ay = 0 (0 = 2 = œ). 
This suggests the possibility of a similar treatment of a singular 
boundary-value problem such as 
y” —[v(z) --x(x + 1)z^?]y + Ау = 0 (0 == = ә), (6.1.2) 
y(0)=0, |0) |42 
0 
in which use is made of the solutions of the simplest equation of 
its kind, , 
y" —«(x-Fl)nr ?y--23y = 0 (6.1.3) 


(which can be expressed in terms of Bessel functions). 


10* 147 
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Actually, it is possible to show that certain solutions of (6.1.2), 
bounded at infinity, can be expressed in terms of the solutions of 
(6.1.3) by means of a formula analogous to (1.3.2) of Theorem 
1.3.1. In this connection, the corresponding kernel satisfies an 
equation similar to the fundamental equation (3.1.12). 

However, this approach leads to considerable analytical diffi- 
culties connected primarily with investigating the integral equa- 
tions obtained. These difficulties are further compounded when 
matrix equations are considered. 

When « is an integer, as in the cases of most interest, another 
approach is possible which reduces the entire investigation of a 
boundary-value problem such as (6.1.2) to one which is not singular. 
Here, the solution of the inverse problem leads to an integral equa- 
tion exactly like the fundamental equation (3.1.12) studied in detail 
in the first part of the book. In this connection, we recall Example 
4, $ 7, Chapter V where by solving the fundamental equation, we 
were able to construct the matrix potential V(z) which turned out 
to have a singularity of the form 6z-?(I— Р) in the neighborhood 
of zero. 

In general, such a reduction to a non-singular boundary-value 
problem can be accomplished by means of special transformation 
operators. 

We shall now show how these operators are obtained in the scalar 
case. 

Let y(x) and y,(x) be solutions of the respective equations 

y'—q(z)y-uey = 0, yy — qt шу, = 0 (a = 2 = b) 
and ф(х, и) any solution of 

Ф —2)ф+ шр = 0 (0 = = = b). (6.1.4) 
Here, q(x) and 9,(2) are continuous functions for а = z = b, and 
и and ро are distinct numbers. 
Let Wíu(z), v(z)) denote the Wronskian of u(x) and v(z): 


W(w(z), v(z)) = u(z)v'(z) — w (zyv(x) 
and define 
r(z, и) = yy(z)Wiy(z), p(x, u)) (uy ut. 


From this and the identity 


2 Ws), ple, u} = (о арба, ш) 
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it follows that 
r” = sy (a) W{y(a), plz, и)} (о — и) 2-29: (0) (xpo, н) + 
yix) [у(2)р(2, uY = у, (ж) У{у(ш), (=, u)) (ug — u)! + 
+2[уу(ж)у(ж)]/ф(@, и) 4- y (2) W(y(z), p(x, ш)}. 
Hence, using the equation satisfied by yj(z) we obtain 
r” = [4,(ж) — по] (2) W(y(z), p(z, H)} (uo — u)! + 
+[уу(ж)у(®)]'ф(ж, н) + (uo — ш)уу(®) W(y(z), plz, u)) (uo — ut, 


or 
r” —q(z)rt ur = 2[уу(ж)у(ж)]'ф(ж, ш). (6.1.5) 

Next, subtracting this equation from (6.1.4) and defining 
plz, и) = p(z, p) —r(z, и) = (6.1.6) 


= g(x, u) — y (x) W(s(z), p(z, u)) (uo ш), 
we find that 
v" — qz) uy = (a(2) — (ж) —2[уу(ж)у(ж)]/}ф(ж, ш). (6.1.7) 
Suppose first that y(z) does not vanish for a < x < b, and choose 
эу(ж) = y Ҳа). 
Then, by (6.1.5), 
r(x, ш) = y (zx) W(y(z), ple, u)) (uo ш)! (6.1.8). 
will satisfy the equation 
| 1" – (а) ит = 0, (6.1.9), 
where 
glz) = uo Vi? = uot Y" y ?-2(y y ly = 
= uot V'y 1 —-2[y^y * — (yy 1. 
But y'y^! = q(z)— цо, во that 
alz) = g(x) — 2[y (2) (ж). (6.1.10) 


Thus, if у(х) does not vanish in the interval a = т < b, then 
the operator defined by (6.1.8) transforms solutions g(x, и) of (6.1.4) 
into solutions r(x, u) of (6.1.9), with q,(x) given by (6.1.10). 

Now if the boundary-value problem defined by (6.1.1) and the 
‘condition y(0) — 0 has no negative spectrum, then the solution 
ф(х) of (6.1.1) for 4 = 0 which satisfies the initial conditions (0) = 0 
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and g'(0) = 1 does not vanish in the interval 0 = x = oo. The 
normalized eigenfunctions g(x, 4) of this boundary-value problem 
and their derivatives will have the following asymptotic behavior 
at infinity: 

glz, А) ~ sin (А2 + 0(A)), g'(x, А) ~ A сов (42+ 6(A)). (6.1.11) 


We now apply the transformation (6.1.8) to p(x, А) taking y(z) = Ф@) 
and u = A?. The function 


p(z, A) = —Ar(z, 2?) = A719 X2)W(o(z), e(z, А)} = 
= Ag tz) [plep (zr, 1) 9" (ota, ^ (6.1.12) 
then clearly satisfies the equation 
g1—v(z)g, + Bp, = 0, (6.1.13) 
where 
| v(x) = v(x) — 2|g'(z)p s). (6.1.14) 


Since as z — 0 
p(z) = «[1--o(1)], o'(z) = 1+0(1), gla, А) = a[o/(0, 4) + o(1)], 
we have | 
Jim фа, 2) = lim Дра, 2) - pHa (арба, 2)] = 


= 1-94'(0, 2) - 9'(0, A)] = 0, 
i.e., 

100, 2) =0 (0 < å < =), 
and 

—2[g'(z)p (а) = —2[r i-o(z 2) = 

= 2x ?-ro(r-^?) (ж — 0). 
Hence, by (6.1.14), it follows that the potential v(x) behaves like 
22-2 in the neighborhood of zero. 


Now, a8 z — oo, p(x) and its derivative will have the asymptotic 
behavior 


p(z) = с+0(1),  '(z) = 0(1), (6.1.15) 


if- the boundary-value problem has a virtual level for А = 0, or 
the behavior 


p(z) = zie о, g'(z) = с+0(1), (6.1.16) 
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if there exists no virtual level. From these relations, it follows that 


—2[g'(z)p (а) = —2[r-1(14-o(1)] = 
= 2z-?-ro(z-?) (= — =), 


when there is no virtual level, i.e., v,(z) has the same singularity 
2a-2 at infinity. 

However, if there is a virtual level for 4 — 0, then it is not diffi- 
cult to show that the new potential v,(z) will not be singular at 
infinity, i.e., ` 


Јао) | de<. 
0 
Finally, by (6.1.11), (6.1.12), (6.1.15), and (6.1.16), we find that 
p(z, А) ~ cos (Ax + 0(4)) = sin (+5 + aa) (ж — с). 


Thus, the asymptotic phase 6(A) of the eigenfunctions of the 
boundary-value problem described by the equation (6.1.1) and the 
boundary condition y(0) = 0 coincides with the asymptotic phase 
of the eigenfunctions of some problem with singularities of the form 
22-2 at zero and infinity (if no virtual level exists) or with such a 
singularity at zero only (if there is a virtual level). 

The above procedure for introducing singularities may evidently 
be continued by starting with the equation (0.1.13) and repeating 
the argument. 

In particular, when œ is an integer n, it is simple to show in this 
way that if the boundary-value problem (6.1.2) has no negative spect- 
rum and no virtual level for 4 = 0, then a function ó,(4) may deter- 
mine the asymptotic form of its eigenvalues, namely, 


ga(z, А) ~ sin (1+ n > + ма) (к <) 


if and only if it is the asymptotic phase of the eigenfunctions of 
a non-singular boundary-value problem. 

We shall confine ourselves here to these general remarks on the 
usage of transformations of the form (6.1.8) in the investigation 
of singular problems. 

. It is clear that such transformations are not directly applicable 
when а negative spectrum or a virtual level exists. 

Therefore, starting with formula (6.1.6), we shall introduce a 
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transformation of a slightly different form which may be used in 


every case. 
If we choose y,(z) in (6.1.6) so that 
q(x) — q(x) — Ay (wyls) = 0, (6.1.17) 
that is, 


y" (z)y Mx) — уца)ут а) —– 2[уу(ж)у(ж)]/ = 0, (6.1.18) 

then by (6.1.7), y(x, u) will satisfy 
y" —gqi(z)yt uy = 0, (6.1.19) 
with 
Q(z) = q(z) — 2[ys(z)y(z) - 
From (6.1.18), we have 
[y (x), (2) — у(ж)уу(ж)]/ vi! (a)y Mx) — 2[у,(ж)у(ж)]' —,0, 
or . 
[y ()у, (2) — у(2)у1(2)] = {[у(ж)у(ж)]?}/. 


Therefore, to satisfy condition (6.1.18), we must take у(х) to be а 
solution of 


y (2) (2) — у(2)у1(2) = [91(2)5(2))2 +0, 


where C, is a constant. 
Now letting 


0102) = у(а)2(2), 
we obtain the following equation for z(z): 
— у(0)2 (0) = z(az)y*(z) +0. 
In particular if C, = 0, then 
—2—2(2)2 (0) = y?(x) 
and therefore . 
z(z) = Ја). 


Here, J(x) is any indefinite integral of y?(z). 
Thus, if we choose 


y(x) = у(ж/ (zx, Ј(а) = у(2) 
in (6.1.6), then the function (x, u) obtained from g(z, и) by means. 
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of this transformation will satisfy (6.1.19) in which 
glz) = q(z) — 2[y*(z)J (x) = g(x) -2[J'(2)J (x). 


If y(x) is square summable in the neighborhood of x = a (ог 2 = b) 
then a C, can always be chosen so that 


x b 
Je) = Ју) +0. (20а) = Ју) dt+0,) 

a x 

does not vanish in the interval a = x = b. 

We shall not stop here to clarify the role played by transforma- 
tions of the form (6.1.6) in the investigation of the singular 
boundary-value problem since we shall elucidate this role in detail 
in the subsequent chapters where a particular example will be 
considered. 

We wish to emhasize that (6.1.6) and (6.1.8) are not integral 
transformations, and for precisely this reason they are applicable 
to any solution ф(х, u) of equation (6.1.4). It is this property that 
permits an unrestricted investigation of the singular problem. 

In the papers of M.M. Crum [13] and M.G. Krein [14], trans- 
formations of the form (6.1.8) were used conforming to solutions 
p(z, и) satisfying the same boundary condition as y(x). In this case, 
the transformations can be expressed in intégral form. | 

This relationship between the transformations used by Crum 
and Krein and those of the form (6.1.8) was brought to our atten- 
tion by L.D. Faddeyev. He also. observed that (6.1.6) can be for- 
mally represented ав the composition of transformations of the 
form (6.1.8). 


$ 2. Transformation Operators for Matrix Equations 


In accordance with the above scheme, we shall now generalize 
the transformation operators (6.1.6) and (6.1.8) to the case of matrix 
equations. 

Lemma 6.2.1: Let (ж) and Y (x) be matrices satisfying 


—ZQ(z) + uZ = 0, Y{—-Q,(@)¥ +, = 0 (a < x = b) 


1 These transformations can be written in ordinary integral form for 
those solutions gu) for which W (y(z), ф(2,0)) = 0 at r =a or z =b 
(see Lemma 6. 3. 1). 
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and D(x, u) some solution of 
Ф” — Q(a)Ó +u = 0 (а < ж = b), 


where Q(x) and Q (Œ) are any square matrices continuous fora<2 <b, 
and u and цо are distinct numbers. 
Then the matrices defined by 


R(z, u) = Y,(xX)W(Z(z), (x, u)) (ug —U)-, (6.2.1) 
Pa, u) = D(z, и) — R(z, u) (6.2.2) 

satisfy 
В” — Q,(z)E + uR = 2[Ү ү(ж)9(ж)}/ O(a, u), (6.2.3) 


pr Qi(z) P+ pe = 
= (Q(«) —Q,(x) 2[Y,(2)Z(z) ) O(a, u) 


for а = x = Ь. 
Proof: From the definition of (ж) and D(z, u), it follows that 


(6.2.4) 


JW), B(x, ш} = (o-u) Фа, p) (625) 


Using this and the equation satisfied by Y,(z), we conclude from 
(6.2.1) that 


R'—Qy)R = —pgR+ 2 y(x)Z (x) G(x, u) -Ys(2) (Ze) O(a, uY = 
= — pR + A G)Z(2)] Ф(®, р) -Y (2) W(Z(2), O(a, и), 
i.e., | 
R” — Q,(x)R-- pk = AY (2)Z(a)] O(a, u). 
Subtraction of (6.2.3) from 
D” — Qi(x)Ó - pO = [Q(x) — Q,(x)] O(a, u), 
gives for VU —  — E the identity 
P” — Q (a) T У = (Q(x) — ©,(®) — 2[Y (Z0) ) (o, и), 


ата this completes the proof of the lemma. 

If Y,(z) is so chosen that [У (х) Z(a)]’ = 0, then the formula (6.2.1) 
yields the generalization of the transformation operator (6.1.8) to 
the matrix case. 

However, since they will not be needed below, such operators 
wil be considered no further. 
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Lemma 6.2.2: Let Y(z) and Z(x) be matrices satisfying 
-QY +Y = 0, 2" -ZQ(2)+u%Z=0 (a<z b) 
for which 
W(Z(z) Y(z)}=0. 
If J(x) is an indefinite integral of Z(z)Y(x) (J'(z) = Z(z)Y (x)] 
. possessing an inverse J—^l(z) for all values of x in the interval (a, b), 
then in this interval the matrices 


FQ(z)—Y(zJ-71(az), Z(z)-—J-'(z)Z(z) 
are solutions of 
Үү-@1(а)Ү, +Y, = 0, 21—2,01(2) +002, = 0, (6.2.6) 
such that 
W(Z,(z) Y,(z)}=0, 
where 
Q(z) = Q(z) + A(z) 
and 
Ale) = Qa) Qla) = -AY (2)Z, (2) = —BMY,GZ(G. (6.2.7) 
Proof: For any non-singular differentiable matrix A(z), 
[A7«(z) = — A-z) A'(z) А-х) 
and therefore 
17-а) = —J-1a)Z(z)Y(zJ-1(z) = —Z,(x)¥,(z). (6.2.8) 
Hence 
Үүт) = Y'(z)J-i(z) — Y (z)Z,(z)Y , (2), 
Zi(z) = J^!(z)Z (z) — Z(z)Y , (2)2(2), 
from which it follows that 
W(Z,(z), Y,(z)) = Z,(z)Y'(z)J-1(z) —Z,(a)¥ (x)Z,(z)Y | (2) — 
—J^!(z)Z'(z IY (e (z) + Z4 (z)Y , (z)Z(z)Y, (2) = 
= J-(z)[Z(z)Y' (a) — Z'(z)Y (ж)] 7—1) — Z,() [Y (ж) ae ear 
—Y(z)J-i(z)Z(z))Y,(z) = J-1(z)W(Z(z), Y(zx))JJ-1(z) = 0, 
and thus one part of the lemma is proved. 
Now consider 
Yi (a) = Y"(z)J-3() +2F (2) [J-a -Y(z) [J- (2). 
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By (6.2.8), 
Yi(z) = Y"(z)J- (а) — 2Y"(z)Z,(a)Y , (ж) — 
—Y(z) [Zi(2)Y (z) + Z (z)Y 1 (2)]. 
Since W {Z,(x), Ү,(2)} = 0 by the above, 
Yi (2) = Y"(z)J- (2) — YY (z)Z (x) Y, (а). 
Thus, using the equation defining - Y(z), we obtain 
Ү!(®) = [Q(z) — poll (x)J.7(2) — AY (2)Z, (a)] Y , (2), 
i.e., 
— (Q(z) — 21¥ (2), (XI) Y , (2) + uY, (а) = 0, 
where 
[Y (ж), (x)! =[¥ (z)J 1 (z)Z(z)Y [Y , (ж)2(@)ү. 


The derivation of (6.2.6) for Z,(z) is carried out similarly. 
The above lemmas imply the following theorem. 
THEOREM 6.2.1: Let Y(z) and Z(a) be matrices satisfying 


Y" —Q(z) emer =о 2 Ба) +2 =0  (а<т<Ь) 


for which W {Z(x), Ү(х)} = 0. Let J(a) be an indefinite integral of 
Zí(z) Y (x) [J'(z) = Zi Y(z) having an inverse in the interval 
а = т <b and define 


Y,.(z)—Y(z)J- a), Z()—J !(z)Z(a). 
Then the transformation 
Piz, п) = O(a, ш) -Y1(z) W(Z(z), O(a, u)) (ио ш) (6.2.9) 
carries any solution D(z, u) (и = us) of 
D” —Q(z) + uP = 0 
into a solution V'(z, u) of 
V^ —[Q(z) + A(z)]V +p = 0,- 
where 
A(z) = —2[Y(2)Z,(z)Y = – 210, (2)2(2)]. 
The inverse transformation is given by 
P(x, u) = Pax, p) +Y (c) W(Z,(z), Pha, u)) (ио) (6.2.10) 
-in which 
Ү(а) = —У,(ш Ма), Ze) = —J19Z(G), 
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and J (x) is that indefinite integral of 21(2) Y ,(z) for which — J (zo) = 
= J-l(zg) for some xq (and hence for all x Є(а, b)). 

Proof: The statement pertaining to the transformation (6.2.9) 
is an immediate consequence of formula (6.2.4) of Lemma 6.2.1 and 
the result (6.2.6) of Lemma 6.2.2. The expression (6.2.10) for the 
inverse transformation follows from the relation 


F(z) W{Z,(z), (=, u)) = Y, (£) W{Z(z), P(e, u)), 


which can be verified directly. Finally, from (6.2.8), it follows that 
—J-\(z) is an indefinite integral Ј,(х) of Z,(z)Y,(z). Therefore, 
¥(2) =Y¥,(z) (ж = —¥y(z) pe) ^ and ^ Z(z) = Ла) A(z) = 
= — Ji (£) Z,(z), where J,(z) is that indefinite integral of Z,(z) Y,(z) 
which coincides with —J—1(z) for at least one value х, (and hence 
for all z). 

The theorem is proved. 

Remark. In the sequel, weshall need the special case of Theorem 
6.2.1. in which Q(z) is Hermitian and wo is a real number. If Y (z) 
is such that W(Y *(z), Y(z)) = 0, then we may take Z(z) to be 3-Y *(z) 
and Ј(х) to be a Hermitian (and non-singular) indefinite integral 
of +Y*(z) Y(z). In this connection, (6.2.9) becomes 


V(s, и) = Ole, р) FY, (2) W(Y*(z), Ble, u)) (a н) (62.11) 
and (=, и) satisfies the equation 
Y" —[Q(z) + A(z)]P ШР = 0, 
in which 
Q(z) + A(z) = Q(z) FAY (z)J - a)Y *(z)J 


is also Hermitian. 


$ 3. Transformation of Parseval's Equality 


Consider the differential equation 
U” —Q(z)U - uU = 0 (а = az <b), 


in which Q(z) is a Hermitian matrix and u a parameter. 

We shall say that Parseval’s equality holds for a family of solu- 
tions (хт, u) of this equation if for —оо < u < оо, there exists a 
Hermitian matrix P(u) whose quadratic form is a non-decreasing 
function of u, such that for any matrices ©,(z) and Ф,(х) with ele- 
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ments in L*(a, Б), 
b o 
J Ф(а)Ф (а) = fU(d, ud4dPQ)U*(Ó, и), (6.3.1) 
а -œw 
where 
B 
U(®; џ) = Lim. f Ф(х) (т, p) dz (6.3.2) 
2—G a 
£—b 


(the last integral converges in the metric that is defined in the na- 
tural way in terms of P(u)). 

Now, applying the transformation (0.2.11) to U(z, u), we obtain 
a family of matrices U,(z, u) satisfying 


Ui —[Q(z) + 4(2)]U, + nU, = 0, 
in which 
A(z) = FAF (z)J 1 (z)Y *(z)]. 
We shall show that under certain conditions, a Parseval equa- 
lity of a similar kind also holds for the family Ui(z, џи). 
The transformation (6.2.11) is not of integral type, but it can 
be put into a form very close to that of an integral transformation. 
This is а consequence of the following simple lemma. 


Lemma 6.3.1: If Y*(t) (t, u) ts summable in the neighborhood of 
t = а, then (6.2.11) can be represented in the form 


b 
Ya, u) = Gla, u) F f Hal, Dlt, u) dt FY, (a)By(u), (6.3.3) 


where 
H(z, t)= m ()Y*(), ава (6.3.4) 
0, a<a<t<b, 
В.и) = lim {Үш}, Фа, н) (а. (635) 


If Y*(t) D(t, p) is summable inthe neighborhood of t = b, then (6.2.11) 
can be represented in the form 


b 
P(x, u) = Ole, pE f Ных, tt, н) dtzrY,(z) By), (6.3.6) 
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where 
, а=6=2-=0 
lr ere, a<2<t<b, 
By(u) = limW(Y*(s), Ole, u)} Q4 — 


H(z, t) = 


Proof: Suppose that the elements of the matrix Y*(¢)®(t, u) are 
summable in the neighborhood of t == a. Then setting Z(z) = Y *(z) 
in (6.2.5), we obtain 


W(Y*(z) D(z, u)) (uo— u) 1 — W(Y*(5, Ф(Е, n) (uy — и) = 
| = ў Y*(t)@(t, u) dt. 
Hence, when E — a, | 
W(Y*(z), B(x, и) (ио и) = f YADE, д) + В.и), 


where 


Therefore, (6.2.11) is expressible as 
P(x, п) = D(z, ш) j Y ,(z)Y *()0, н) FY, (2) Bu), 


and this is equivalent to (6.3.3). 
The proof of formula (6.3.6) for the case where Y *(t)Ó(t, и) is sum- 
mable in the neighborhood of t = b is completely analogous. 
Remark. The expressions (6.3.3) and (6.3.6) have been derived 
under the assumption that u ~ pg. However » in addition to the 
hypothesis of the lemma, the Wronskian W{Y*(z), D(z, uy)) vanishes 
(the Wronskian is clearly independent of z), then 


b 
P(x, цо) = D(z, uo) F f Hal, Dl, wo) dt 


or 
b 
W(x, ug) = D(z, ио) + f H(z, t)O(t, шу) а) 


ів also a solution of the. transformed equation when и = jue. This 
is shown most simply by direct verification. 
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THEOREM 6.3.1: Let Parseval's equality (6.3.1) hold for the family 
of matrices U(x, u), and suppose that this family is transformed into 
U (z, u) by means of (6.3.3) (or (6.3.6)), in which the elements of 
Y(t) are square summable in the neighborhood of t = a (or t = b) and 
B,(u) (or By(u)) satisfies the conditions: 


() — Ff Bolu) du) BEu) ( [50 ) dP(u) в) exists; 


, 


(2) for all matrices P(x) with elements in L*(a, b), 


J UCP; p) ари) Ви) =0 ( foe, p) aD Bite) =): 


Ij D(z) is any matriz with elements in L(a, b) that vanish in the neigh- 
borhood of x = а and «= b, then 

b oo 
J 9(26*(2) dz = J U,(®; и) GP(u)UT (D; и) + 


a 


| Y, (®)[+J(a) — Bia) Y i (D) (6.3.7) 
or 
b . oo 
J $(2)0*(z) dz = f ©,(Ф;\ u) aPQ)Ut(Ó; и) – 
—Y, (D) [£ J(b) + BONY (Ф) | (6.3.8) 
with ` 


b 
= $(z)U,(z, p) dz, Ү,(Ф)= f Ф(ш)Ү, (ж) йт; 
а 
В(а)= f В,(и) 2Р(и) Ви), B(b)= f Выш) dP(u) Вӱи). 
Ртоој: Suppose that (т, и) is transformed into U,(z, и) by means 
of (6.3.3) and that the elements of Y(z) are square summable in 
the neighborhood of z — a. Let us premultiply both sides of (6.3.3) 
by some arbitrary matrix Ф(х) with elements in L*(o, b) vanishing 
in the neighborhood of z = а and z = b, and let us integrate the 
result over the interval (a, b). This yields 


U (0; и) = U(; и) F 


b b 
+ f Gz) da f Haz, t)U(t, p) dt FY, (0) B.(u). 
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Interchanging the order of integration and defining 


Фи (z)— ] D(E)H (E, а) dt 
we then have 
U,(Ó; u) = U(0; и) xU(Óg; и) FY, (P) Balu). 


Moreover, the elements of Фн(х) can easily be shown to belong to 
L?(a, b). Therefore, applying Parseval's equality (6.3.1) and the con- 
ditions (1) and (2) on B,(u), we obtain | 


eo b 


f UG; u) ари) (Ф; u) = f (2)0*(z) de F 


co a 
b 


b 
+ f $(2)95 (а) й: f Dy (z)* (a) dz + Í Фн (x) OF, (х) da + 


a 
+Y, (£)B(aY 1(0). (6.3.9) 
We next find that | 


F Гое) dex f Фидо") dz+ [ose Фү (z)dz = 
= Í feo ILS 2) FH, (а, &)+ 
+ Í H, (a, t)HX(E, t) а} оча d£ dz 
and using (6.3.4) for ж = Ё, that 
IH*(E х) ЕН, (=, E)3 dd ОНЕ, tdt = 
р 


= TIY,(zY*(E (2) f Y*(0Y() dt - ҮҢ() = 


а) (EY*(5) 1708) - J(a))Y T (5) = TF, (2) (aY (8), 


since by definition Y*(i) = J(£)Y1(£). 
A simple computation shows that this result is also true for z < £. 
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Therefore, 


b 
+ | Ф(а)Ф (z) de F j Dy (z)Ó*(z) dz + | Ф(ш)Ф (z) dx = 


b b 
=Fff ФУ, ( (z)J(a)Y * (E)D*(E) d£ dz = 


= FY, (ФЛОР (Ф), 
and from this and (6.3.9), we have 


ЈО, (Ф; и) dP(u)UF (Ф; и) = 


—oo 


= Jo Ү,(Ф) [x J(a) - Bia) PF (9 


This is equivalent to (6.3.7). 

The expression (6.3.8) can be derived in a similar way; in this 
сазе the transformation has the form (6.36), and the elements of 
Y(z) are supposed to be square summable in the neighborhood of 
2 = b. 


CHAPTER VII 


Spectral Analysis of the Boundary-Value Problem 
with Singularities 


§ 1. Statement of the Problem. Notation 


The general scheme for treating а singular boundary-value prob- 
lem described in $1 of the preceding chapter leads in each specific 
instance to a more or less painstaking analysis. Therefore, we shall 
confine ourselves to the detailed consideration of one such problem 
which is encountered in the theory of the deuteron. 

This boundary-value problem consists of the matrix differential 
equation 

Y" —[V(z)--6z-?P]F +22Y = 0 (0 = = = ә) (7.1.1) 
and the boundary condition 
Y(, 4)=0, 
where V(x) is a second order Hermitian matrix and P a projec- 
tion of rank 1. 

Concerning V(x), which we agree to call the potential matrix, we. 

make the assumption that for some s (0 = ғ < 1) 
_f atte |V (а) | da e (18] =). (7.1.1) 
0 
Thus, the singularities of the problem in question are contained 
only in the term 62-2 P. 
Without loss of generality, we may also take 


0 0 
>= (i i) (1.1.2) 


since the general case can be reduced to this simpler formulation. 
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The boundary-value problem described by equation (7.1.0) (with 
V(x) satisfying the inequality (7.1.1)) and the boundary condition 
Y(0,4)— 0 wil be denoted in the sequel by (7.1.0)—(0). In the 
course of our investigation, we shall encounter problems charac- 
terized by other differential equations but the same boundary con- 
dition Y (0, 4) = 0, and we shall agree to use the analogous notation 
(...)—(0), in which the number of the corresponding differential 
equation will be indicated in the first pair of parentheses. 


$ 2. Particular Solutions 


In the later presentation, certain particular solutions of 


Y" —[V(z)4-6z-?P]Y = 0. (7.2.1) 
will be needed. 
THEOREM 7.2.1: If for some д = 0 (ô = 2) V(x) = |lvyll 
satisfies the condition 


f аї+® | (ж) |4а<е, (7.2.2) 


then (7.2.1) has a fundamental system of solutions YY (x) and Y 2(z) 
such that 


үш) = C + о(ж—®) o(z—-2—?) ) (e > =), 


o(a—) 272 + о(ж?—%) 
| {z+o(at-) о(23—%) M 
r2) = Cs 3+ dun) (= =). 


These relations may be differentiated to obtain asymptotic relations 
for the derivatives. 

Proof: Assuming that 0 = a = x < co, consider the system of 
integral equations 


ya) = 1+ Je- ж) [v (Dy (5) + r2(¢)y Ql) dt, 
аЗ 
иа = -® j Cos (0990 + va UE] di — 


- E Bloa (у (0) + (у) (0] dt. (7.2.3) 


Re 
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This system can be expressed in the form 


n(x) = no+ f Ala, t)n(t) dt, (7.2.4) 
where | 
— н) -( 1 ) 
(2) = , -— ЕД 
" ше поо 
0 0 
1, 1 _ 
[ч t$, (t) -57 valt) |, 0 =1= 4 
A(z, t) = 
(t — z)v,(0) (£—2)v,4(f) 
| -pec 2453 (t) -$ itol) › ж == { < со. 


From this expression for the kernel A(z, t) and from (7.2.2), it fol- 
lows that 


J | A(w, t) |dt<q<1 

а 
for a sufficiently large and for any v in the intervala = = < оо. 
Therefore using the method of successive approximations, we can 
show that (7.2.4) has а unique bounded solution in the interval 
а = 2 - oo for а sufficiently large. In this connection, 

| (ж) | = (1—9)1. 
By means of this estimate апа (7.2.2), we then find from (7.2.3) 
that 

yz) = lco(z?), у (ш) = o(z?) 
ав zr — co. 
From the equations obtained by differentiating (7.2.3), we con- 

clude in the same way that as z — co 


[yR = 0(2—1—8), — [у аж} —0(-1—9). 


Finally, by the differentiation of the relations in (7.2.3), we can 
verify directly that n(x) is a solution of the system (7.2.1). The 
vector y(x) forms the first column of the matrix Y (хт). 

Now consider the equation 


C(x) = Co(z)+ f Ala, 060) dt, (7.2.5) 
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(vim) _{ 9 
(565). ч) (^) 


and the kernel A(z, t) is the same as that of (7.2.4). Any solution 
C(x) of the integral equation (7.2.5) is also a solution of the system 
(7.2.1). Transcribing (7.2.5) into the form 


in which 


22000) = а) + ў 221—2 A(z, t)t?C(t) dt (7.2.6) 


and noting that by (7.2.2), 

J vt? | А(т, t)| dt =q=1 (a =2 =) 

а 
for а sufficiently large, we conclude that (7.2.6) has а unique solu- 
tion 2° (ж) bounded at infinity, by the method of successive appro- 
ximations. Using (7.2.2), we then find, from (7.2.6) that z?/(z) = 
= z*te(z) + olz?) as = — оо; moreover, this asymptotic relation 
may be differentiated. Thus, the equation (7.2.5), and therefore 
(7.2.1) as well, has a vector solution C(x), with components having 
the following asymptotic behavior at infinity: 


yR) =o), —— [уйшү=о(ж—%—%); 
yz) = 3+ o(s), [YR] = — 20-8 + o(2-3-?). 


The vector £(z) yields the second column of Y2(z), and thus the 
existence of the matrix solution Y2(z) of (7.2.1) is proved. 

The existence of the matrix solution Y@(z) is proved similarly. 
Ite columns are the respective solutions of the following two systems 
of integral equations: 


yü = 2+ J (a — i) [v (0) (5) + valy BA] dt, 


yz) = Б =| Pea lty R(t) + „(у @)] dt — 


-Z zf tton (9890) о, (0080014 
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апа 
х 


Ут) = | (к — t) [v ()9 Bt) + valt) 20] dt, 
х 


vie) = 2S (о ИВ nation a 


а 


-® | ив +оо а. 


Solutions to these systems can be shown to exist in the interval 
a= x < оо when a is sufficiently large. 
THEOREM 7.2.2: If for some ô = 0 (ô = 2) V(x) is a matriz for 
which 


je ) | dz «e, (7.2.7) 


then the equation (7.2.1) has a fundamental system of solutions Y Q (x) 
and YQ (x) such that 


Yg) = l-4-o(a?) o(z-2*9) (æ — 0), 
o(z?) z-?-Lo(z-2t9) 


Ү2(2) = 2+ 0(01+) 0(28+8) 0) 
v €) = (оч) коша) (29) 


These relations may be differentiated to obtain asymptotic relations 
for the derivatives. 
The proof is similar to that of the preceding theorem, and we 
shall therefore merely give it in outlined form. 
. Consider the following four systems of integral equations: 


yle) = 1— f tte (90) + v (098 (0)] dt — 
0 


— f (0.00200) + v, (Oy (0)] dt, 


2f (0 = = = a) 
alt) = — T | Meat toste dt— 


z3 
-2 | Hon (ИВО + veal tO RCO) d 
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yga) = f (t-2) ouR +V49(t)yR(E)] dt, 


уйш) = 272-257 | во УВО ИВ оса) 


-2 | 00 (0980) + val YBCO] dts 


yz) = s+ J (z — t) [o (98 (0 + vo (0983 @)] at, 


yala) = -Z Ff Bon (99 () + va (989(0] dt — 
-2 Я tHon ИВО) + о (80) ats 


yz) = f (2—0) [va (Oy CO + v, (9 (6] di, 
о 


(2) = 
yss() a (sz ©) 
x 


+} 
+1 f (21-2 — т-н) [oy (0990) + ns (91 dt. 


0 


Any solution of each of these systems is simultaneously a solution 
of the system(7.2.1). 

By the use of (7.2.7), it is possible to show by the method of 
successive approximations that if a is sufficiently small, then each 
of these systems has a unique solution. The solutions of the first 
two systems comprise the columns of У (т) and those of the last 
two systems the columns of Y(2(z): Furthermore, У@ (ж) and Ye (ж) 
will have the asymptotic behavior at z — 0 stated in the theorem. 

Remark. If V(az) satisfies the condition (7.2.7), then obviously 
so will the matrix V(x)-A?I for any value of A. 
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Therefore, (7.2.7) assures the existence of a fundamental system 
of matrix solutions of 


Y" —[V(z) + 6z-2P]Y + 22Y = 0 


for any value of 4, and these will have the same asymptotic behavior 
at z = 0 as do Ү (д) and Ү (a). 


$ 3. The First Transformation 


1.. Consider the matrix differential equation 
Y" —[V(z) d-6z-?P]Y + ЛҮ = 0, 0 === ә, 


where (ж) = || 0; |12 ів a Hermitian matrix satisfying. (7.1.1) 
and P is the projection (7.1.2). | 

Let us denote by V(x, 4) the solutions of this equation which 
at x = 0 have the asymptotic behavior 


2+ 0(21+9) o(a3-6) 
о(21+9) a3 + о(х3+9) 


The existence of such solutions follows from the remark of Theorem 
7.2.2. The same remark implies that any solution of (7.1.0) vanish- 
ing at += 0 is of the form ®(z, 4) C(4), whereC(A) is a matrix 
not depending on =. 

In this and the next two sections, it will be shown that with the 
aid of the transformations of $2, Chapter VI the matrices 
D(z, A) can be converted into solutions of equations without 
singularities also vanishing at z — 0. This will permit the reduction 
of the problem (7.1.0)—(0) to some non-singular problem investi- 
gated in detail in the first part of the book. 

We begin by removing the singularity at infinity. By Theorem 
7.2.1, the equation (7.1.0) for A = 0 has a solution Y(z) = YT(z)P 
with the asymptotic behavior 


G(x, 4) = ( ) (0 = £). (7.3.1) 


0 o(z-?—9) 
Y(z)2[. —[r-?I-o(z-2-9)P (xz — ә), (7.3.2) 
e To Eres)" ЕТЕР em ( 
for any 0 = e, and this relation may be differentiated. 

We recall that the symbol o(p(z)) occuring in any matrix equation 
is to denote a matrix with elements of the order o(g(z)). 

From (7.3.2), it follows that W(Y*(z), Y(z)) = 0 (since this holds 
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when 2 — оо), and that the matrix 
Y,(z) = Y (a) [1-Р- j Y*(0)Y (0 aD (7.3.3) 


exists for all positive values of =. 
Therefore, if Ф(х, 4) (A = 0) ів any solution of (7.1.0), then by 
Theorem 6.2.1 and its remark, the matrix ®,(z, A) defined by 


D (z, A) = D(a, 2) -Y,(z)W(Y*(x) D(x, А) A7? (7.3.4) 
satisfies 
Y" — V,(z)Y +Y = 0, 0 == <, (7:3.А) 
where 
Vi(z) = V(z)4-6z-*P —2[Y , (x)Y *(z)]. (7.8.5) 
The application of (7.3.2) then yields for any 0 < ғ 


[ —Р— frre ap = I—P—323P + Po(z$-9)P — (x ә), 


Y, (x) = [—3zI +0(21—8)]Р (ж — со), (7.8.6) 
and these relations may be differentiated. Therefore, 
2[Y,(z)Y*(z)! = 6x *P-ro(z-?2—9) (ж — œ) 


and by (7.3.5), Vi(z) = V(z)J-o(xz-?-9). This means that for any 
Ө < e, V(x) satisfies the condition 

Јал |7, (ш) | dao. (7.3.7) 

In order to determine the asymptotic behavior of V,(z) at zero 

we make use of the fundamental system of solutions Yj'(z) and 

Y? (xz) whose existence was proved in Theorem 7.2.2. We can write 


Y (x) = YP(z) AP+Y P(x) BP, 


where A = || ay ||? and B = || b; ||? are certain constant matrices. 
Hence, for any 0 = e, 


YG)- (е o(e—2+8) [| 2) 


o(x?) 22 +0(2—2+9) 


" (о by + к) (z 0). 
0 о(21+9) 
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Suppose first that ag. = 0. Then as = — 0, 
Y(z) = [ax +0(2—2+9)]Р, (7.3.9) 


æ —1 
|: —-P- [Y*(0)Y() 4| = 
= I —P—3 | ay, | ®%Р-+Ро(а%+ө)Р, 
Y,(z) = [—3agdzI + o(z1*9)]P. (7.3.10) 


These relations, as one can easily verify, may be differentiated. 
Therefore 


(7.3.9) 


2[Y, (z)Y *(z)| = 62 °Р+о(2—°+0) (2 — 0) 


and by (7.3.5), У, (х) = Ү(х)-+-0(2—2+8) as х — 0. Thus for the 
саве in question (а = 0), 


f ай |7, (ж) | dz (7.3.11) 
0 


for any 0 =e. : 
Now let as = 0 but a 77.0. In that case, for any 0 < e, as 


a — 0 (see (7.3.8)) 
Y(z) = (о e), (7.3.12) 
0 o(a9), 


[2-- freorw Jp = [— P —m?P + Ро(х)Р, (7.3.12’) 
in which 
m =P = freore dt. (7.3.13) 
0 


Hence, for any 0 = € 


— 2 
Yæ) = (0 ^m 0), (7.3.14) 
0 o(x®) 
and again this relation may be differentiated. Therefore when 
азо = 0 and aj, ~ 0, we have 
2[Y,(z)Y*(z) = o(z-1*9), V,(z) = V(x) + 6a-2P 4-o(a1*9) 
as х — 0 во that 
Ја |7, (x) —62-2P | dz < ә (0 =). (7.8.15) 
0 
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Finally, if az = ау» = 0, then by (7.3.8) 
1+0 
Үш = (0 betolto) (r—0) (7.3.16) 
О о(д1+®) 


anditis easy to verify that this again leads to theinequality (7.8.15). 
Thus we have proved the following 
LEMMA 7.3.1: Any matriz Ð (x, A) obtained from a solution D(x, 2) 
of (7.1.0) by means of the transformation (7.3.4) 18 а solution of 


Y” — Vi(z)Y -- A?Y. = 0, 0 == < ә, (7.3.А) 
in which V,(x) has the following properties: - 


(1) Ја |У, (2) |42 (0-е); 
(2) if а, з 0, i.e, Y(z) — оо as х — 0, then 
f > |V (2) | dz (0 е); 
0 


(3) if ao = 0, i.e., Y(z) és bounded at z = 0, then 
|J 179] V4 (2) – 627*P | dz (8 — г). 
0 


The other properties of the transformation (7.3.4) that will be 
needed are contained in the following there lemmas. 

LEMMA 7.3.2: Any matriz OO (a, 4) obtained from a solution B(x, А) 
of (7.1.0): (see the formula (7.3.1)) by means of the transformation 
(7.3.4) has the following asymptotic behavior at z = 0: 

Фф (ж, л) = O(a), if 4,70; 
Dz, A) = O'(z, 4) --O(a3), if dg, = Gy = 0; 
Ф (ж, A) = O(a, Л) +Ү, (х) Вул) + O(a"), if a» = 0, a, = 0, 


where 
0 0 . 0 -—a,gm? + o(z?) 
B = ; Y = 12 — 0). 
«D (as o) e (о o(z*) ) 2—9) 


These asymptotic relations may be differentiated. 
‘Proof: Let dg # 0. Applying Lemma 6.3.1, we can write (7.3.4) 
in the form 


1 
OP (z, А) = Dz, 1) -Y, e| Ју0)Ф( a) a B0). 
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where 
By(a)= W(Y*(z), O(a, A)} le=1A—? . 
By (7.3.1), (7.3.9) and (7.3.10), we find from this that P(x, А) = O(a) 


as = — 0. 
If а, = аә = 0, then by (7.3.1) and (7.3.16) 


lim W(Y*(z), B(x, 1) 20, 
x0 


апа the transformation (7.3.4) becomes 


Фо(а, д) = Oa, 2) –Ү, (ш) li Y*(t)Gt, a) dt. 


0 


Thus, by (7.3.16) and (7.3.3), P(x, 4) = B (a, 1) -0(23) ав х= — 0. 
Finally, let ag. = 0, but a4, = 0. Then by (7.3.1) and (7.3.12), 


lim W(Y*(z), B(x, A)} 47?—4^2Y*(0)0'"(0, A) = By (A), 
x >0 


0 0 
B = . 
po (ac о) 


Applying Lemma 6.3.1, we obtain 


where 


(x, 2) = G(x, )-Y, (2) | *()09(, a) У, (2) B4). 
0 


This expression in conjunction with (7.3.1), (7.3.12), and (7.3.14) 
then yields 
Ф (z, A) = O(a, 4) +F, (x) Bold) + O(z?) 
ав х — 0, q.e.d. 
Lemma 7.3.3: The transformation inverse to (7.3.4) is given by 
ix, А) = Ф, (х, 2) -CY(z) W(YT(z), B(x, A)}A-?, (7.3.17) 


where 


Y(z) = Ү, (z) [1-7- ў Yf(,() JE if а, #0, (7.3.18) 
0 


x 


—1 


0 


if Oo» = 0. 
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This lemma is an immediate consequence of Theorem 6.2.1 and 
the relations (7.3.9’), (7.3.12’), and (7.3.13). 

Lemma 7.3.4: For any complex value of А = 0(ImA = 0), the 
equation (7.1.0) has a fundamental system of solutions E(x, A) and 
E(x, A) with the respective asymptotic behavior 

E(x, А) = eI +0(1)], E'"(z, А) = е1 + 0(1)] (= — ©). 
Furthermore, these relations may be differentiated. The transformation 
(7.3.4) (and tts inverse (7.3.17)) preserves the asymptotic form of 
the solutions of (7.1.0) (or (7.3.A)) at infinity. 

Proof: Since the equation (7.3.A) has no singularity at infinity, 
according to Theorem 1.4.1 there exists a fundamental system of 
solutions E(x, 4) and EP (2,4) of this equation for any A = 0 
(Im 4 = 0) such that 


E, (x, A) = e*[I+0(1)], EjP(z, A) = e"*[I + 0(1)] (2 — =). 
Moreover, these relations may be differentiated. Applying (7.3.17) 


to these solutions, we obtain solutions É(z,4) and Ha, A) of 
equation (7.1.0), where by (7.3.2) and (7.3.6) 


E(z, А) = [1+ O(z 1)]E, (а, А) (a — =), 
ЕФ (ш, А) = [I+ 0(2-1)]Е9%(2, A) (2 — =). 


From this, all of the assertions of the lemma follow. | 

2. We now consider in more detail the case where a5, ғ 0, i.e., 
Y(z)— оо when r — 0. According to Lemma 7.3.1, the equation 
(7.3.А) then has no singularities: 


f =+ |7, (a) | dz (10| е). 
0 


Therefore as proved in the first part of the book, the boundary- 
value problem (7.3.A)—(0) has a finite number of negative eigen- 
values Ag (k — 1, 2, ..., p) and a continuous spectrum over 
the entire positive axis (A? > 0). 

The normalized eigenfunctions U,(z, A) of this problem, for which 
Parseval’s equality holds: 


J Oe) Prades = È v (05 AQUI. a+ 
; 2 
1 о 
+; | Pale A)UT(V; л) ал, 


0 
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may be so chosen that as x — co 

U (a, А) = e?*I —e-?xS8( — 2) + o(1) (A > 0), 

U(x, Аһ) = eM, + 0(1)] (k = 1, 2,..., p). 
Here S(A) is the scattering matrix and Му, Ma, ..., M, the nor- 
malization matrices of the problem in question. 

Now applying the inverse transformation (7.3.17) to U(x, 4) 
(å = 0; 2 = Ар, k = 1; 2, ..., р), we obtain solutions U(x, A) of 
(7.1.0). According to Lemma 7.3.4, U(x, A) has the same asymptotic 
behavior at infinity as U(x, A). Making use of (7.3.10) and the rela- 
tions U(x, 4) = O(a) and Uj(z, 4) = O(1) when x — 0 (see Lemma. 
7.3.2), we easily find that 

lim W{YF (x), 0, (2, A)}=0. 

х->0 
And therefore the inverse transformation (7.3.17) as applied to 
Ux, À) is expressible in the form (see Lemma 6.3.1) 


Ula, А) = О, (z, А) += frr (DU,(& А) ё. — (1.8.19) 


Hence, we immediately see that U(0, A) = U,(0, 4) = 0, and by 
Theorem 6.3.1 and equation (7.3.18) we then have 


P p 

J Ф(а)Ф%(ж) dz = X О(Ф; M)U*(D; dy) + 

$ k=l - 

1 ес 

+a | U(Ó; a)U*(®; л) dA—Y(®) (1 - P)V*(®). 
Here, Ф(х) is any matrix with elements in L*(0, co) that vanish 
in the neighborhood of zero and infinity, and 
= f d(z)U(s, А) dz, Ү(Ф)= f Ф(а)У (2) dz. 
0 


Since Y(z)P = Y(z), we have У(Ф)(Т—Р) = 0, and hence for all 
P(x) of the stated form, the following Parseval equality holds: 


еа) Фа) de = È UD; WUD; iy) + 
=1 
° (7.3.20) 


DP 
+ | U(®; A)U*(Ó; А) da. 
0 
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As usual, one can now show that (7.3.20) is valid for any matrix 
P(x) with elements in L*(0, со). 

Thus, we have proved 

THEOREM 7.3.1: If agg 75 0, thenthe boundary-value problem (7.1.0)— 
(0) has a finite number of negative eigenvalues (Af = 0; k= 1, 2, 

.., р) and a continuous spectrum over the entire positive axis (A2 > 0). 
There exists a complete set of normalized matrix eigenfunctions U(x, А) 
of this problem satisfying Parseval’s equality (7.3.20). The eigen- 
functions possess the following asymptotic behavior at infinity: 


U(z, А) = e?sI—e-?58( — 4) + 0(1) (4 > 0), 
U(x, А) = ета M, + o(1)] (k = 1, 2, ЫЫЫ p) 


where S(A) = S*(—A) is a unitary matrix (the scattering matrix), 
and the M, are non-negative Hermitian matrices (the normalization 
matrices). 

The aggregate of quantities S(A), 42, and M,(k=1, 2, ..., р) 
will henceforth be called the scattering data of problem (7.1.0) —(0). 

COROLLARY. If ago ғ 0, then the scattering data of the problem 
(7.1.0) —(0) is simultaneously the scattering data of the non-singular. 
problem (7.3.А)—(0) and therefore has the properties I, I, ЈІІ,, 
IV, and V (вее $1, Chapter V). In this connection, the matrix F(t), 
of which 1— 5(4) is the Fourier transform, is summable over the 
entire real axis (see Theorem 5.6.2) and satisfies a stronger condi- 
tion than II,, namely, 


fare iE ldt-e (10 <e). 
0 


This result follows from the analogous condition for V(x) and the 
inequality (3.2.7). 

Remark. The scattering data for the case under consideration 
has one further property which is implied by the matrix F(x). 
In fact, this matrix is a solution of (7.3.4) when 4 = 0, and thus 
according to (7.3.10), Ү,(х) = —3054G,(x)P, where G(x) is the 
solution of (7.3.A) with A = 0 that satisfies the initial conditions 
G,(0) = 0 and &;(0) = I. Therefore, as х — оо (see Lemma 1.5.1) 


Y,(z) = —3agizET(0)P + o(z1—9)P (0 = е), 


and from this and (7.3.6) it follows that —3a,J#{(0)P = – ЗР; 
in other words PE,(0)-— аР. Using the special solution (1.3.2), 
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we finally obtain 


PE, (0) = PE, (x, 2) 





ep = [1+ Јк,0, 0 а | = а„Р = 0. 
4=0 0 
(1.8.21) 


Since К,(0, t) is determined by the fundamental equation (3.1:12) 
based on the scattering data of the problem (7.3.A)—(0), and since 
this data coincides with the scattering data of the problem (7.1.0)— 
(0), the relation (7.3.21) is an additional condition on the scattering 
data of the problem (7.1.0)—(0) for the case as, = 0. 


8:4. The Second Transformation 


1. If а, = O (i.e., Y(z) is bounded at х = 0), then after the first 
transformation (7.3.4) the resulting equation (7.3.4) has exactly 
the same singularity at > = 0 as does the given equation (7.1.0). 
The elimination of this singularity will be the subject of this section. 

Since (7.3.A) is non-singular at infinity, by Theorem 1.4.1, a 
solution F(x, 4) of this equation exists for any A in the lower half- 
plane with the following asymptotic behavior at infinity: 


Е, (а, А) = e~*[I+0(1)], E; (x, А) = —the-**[I+0(1)]. (7.4.1) 


On the other hand, by the remark of Theorem 7.2.2, this equation 


has a fundamental system of solutions V?"(z, 4) and (ж, А) such 
that for any 0 = є 


Уба, 2) "Cm oe) ) (20), 


о(29) х +0(2—2+6) 
оба) дбав) (7.4.2) 
Vr, А) = (а — 0). 
о(а1+8) 23-+-0(23+9) 
Moreover, these relations may be differentiated. 


Therefore, 


E, (x, 2) = PPr, AC, (A) + PPs, 20, (A), 
where C,(A) and C,(A) are matrices not depending on =. 
If å is some рше maginary in the lower half-plane such that 


det C,(A) = 0, then the last equation shows that 42 is an eigenvalue 
of the problem (7.3.A)—(0). 
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Let us now choose A, = — ia, (ау > 0) во that Д2 is distinct from 
all of the eigenvalues of both of the problems (7.3.4)—(0) and 
(7.1.0)—(0).1 Thus det C,(A,) = 0 and | 


Yi (2, А) = Е (=, А): ХА)Р = Уа, АР+ 
+ MPa, уб (ыб ДЫР 


is a solution of equation (7.3.А) for 5 = A, having the asymptotic 
behavior 


У, (2, Ap) =е-%0(1)Р (ai оо), (7.4.3) 
Y (x, Ag) = [27—21 +0(2—2+8)]Р (z—0; 8 = є) (7.4.4) 
(вее (7.4.1) and (7.4.2)); moreover; these relations may be differen- 


tiated. 
Now define 


Y, (æ, А) = Y, (æ, А) [1+ PEG AY. €. А) aD (7.4.5) 


х 
and consider the transformation 
Ф, (x, А) = Ф, (x, л) + 
+Y (2, AQW(Yt(z, Ag, (v, [A)} (4$ — 42) 1. 


By Theorem 6.2.1, it transforms any solution (x, A) (A = А) 
of equation (7.3.A) into a solution ®,(z, A) of 


(7.4.6) 


Y'"—V,(z)Y--A Y = 0, 0 =z < æ, (7.4.B) 
where 
У, (а) = V,(z) -2[Y, (2, А) E(x, AJ. (7.4.7) 
A simple computation using (7.4.3) and (7.4.5) shows that 
[¥ (2, А) (2, А) —e72**0(1) (а — =), 


and hence it is apparent that for any 0 = ғ, V2(x) satisfies the 
condition 


Ја |У, (a) | dz o. 


1]t is evidently always possible to do this since each of the indicated 
boundary-value problems has at most a finite number of eigenvalues. 
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By (7.4.4), we further have 


2° - 
[r+ J YT (t, Ag) ¥ y(t, Ao) a| = (7.4.8) 
= I[—P+323P + Ро(х3+8)Р (ж — 0), 
Y,(z, Ag) = [32I + 0(21+0)]Р ‚ (x — 0), (7.4.9) 


and these relations may be differentiated. 
Therefore, 


[У (a, AgYT(z, Ag| = —3z *P-to(z-?*9) (z — 0) 
and according to (7.4.7), 
Va (æ) = Vy (2) —6a—2P + o(x7?*9) (2 — 0). 
Thus, for any 0 = є 
f 1—0 | V, (x) | dr<oo, 
0 
and we have therefore proved 


Lemma 7.4.1: Any matriz D (z, A) obtained from a solution ®,(z, А) 
of (7.3.A) (A = Ag) by means of the transformation (7.4.8) is a solution of 


Y” -—V,(zx)Y +2 = 0, 0 == = ә, (7.4.B) 


where for any |@|<e 
f g1*9 | V, (x) | dz «ec. 
0 


Remark. By using (7.4.3) and (7.4.5), we can easily show that. 
the transformation (7.4.6) and ite inverse preserve the asymptotic: 
form of the solutions at infinity. Furthermore, if the solution. 
Q,(z, 4) of equation (7.3.4) behaves like o(el^4l*) at infinity, then. 
lim W(Yt(z, A), D(z, А)} = 0, and as а consequence of Lemma. 
X—-oo 


6.3.1, the transformation (7.4.6) is expressible as 


Ф, (z, 4) = D (z, 4)—Y, (a, Ap) free, Ag)®, (t, 2) dt. (7.4.10). 


Lemma 7.4.2: Let OO (x, А) and Y,(x) be the matrices obtained by 
applying the transformation (7.4.6) to D(x, A) (вее Lemma 7.3.2) 
and Y,(x), respectively. 


180 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 


Then as x — 0 
D(z, 4) =0(2), ў а=а=0, 
Dx, A) = — |a| mA (I — Р) +o), if а, = 0, а, Æ 0, 
and for any values of А and u distinct from zero and + Ay, 
jim W{OP*(x, A), ФР (ш, шу} = | ax l'm(u7*— 47?) 1 — P), 


lim W(Of*(z, 2), Y,(x)) = —Y,(0 = —Y,(0) 


X-—e( 


Proof: According to Lemma 6.3.1, the transformation (7.4.6) can 
be written in the form 


P(x, 2) = Ox, 2)— 
r 
-Y,(s, А) | JPEG Ago, 2) ac 4,0), 


in which A,(A) is a matrix not depending on x. Hence by using (7.4.4), 
(7.4.9), and Lemma 7.3.2, we find that DO (x, 4) = O(x) at = = 0 
for a4, = a4, = 0. As a consequence, 


lim (Фра, A), 9$», w)}=0. 


However, if deg = 0 but a4, ~ 0, then by the same Lemma 7.3.2, 
we have 


D(x, A) = O(a, 4) +068?) – 


1 
a (at, Yate ia} J VEG, A) [G, aromas ад} + 


x 
1 
B (x) —Y,(z, Ap) J Y(t, AQY,(t) a| Bo(2), 
‘ x 
and hence by virtue of (7.4.4), (7.4.9) and (7.3.1), 


G(x, 4) = a[1— ner (x) —Y,(z, 2o) J Y? (t, AY, (t) a| ВАА) 


+Y, (%, 4) (А) + o(a? +8) (x — 0). 
Or 
Фа, A) = [I —P] +Y, (x) ВА) + 


(7.4.11) 
+Y, (2, Aj) Ag(A) + 0(at +0) (z — 0), 
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where 
Y,(z) = Y,(z) —Y,(z, Ao) (0, AgY,(t)dt, (7.4.12) 


1 
A4) = — Ју, A) [9(t, 2) + O(@)] + 
0 


+ J X$, AY, (t) dt - B) — A40)... 


1 


A comparison of (7.4.12) and (7.4.10) shows that Y ,(x) is the image 
of Y,(z) under the transformation (7.4.6) and is therefore a solution 
of (7.4.B) for 4 — 0. 

The application of (7.3.14), (7.4.4), (7.4.9), and of the definition 
of BQ(A) (вее Lemma 7.3.2) to (7.4.12) then yields 


Y, (x)B (å) = — |а, |*m?4—*(1 — P) + o(x) (0 = ғ), (7.4.13) 


as z — 0, and this relation may be differentiated. 
The equations (7.4.11), (7.4.9) and (7.4.13) now show that 


Фуа, A) = — |а [*m*A-*(1 — P) + o(z?) (z— 0, 0 > в), 
and also that 
lim W(O9*(z, 2), D(x, шу} = |a, [m3(y-* — 4-2) (IL P) + 
5—0 
+lim [W{BSATE(@), У, (z, Aq) 40) + 
+ {ААУ (a, Ao); Y, (x) Bo(u)} + W{B,(a)¥3 (x), Y, (ж) Bo(u)) ]- 
But by (7.4.9) and (7.4.13), 
Im W(Y2(z) Y,(z, А)) =lim W(Yz(z, Ao), Y4(2)) ^0, 
and since the Wronskian W(Y2(z), Y,(z)) is independent of x, there 
results 
lim W{DL*(x, 2), f(x, u)) = | a [m(u7* —A-*) (1— P) + 
x—0 
+ ВДА) WF (x), Y,(2)) Bo(u). 
We now note that 


Y, (z) = Y, (x) + O(xe20) (2 — œ) 
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by virtue of (7.4.12), and therefore 
W(Yz(z), Y,(2)) =lim W(Y 2(z), У, (а) & {ҮҮ (o), Y,(2)). 


However, by Lemma 6.2.2, W{Y%(x), Y,(z)) = 0, and thus 
lim W{DL*(z, A), DP(x, u)) = |а [*mu7? — 47?) (I — P). 
x—0 


The result 
lim W(O*(z, A), (x)} = —Y, (0) = —Y,(0) 


x—0 


can be derived from (7.4.11) and (7.4.12) in a completely analogous 
way. 

Lemma 7.4.3: The transformation inverse to (7.4.6) is given by 
—Y,(z, А) W{VE(z, Ao), Ф (x, A)} 08— 


where: 


Y, (æ, А) = Yule, А) [1-Р+ YEG АУ, А) «p. (7.4.18) 
0 


J YEG, АУ, do) dt — P. (1.4.16) 
0 
Proof: The expressions (7.4.14) and (7.4.15) are immediate con- 


sequences of 'Theorem 6.2.1 and equations (7.4. 5) and (7.4.8). In this 
connection, we also have 


-1 
[rf J Yt, 39Y M0) a| = 
. x 
| (7.4.17) 
= Т-Р+ Ју Ao)¥ a(t, Ao) dt. 
0 


Letting x tend to infinity, we find that 
I= 1-Р+ | ҮАУ, A) dt, 
0 
and this result is equivalent to (7.4.16). 
2. Let us now consider the boundary-value problem (7.4.B)—(0) 


defined by the equation (7.4.B) and the boundary condition Y (0, A) = 
= 0. By Lemma 6.2.2, the matrix Y,(z, Àj) is a solution of (7.4.B) 
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for A = А. Furthermore, it vanishes at 2 = 0 (see (7.4.9)) and its 
elements belong to 12(0, oo) (see (7.4.3) and (7.4.5)). As a conse- 
quence, 42 is an eigenvalue of the boundary-value problem in ques- 
tion, and any non-zero column of Y ;(z, А) is a corresponding eigen- 
function in normalized form by virtue of (7.4.16). Since (7.4.B) has 
no singularities, the problem (7.4.B)—(0) has possibly a finite number 
of additional negative eigenvalues (Ag <0; Ё = 1, 2,..., p—1) 
and a continuous spectrum over the entire positive axis (4? > 0). 

Let the matrices U,(z, A) (A > 0; А = Ар, k = 0, 1, 2,..., p—1) 
form a complete set of normalized eigenfunctions of this problem, 
for which the Parseval equality holds: 


f Фв)Ф+а) de = 5 0,10; АОФ; А) + 
j 2 


DT (7.4.18) 
+a | О,(Ф; 2)UE(®; A) aA, 
0 


and such that ав х — оо 
U,(z, А) = e?xI—e-Vx8(— 2) +0(1) (3 > 0), (7.4.19) 

U(x, А) = еМ) + o(1)] i(k = 0, 1,...,p—1). (7.4.20) 
Here, S(A), 22, and М, comprise the scattering data for the problem 
under consideration. From the above properties of Y ;(z, Aj) we have 
U,(z, Ag) =Y, (2, AU. 


where U is a fixed unitary matrix. 
To (т, 4), we now apply the transformation (7.4.14) which in 
the present case can be expressed as 


» 


U;(z, А) = О, (x, 2)— Y, (а, Ао) f Y (t Ao)Ua(t, 2) dt. — (7.4.21) 
0 


In fact, Lemma 6.3.1 is applicable since U(x, А) and Y,(z, Àj) are 
both O(z) ав х — 0, and thus lim W(Y2(z, Aj), Us(z, 4)) = 0. By 


x—0 А 
Lemma 7.4.3 and the remark of Lemma 6.3.1, the matrices U(x, A) 
(470; Ад = Ay, k= 0, 1, 2,..., p—1) are solutions of equation 
(7.3.А). Because of the remark of Lemma 7.4.1, they have the same 
asymptotic behavior at infinity as U,(z, A) for А # Ap, i.e. they are 
asymptotically equal to the right-hand sides of (7.4.19) and (7.4.20). 
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Taking into consideration (7.4.4), (7.4.9), and the fact that 
U(x, A) = O(a) at x = 0, we find from (7.4.21) that U,(0, 4) = 0. 
Finally, (7.4.18), (7.4.21), and (7.4.15) in conjunction with Theorem 
6.3.1 yield 
pol 
Ў Ф(а)Ф*(а) х = Х U(®; WUD; А) + 
=0 
(1.4.22) 
Е Ф; A)UF(D; Л) дл +Y (P; A) 1—PYYT(O; 20), 


where O(z) is any matrix with elements in L?(0, оо) vanishing in 
the neighborhood of zero and infinity, and 


U, (0; 2) j P(x)U, (x, A)dz, Ү,(Ф; A)- Гаа, е, Ap) dz. 
0 


We now note that Yy(2, Ay) = Y,(z, Aj) Р and hence, 
Ү,(Ф; Ag) (I—P) = Ү,(Ф; A)PQ —P) = 0. 
Furthermore, 


x 
U,(z, Ag) = 0, (x, A) Р, (2, A) f YZ, A9U,(t, А) dt = 
. 0 


= kG Ao) — FY, (2 А) Ју Ao) Yo (t, Ao) a | U = 
3 . 
= Y, (a, Ao) il free Ao)¥ y(t, Ao) a[- 


— f YF(t, Ao) Yo (t, А) a} U 
0 


and according to (7.4.17) we conclude from this that 
Uy (a, Ao) = Ү, (=, A) (I- P)U = 0. 
Hence, the formula (7.4.22) actually has the following form: 


Г Фа)Ф%а)д = 57 U, (5; АКФ: Aa) + 
l 2 

- (1.4.23) 
+a | 0,(Ф; АОФ; д) aa 


2л 
0 
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Thus, the matrices U4(z, A) (А > 0; 4 = åp, k = 1, 2,..., p— 1) 
form a complete set of normalized eigenfunctions of the boundary- 
value problem (7.3.А)—(0), and the Parseval equality (7.4.23) holds 
(which by the usual means can be extended to any matrix O(z) 
with elements in L?(0, со)). At infinity, these eigenfunctions have 
the asymptotic behavior described by (7.4.19) and (7.4.20).? 

3. Let us now apply to U,(z,4) the transformation (7.3.17) 
inverse to (7.3.4), restricting ourselves at this point to the case 
dog = ау = 0 (ie. Y(0) = 0). According to (7.3.3) and (7.3.16), 
Y,(x) = O(z) as x — 0 во that lim W{Y}(z), у(х, 4)} = 0. There- 

x—>0 
fore the transformation (7.3.17) may be applied to U,(z, A) in the 
form (7.3.19). 

As a result we obtain the matrices U(z,4) (A>0; A= Ag, 
k = 1, 2,..., p—1) which are solutions of (7.1.0) vanishing at x = 0 
and having, by Lemma 7.3.4, the same asymptotic behavior at 
infinity ав the matrices U,(z, A). Moreover, since Parseval's equality 
(7.4.23) holds for the matrices у(х, A), by (7.3.19), (7.3.18’), and 
Theorem 6.3.1 we have 


f 9c) dz = = О(Ф; A)U*(Ó; Ap) + 
Ф =1 


+5 [оо A)U*(Ó; 2) 4 -Ү(Ф)1 —P—m*PIY*(0). 
š 


But Y(z)P = Y(z) and hence Y(O)(I—P) = 0. Therefore setting 
U(x, 0) = Y (x) m, we obtain 


J Фа)уФча)д = Š UD: WUD: А) + 
E =1 


LP (7.4.24) 
+2. | UD; 3)U*(; 2)dà, 


with A, = 0. 
Thus we have proved 


2 M have here taken into consideration the fact that Ap #1,(k = 


p—l) since 42 was chosen to be distinct from all of the eigen- 
а, of Фет problem (7. 3. A)—(0). 
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THEOREM 7.4.1: If az = оу) = 0 ($.e., Y (0) = 0), then the boundary- 
value problem (7.1.0)—(0) has a finite number of negative eigenvalues 
(AZ < 0, k= 1, 2,..., p—1), the eigenvalue 12 = 0, and a conti- 
nuous spectrum over the entire positive axis. A complete set of norma- 
lized eigenfunctions U(x, А) exist for this problem having the asymp- 
totic behavior 


U(z, 2) = e?zI—e-9*8(—2)4-o(1 (4-0); 
U(x, Аһ) = e Paix LM, + 0(1)] (k = l, 2, 52— 1); (z > æ), 
U(z, Ap) = U(z,0) = z-*[M,-0(1)] (Mp = mP), 


for which Parseval's equality (7.4.24) holds. Here, S(A) = S*(—A) is 
a unitary matrix (the scattering matrix), and Му are non-negative 
Hermitian matrices (the normalization matrices). 

COROLLARY. Suppose а = ауу = 0. Then we can obtain the scatter- 
ing data of the non-singular problem (7.4.B)—(0) from that of the 
problem (7.1.0)—(0) by replacing Л, = 0 and M, = mP by 4, and 
Mo, respectively. In this connection, the rank М, = rank M, = 1. 

Hence, it follows, in particular, that the scattering matrix 
S(A) of the problem (7.1.0)—(0) satisfies the conditions I,, I., and 
III, for the case under consideration. Furthermore, the matrix F’,(é), 
of which I—S(A) is the Fourier transform, is summable over the 
entire real axis (see Theorem 5.6.2) and satisfies a stronger condition 
than Il, namely, 


азо — 01-9, 
0 


since the analogous condition holds for V,(z) (see the inequality 
(3.2.7)). 

In addition, there holds the following 

LEMMA 7.4.4: Let dog = аз = 0, and let S(4), 2, М (Е = 1, 
2,..., p; Ap = 0, M, = mP) be the scattering data for the boundary- 
value probleim (7.1.0)—{0). Let 


F,() = 5- | [I — 8(4))е% aa, 


"5 мрен P, (t). 
k=1 
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Then the number of linearly independent vector solutions of 
a(t) + f 2(&)F, (t+) d£ = 0, 0 =#=ә (7.4.25) 
0 


is equal to the sum of the ranks of the matrices Mi, ..., Mp, and the 
equation 


a(t)+ [z(F(t--5)d£ —0, Ost<o (7.4.26) 
0 


has a single non-trivial solution whose Fourier transform Z(A) is such 
that 


lim 222(4) (I—P) = 0. 
Aco 


Proof: Since the quantities S(4), A2, Mp, A2, and M, constitute 
the scattering data for the non-singular problem (7.4.B)—(0), pro- 
perty V applies and the number of linearly independent solutions 
of (7.4.25) is equal to the sum of the ranks of the matrices Mo, 
Mı, - .. Mp-y. But rank M, = rank M, and therefore the number 
of such solutions is also equal to the sum of the ranks of the matri- 
ces My, М,,..., Mp. 

Reasoning now as we did in the proof of Theorem 3.5.1, we find 
that the Fourier transform Z (4) of any solution of (7.4.26) is given by 


zu) = 248 


~ 1 
сд #020) Bald) = аак NBA, (7.4.27) 


where £,(z, А) is the special solution of (7.4.B), E,(A) = Е,(0, 4), 
Nọ is the residue of Z;?(4) at its pole Ay, and c is any fixed vector. 
Since N, and M, have the same rank of 1 and £,(A) is non-singular 
for real values of 4 # 0, formula (7.4.27) shows that equation 
_(7.4.26) has a non-trivial solution which is unique to within a nume- 
rical factor. 

To complete the proof of the lemma, we consider the normalized 
eigenfunction P,(r, А) of the problem (7.4.B)—(0). 

From (7.4.9), we conclude that 


it, (2, Ag) 7 3G, (z, Ao)P, 


where G,(z, Àj) is the solution of (7.4.B) satisfying the conditions 
G,(0, 45) = 0 and G;(0, 4, = I. But according to the formula 
(3.1.10) for any normalized matri x eigenfunction of the non-singular 
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boundary-value problem, we have 

Ү, (2, 20) = 244€, (z, Ap) NGC, 
where C, is some non-singular matrix. Hence, it follows that 3P — 
= 24,N#C,, and therefore, Ny = 3A OD P and N,P = М. 


Making use of this result and the fact that Е,(4) — I as A — оо, 
we conclude from (7.4.27) that 


lim 222(4) (I—P) = 0. 
А> eo 


The proof of the lemma is complete. 


$ 5. The Third Transformation 


1. In order to complete our investigation of the problem (7.1.0). — 
(0), it is still necessary to analyze the case where а, = 0 but ay. ¥ 0. 

In this instance, the successive application of the two transforma- 
tions of the preceding sections converts solutions ®(z, Л) of equa- 
tion (7.1.0) into solutions P(x, A) of the non-singular equation 
(7.4.B), where by Lemma 7.4.2, 


$90, A) = — |a, [*m*4-*(I — P). 


We shall now formulate one further transformation which will 
take any matrix Ф!0(=, 4) into a solution V(x, 4) of a new non- 
singular equation having the property Ф000, A) = 0. 

To this end, consider some arbitrary number х with 0 = x < |А, | 
and such that —a? is not an eigenvalue of the problem (7.1.0)—(0), 
and define 


Y,(z, —ix) = d? (z, —ix) (I—P), (7.5.1) 


Ty —ia) = (7.5.2) 


= FY, (z, —ix) [er + fri, —ia)Y,(t, — ia) ЈЕ 
0 


Here, é? is a positive quantity to be determined below. According 
to Lemma 7.4.2, 


W(Y£(z, — ia), Y,(z, —iæ)} = 
= (I—P)W(Óf*(z, — ia), G(x, —ix)) (I-P) = 0 
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and therefore, the transformation 
Ф, (z, A) = Ð, (x, А) + 
+Y, (2, —tax)W{Y3(x, —ix), BD, tx, 2)) (x? -- 42)! (7.5.3) 
takes any solution ®,(z, Л) (A # — ix) of (7.4.B) into a solution 
Ф»(т, А) of 
Y” —V;(z)¥ +4Y = 0 0 = r = æ, (7.5.0) 
in which | 
Va(z) = V4(z) —2[Y4(z, —%)ҮЎ(хт, — ia). (7.5.4) 
From the definition (7.5.1), it follows that 
Y (2, —ix) = |а, |*m*x (I — P) + o(a*) (r— 0), (7.5.5) 


and this relation may be differentiated. From this and (7.5.2), we 
then have 


[Y,(z, —ix)YZ(z, —ix)] = о(=-1+0) (= — 0). 
Therefore for any 0 = e 


J |V (ж) |а, 
о 


since the analogous inequality holds for V,(z). 

In order to determine the behavior of V(x) at infinity, we make 
use of the fundamental system of solutions E,(z, 4) and E&'"(z, A) 
of (7.4.B) whose existence was established in Theorem 1.4.1. We 
have 


(rz, —ix) = E(x, —ia)C,+ Eg (x, —ia)C,, 
Ү,(х, —ix) = E(x, —ix)C, (1 — P) + 
+ЕФ(х, —ix)C,(I-- P), (7.5.6) 


where C, and C, are constant matrices, C, being non-singular, since 
in the contrary case (— ia)? = — а? would be an eigenvalue of the 
problem (7.1.0)—4(0).3 


S If det C, = 0, then а non-zero vector a exists such that C,a = 0. 
Hence, the "Vector function P(x, —ia)a decreases exponentially when 
т-> co. If the transformations (7. 4. 14) and (7. 3. 17) are applied in suc- 
cession to P(x, —i«)a there results the vector function Ф (5 —ix)a which 
vanishes at т = 0 and decreases exponentially when т > со. 


190 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 


For brevity, let us denote by e(x) any matrix A(x) which tends 
to zero ав 7 — oo and satisfies the condition 
Јаз | A(z) | dn 


for any 0 = ғ. The application of Theorem 1.4.1 to (7.5.6) then 
leads to 


Ү,(2, —ix) = |с] V, (f) + elz a jea-». 
F (7.5.7) 
«Y, (2, 


Y, (£, —ix)-— 
Therefore as z — оо 


ia) + et*e(z) (1 — P). 


EI+ | YZE, e. —ix) dt = 
0 
= EI + (2a)-Ye*(I — P) [C205 + о(1)] I — P), 
and as a consequence, the matrix 
Z(z) = | e+ free, —ia)¥,(t, — ia) ap (7.5.8) 
0 


is asymptotically equal to 
Z(z) = Ё-?Р 4-2xc ^ 1e-?ax(I — P) + 


+ (I — Р)о(е—?ах) (I — P) (a — <=), (7.5.9) 
where c is à positive number defined by the equation 
c(1—P) = (I—P)C$C,(1—P). (7.5.10) 


Hence, by (7.5.2), and (7.5.7), 
Y,(z, —ix) = 2xc-le-*O,--o(1)I—P) (= ә) (7.5.11) 
and | 
[Y,(z, —%)ЁҮ$(х, —ix)| = [Ү, (z, —ta)Z(a)!¥3 (=, —iæ) + 
+Ё,(х, —їж)(х)Ү# (z, —ix) = [Y (z, —%ж)(х)— 
—Y, (z, —ix)Z(z)Yf(z, —ix)Y,(z, —%ж)(ж)]ҮЎ (æ, —iæ)+ 
+Y, (z, —ix)Z(z)Yi(z, — іх) = 


52a, (e, intr [I — ge Ys ара — ine rts i 


+ elz), (7.5.12) 
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since by (7.5.8), 
Z (a2) = —Z(z)Yi(z, —ia)¥, (=, —ix)Z(z). 
Applying (7.5.7) and taking into consideration that 


< 2 
| Ју, 0 a| = e(a), 
r 
we then find that 


Yf(z, — ia), (£, — ia) = 
= emp) fo УЕ (t) а | yet (I-P) = 
= еза Р) i ož Ee f V, (t) а eee (I-P); 
j Y(t, —ia)¥,(t, —ia) dt = sonst frre —ix)Y,(t, — ia) dt = 
= const + (I—P) for fe p- fr, (s) а |а0,+ 
i i 


x 
t f e2ete(£) a (I — P) = const + 
1 


1 


eo x 
2 
+(I—P) e [2-5 | V, (f) d 0,— 5401 | erty, (t) С, + 
x 
x 


+ f ече) oal (1—Р) 
1 


(in the last step, we have performed integration by parts). 
А comparison of these relations leads to the conslusion 


Тї ® cias и) = [YEG адр, ci di Ala) 
0 
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where 


x 
A(z) =const+(I—P) i e29Xe(a) + эз of | erat V, (t) dt C, — 
1 
x 
— f eetet) d (I—P). 
1 
A straightforward computation, which we shall omit, shows that* 
е—29х A(x) = (zx). 


Therefore 


I-5-YfG, —ix)Y,(x, —ix)Z(z) = 


x 
=1-| [тї cres mane ace |да) = 

0 

= [EI — A(z)]Z(z) = [$I — e*e(z)]Z(z) 
(Bee (7.5.8)). Substituting this result in (7.5.12) and then applying 
the asymptotic relations (7.5.7) and (7.5.9), we find that 

[Y (2, — 9) 3 (x, —ix)Y = є(ш). 

Therefore, the matrix V(x) defined by (7.5.4) satisfies the same 
condition as does V,(z), namely, 


DEI (0 = є). 


We now show that the positive number £? in the expression (7.5.2) 
may be so chosen that any matrix O9 (x, 4) obtained from P(x, A) 
by means of the transformation (7.5.3) (А = Ag, А # — іх) vanishes 
at z = 0. By Lemma 7.4.2 and the definitions (7.5.1) and (7.5.2), 
we have 


Ф000, 2) = — |a, [!m*47*( — P), 
Y,(0, — іж) = | ay, [^m*a*5^*(I — P), 
W(Yi(z —ix) f(x, A2. = 
= (I—P)W(O*(z, —ix), BL (z, 2) zo = 
= | а, [Em3(47 72) (I — P), 


* Analogous computations were carried out in the proof of Theorem 1. 4.1. 
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and therefore 
$90, A) = (0, 4) + 
+Ү,(0, — х) {У (x, —ix), Фа, 2)} leo (a? -- 42)? = 
= (— | ayz [*m?47* + | ayy |*mm4a~4E-P.0-) (I — P). 
Hence, if we choose 


E= | ay, |*m*x^* (7.5.18) 
in (7.5.2), then 
@2(0, A) =0. 

Denoting by Y,(z) the solution of (7.5.C) for 4 = 0 obtained by 
applying (7.5.3) to Y,(x) and using the portion of Lemma 7.4.2 
concerning Y,(7), we can show in an analogous way that if & is given 
by (7.5.13), then Y,(0) = 0. 

Thus, the required transformation has been constructed, and we 
have | 

Lemma 7.5.1: Any matriz GO4(z, A) obtained from asolution Ф,(х, А) 


of equation (7.4.B) (A = —ia) by means of the transformation (7.5.3) 
is a solution of 


Y” — Va (z)Y 4- АҮ = 0, О == <= ә, (7.5.0) 
in which V,(z) satisfies the condition 


Ја | (а) | ав 
0 


(or any |0] = e. If 2 = | aq, mat, then the matrices OY (x, Л) 

JAF А, AA — іх) and Yg(x) obtained from (x, А) and Y,(x) re- 
` spectively by the indicated transformation both vanish at z = 0. 

An immediate consequence of Theorem 6.2.1, Lemma 6.3.1, and 


formula (7.5.2) is the following proposition concerning the form of 
the inverse transformation. 


Lemma 7.5.2. The transformation inverse to (7.5.3) is given by 
Ф, (x, А) = D(x, А) – . 
—Y,(z, —ix)W(Yf(z, —ix), (z, 2)) (a*--22)-, (7.5.14) 
where 


Y, (z, — ia) = 


а _, 0548) 
= Y (z, —%) [r+ f Yi, —ia)Y, (t, — ia) a| . 
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Moreover, if ®,(z, А) = o(e**) as ж — со, then (7.5.14) is equivalent to 
Ф, (x, 2) = Ó,(z, А) - Y4(z, — ix) f Yf(t —ta)®,(t, A) dt. (7.5.16) 


2. Let us now consider the boundary-value problem (7.5.C)—(0) 
defined by (7.5.C) and the boundary condition Y(0, 4) = 0. 

Lemma 7.5.3: The matrix Y 4(z, Aj) obtained from Y (æ, Ay) by means 
of the transformation (7.5.3) is a matrix eigenfunction of the problem 
(7.5.C)—(0) corresponding to the eigenvalue А2 and 


J YEE, АҮ, (x, А) dz — P. 
0 


The number (— ia)? = —a? is not an eigenvalue of this problem. 
Proof: From (7.4.9) and (7.5.5), it follows that 


lim W{Y (2, —ix), Y,(z, А) = Y2(0, —iæ)Y (0, Ap) = 
х->0 
= 3 |а, |2т2х-°1—Р)Р = 0. 
Therefore the transformation (7.5.3) on Y,(z, До) ів expressible as 
(see Lemma 6.3.1) 
x 
Y, (z, А) = Y3 (z, А) —Yg(w, — tae) ЈУ, —ix)Y,(t, Agdt, (7.5.17) 
0 


from which it follows that Y4(0, 4j) = 0. Furthermore, as x — oo 
Y, (z, — х) = O(e-*7); Y,(z, —ix) = O(e%*); 
Y,(z, Ap)  O(e- Pelo) 
and since x < |4,|, we see from (7.5.17) that Y 4(z, 4,) decays exponen- 
tially ав z — oo. Therefore it is a matrix eigenfunction of the prob- 
lem (7.5.C)—(0). 
From (7.5.17), we now obtain 


J Y АҮ, (o, Ap) de = jm т, АУ, (z, Ap) dz - 
0 


+ f Је, А) | — Ns, y) - Му, 2)+ 
00 


+ f М, аа, у) at Y, (y, o) da dy, 
0 
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with 
— 4 * —4 = 
N(z, y) = Ya (z, ix)Y3 (y, ta), T = y 
0, = < y. 
Thus, for x = y, (7.5.15) and the equality Y,(z, —ix)P = 0 yield 


— N(z, y) – N*(y, z)+ ELS z)N(t, y) dt = 
0 . 
= —F,(z, —ix)Yi(y, —ta)+ 
+Y, (a, =) [rtt (t, —ia)¥,(t, — а) dt - Y$ (y, —ia) = 


= — °F, (a, —ia)PYZ(y, —ia) = 0. 


In a similar way, one can show that this result holds for z — y. 
Therefore 


7 Yž (z, AY, (=, А) дз = j Yf(z, A)Y,(z, A) dz — P 


(вее (7.4.16)), and the first part of the lemma is proved.’ | 
Suppose now that (—ia)? = — о? is an eigenvalue of the problem 
(7.5.C)—(0). Then for 4 = — іх, the equation (7.5.C) has a solution 
U,(z, —ix) having the asymptotic behavior 
Оз (2, —ta) = e-**[C + o(1)] (z — =), 
U, (а, —ix) = 2U3(0, —ia)+o(z1+e) (z — 0), 
where U;(0, —ix) and C are non-vanishing matrices. 


By the remark of Lemma 6.3.1, we can apply (7.5.16) to U3(z, — ix) 
ав the result of which we obtain the matrix 


U(x, —ix) = U,(z, —ix)—Y,(z, —iæ) jr —ta)U,(t, — ix) dt, 


which is a solution of (7.5.B) for A = — іх. 


From (7.5.1) and the asymptotic behavior of U,(z, — ix) at z = 0 
it follows that 


-U (z, —ix) = U,(z, —ix)— 6 (z, —ix) (I—P)A- 
+ O(a?) (a — 0), (7.5.18) 


А = [rte —ix)U,(t, — ix) dt. 
0 
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On the other hand, the asymptotic behavior of U,(z, —ia) at 
infinity and the formulas (7.5.7) and (7.5.11) show that U,(z, — іх) = 
= O(e-?*) ав x — оо, i.e., 

U,(z, —ix) = E,(x, —ia)B, (7.5.19) 
where B is some constant matrix. 

Now В # 0 since U,(x, —%х) cannot be identically zero. In fact, 
if (I—-P) A # 0, then for x = 0 (7.5.18) yields 

U,(0, —ix) = —OP(0, —ix) (I-P)A = 
= — [ay Рта — PA # 0. 
On the other hand, if (I— P).A = 0, then P(x, — ix) (I—P)A = 0, 
and applying (7.5.18) and the asymptotic representation of U,(x,— ix) 
at 2 = 0, we obtain 
U, (x, —ix) = zU$4(0, — іх) + о(21+9) (= — 0). 
Thus again U,(z, — іх) # 0 since U4(0, — ix) = 0. 
From (7.5.18) and Lemma 7.4.2, it then follows that 
lim W(Uz(z, — іа), Ф0(2, —ix)) = 


x0 


= lim W(U$(z, —ia), Ó9(z, —ix)) = 
x—0 


= — UF (0, —ta)BP(0, — ta). 
Hence, 
W{U3 (a, — tx), OD?) (x, — ta)} = 
= —|[a,,|*m*x-*U$ (0, —ta) (I.— P), 
Since the Wronskian is independent of z. 
The Wronskian 


(7.5.20) 


W(U$(z, — ta), Ys (2, —iæ)} 


is also independent of т and since both of the solutions U,(z, — іх) 
and Y4(z, — іх) decrease exponentially as х — оо, it is identically 
equal to zero. Therefore 


0 = lim W(U£(z, —ix), Y,(z, —ix)) = —U$ (0, —ix)Y,(0, —ix) 
x—0 
and by (7.5.2) and (7.5.5), 
— | ау» |2m3x-3£-?U* (0, — ix) (I—P) = 0. 
This result in conjunction with (7.5.20) then yields 
W(Ut(z, —ix) Ф/х, —ix)) = 0. (7.5.21) 
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Now the columns of O'(z, — ix) give two linearly independent 
solutions of equation (7.4.B) for Л = — іх. Therefore, a matrix solu- 
tion V,(x, — іх) of equation (7.4.B) exists for A = — іх such that 


ИР (x, —ix) O(a, —iæ)} = I, 


and the matrices OP (x, — іх) and P(x, — іх) comprise a funda- 
mental system of solutions of this equation. As a result, 


U,(r, —ta) = V(x, —ix)B, + VP, (x, —ix) B, 


where B, and B, are constant matrices. From this, Lemma 7.4.2, 
апа the identity (7.5.21), if follows that 


0 = W(U£t(z, —ix), Ф@(х, —ix)) = 
= ВИ (Р (z, —ix) O(z, —ix)) = Bi, 
or B, — 0. Hence, 
U,(z, —ix) = Oe, —ix) B,, 
and by (7.5.19), 
Ez, —ix)B = dQ(z, —ix)B, (В = 0). 


Since the transformations of the preceding sections do not effect 
the agymptotic behavior of the solutions at infinity, this last result 
implies that 


E(rz, —ix)B = B(x, —ix)B, (B z 0). 


Thus, E(x, —ix) В is a non-trivial solution of equation (7.1.0) for 

= —ix which vanishes at x = 0 and which decreases exponen- 
tially ав = — со. This means that (— іх)? = —a? is an eigenvalue 
of the boundary-value problem (7.1.0)—(0) regardless of the choice 
of æ. The resulting contradiction shows that (— іх)? = —a«? cannot 
be an eigenvalue of the boundary-value problem (7.5.C)—(0), q.e.d. 

3. Since the equation (7.5.C) is non-singular, the problem (7.5.C)— 
—(0) has a continuous pectrum on the positive axis and, in addi- 
tion to the eigenvalue 42 and corresponding eigenfunction Y,(z, А), 
possibly a finite number of other negative eigenvalues Aj, 42, ..., А2. 

Let the matrices U(x, A) and U,(z,A,) (k = 0,1, ..., p) form a 
complete set of eigenfunctions of this problem for which Par- 
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seval's equality 


Году) ae = 5 0,00: ORFs ig 
DF | (7.5.22) 
+2. f 0,(Ф; NOL: aaa 
holds, and such that at infinity 
0, (х, A) = ex] едх —A)+0(1) (A > 0); (7.5.23) 


U5 (e, Ay) = ер + o(1)] (k = 0, 1, 2,..., р). 


Here, (A), 42, and М, comprise the scattering data of the problem 
in question. 


From Lemma 7.5.3, if follows that Üs(z, 4) = Ys(z, 4) U, where 
U is some fixed unitary matrix. 


We now apply to U,(z, A) the transformation inverse to (7.5.3) 
which by Lemma 7.5.2 can be expressed as 


Û, (z, 4) = 0, (z, A) –Ү, (а, — ia) J Yi, —ia)Û, (t, А). (7.5.24). 


But Ü,(z, Л) satisfies equation (7.4.B), and by Theorem 6.3.1 and 
formula (7.5.15) of Lemma 7.5.2 we have 


f D(z)Ó*(z) dx -È Û (D; 2)0%(Ф; Ay) + 


CILE OG; 1)dA--E-Y,(D; —ix)PYf(Ó; —%), 


for any matrix O(z) in L*(0, co) vanishing in the neighborhood of 
zero and infinity. Since Y,(z, —ix) (I— P) = Y,(z, —ix), this im- 
plies that Y,(®; —ix) P = 0, and we obtain the Parseval equality 


Гоч (x) dz— È Û (D; ÛED; Ar) + 


i 
+ | 0,0 №ӦҰ(Ф; A) da. 
0 
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This result can now be extended in the usual way to any matrix 
B(x) with elements in L*(0, оо), where on the basis of the above 
discussion, 


U, (a, Ap) =Y; (z, Ag)U. 


We note that the transformation introduced in this section effects 
the asymptotic form of the solutions at infinity. 
LEMMA 7.5.4: As = — oo, 


0, (а, A) = e"*T(—24) – e-?*T (4)8( — å) -o(1) (A > 0), 
Ü,(z, Ay) = eT (A) + 0(1)] (k = 0, 1, 2,...,), 
where 
Т(А) = I— 2a(x + i2)-1Q (7.5.25) 


and Q is some projecting Hermitian matriz of rank one. T(A) is non- 
singular for all values of A # ia and unitary for all real А. 

Proof: By means of (7.5.7), (7.5.11), and (7.5.23), we find from 
(7.5.24) that ав 2 — оо, 


Ü,(z, a) = e"*I —e-v*S( — 2) +0(1) — 
— 2xc-Mee*[C, + o(1)] (1 — P) f e-*[C$+ о(1) [eT — 
—e-94S( — 2) + o(1)] dt = e?*[I — 2xe-1(x — 12)-10, (I — P)C*] — 
— e- [I — 2x7 1(a + i4)-1€, (I — P)OE]S( — А) + o(1) 
for 4 > 0. Hence, 
Ü,(z, А) = e"*T(—4)—e-?»T(S(—2) -o(1) (= =), 
where 
Т(А) = I —2ac7 (a + 14) 1C, (I — PCE. 
In a similar way, for A = Ак (k = 0,1,2, ..., p) it can be shown that 
Ü,(z, Ay) = eT (Ay) f, -o0)) (=). 
Defining 
Q = c-10, (I — Р)О%. (7.5.26) 


we obtain the expression (7.5.25) for T(4). From this definition it 
is immediately apparent that Q is a Hermitian matrix of rank one. 
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Moreover, from (7.5.10), it follows that 


Q? = c-?0, (I — PC$C,I — POE = c730,c(1 — PCs = 


= c0, —PYy$ = 0, 


i.e., Q is a projection. 
Now for 4 # tt 


ТОТО А) = [I —2a(a + i4)! Q][I — 2a(a — 14) 1 Q] = 


= I—2az(x-- 3) -1Q— 2x(x — А) 1Q + 4a?(a? + 12) 1Q = I 
so that T(A4) is a non-singular matrix for these values of 4. Noting 


further that by (7.5.25) 
T(—4) = T*(4) 


for real values of A, we conclude that 7(4) T*(A) = I. This com- 


pletes the proof of the lemma. 


4. Upon applying the transformation (7.4.14) to Ё„(«, a), we 
obtain a solution of equation (7.3.A). In order to write this trans- 
formation in integral form, we must show that the appropriate 


Wronskian is zero. 
From (7.4.9) it follows that 


lim W(Yz( (2, Ag, Uz (2, A)} = —3РЁ, (0, 4). 
On the other hand, by (7.5.24), 
Û (z, А) = Ü,(z, А) -Y4(z, —ix)A()--O(33) — (z— 0), 
where 


= [ne —ix)Ü, (t, A) dt = 
= — (42 a2) 1 W(Y 3 (2, — ta), 0, (2, 2) 7 = 
o 


= (А фа?) 1 (0, —ix)Ü (0, A). 
Hence, by (7.5. 5), 
Ü,(0, А) = — |a, Pma? — P) А(А) 


(7.5.27) 


(7.5.28) 


(7.5.29) 


Substituting this expression for 0,00, A) in (7.5.27), we obtain 


lim W(Y*(z, Ao), Ü,(z, 2)) -0. 
x0 
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Therefore, by virtue of Lemma 6.3.1 and its remark, the transfor- 
mation (7.4.14) applied to U,(z, А) may be written in the form 


Û (x, a) = Ü,(z, 2) —Y,(z, A) J VEC, Ag)Ü,(t, A) dt. (7.5.30) 
0 


According to the results of the preceding section, this transforma- 
tion takes 0 (2, A) for A z* A, into a solution Ü 102, A) of the equa- 
tion (7.3.A) without effecting its asymptotic behavior at infinity 
and annihilates the matrix U(x a, А) = Y,(z, A9) U, i.e., Ü 1(2, Ag) = 0. 

Upon applying Theorem 6. 3.1 to the transformation (7.5.30) and 


taking into consideration that both У, (х, åo) (I— P) and Ü 1(%, Ap) 
are identically zero, we obtain Parseval’s equality 


J DaDa) ds = 5 GG; AOU; a) + 
0 


k=1 


+a | Ü,(5; 2)0%(Ф; А) аА. (7.5.31) 
0 


This result can be extended in the usual way so as to hold for any 
matrix O(z) with elements in L?(0, со). 

5. Before considering the final transformation that will take us 
back to the equation (7.1.0), we must ascertain the behavior of 
Ü,(z, А) in the vicinity of zero. 

The formulas (7.5.28) and (7.5.30) yield 


G, (a, 4) = Ô, (z, 2) -Y,(z, А) f VE(t, 490, (t, 2) di 
0 
-[ne — ба) - Y, (a, А) f YE, АУ, (, -iaar | A(a) + 
0 


+ O(z*)—Y, (x, А) ЈУ 4)O(8)dt (æ —0). 
0 


Hence, the asymptotic relations (Cf. (7.4.4) and (7.4.9)) 
0, (z, A) = 20300, A) +о(а1+), 
Y, (z, Ay) = 3zP + o(zt*9)P, (z — 0) 
Y (z, Ap) = х7%Р+ +o(x72+8)P 
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can be used to show that 
Ü,(z, А) = a(1— P)Û; (0, 4) Y,(z, —) A(A) + о(а\+°) 
(2 — 0), (7.5.39) 
-where 


. . х 
Y,(z, —ix) = Y,(z, —ix) - Y, (=, А) [vi Ao)¥ (t, — ix) dt. 
0 
From this and the fact that 
lim W(Y£(z, Ао), Ү, (2, —ta)} = —Y;'(0, A9) Y, (0, — ёх) =0 
x—>0 
(see (7.4.9) and (7.5.5)), we conclude by Lemma 6.3.1 that Y4(z, — ta) 


is the image of Y.(z, — іх) under the transformation (7.4.14). There- 
fore, by virtue of (7.5.1) 


Y,(z, —ix) = (xr, — ia) (I— Р). 
On the basis of Lemma 7.3.2, we thus have 
Y,(z, — іх) = O(a, — іх) (I—P)4- 
+Y, (2) Вб) (I-P)+O(a*) (2-0), 
or 
Y, (a, —ix) = a(I—P)+Y, (2) Bq( — іх) (1— Р) +о(а+0) — (z— 0). 


Substituting this expression and the expression (7.5.29) for A(A) 
in (7.5.32), we obtain 


Û (z, А) = (1 — Pe — [zI +Y, (x) By( —%)]х 
х (1— РЈУ (0, —ix)Qt-o5-)0;(0, А) ноба) — (z— 0). 
Апа since by (7.5.2), (7.5.5), and (7.5.13) 
Y,(0, — i1) = | ayy [*m*x-*E- 4 —P) = af (I —P), (7.5.33) 
this yields 
Û (z, А) = [A321 —Y, (ж) Bo( — iæ)a?] (42 4-2) 1(1 — P)U3(0, 2) + 
+ о(аї+ө) (1.5.34) 


ав 2 — 0. 
Betting r = 0 in this, we find that 


U,(0, A) = —Y,(0) By( — tex)a*(A? +a?) (I — P)Us (0, 2), 
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and since Y,(0) В,(— ёх) = |t]? m? a-*(1— P) (see Lemma 7.3.2), 
it follows that 


Ü,(0, A) = — | a, [*m*(42--a2)71(1 — P)O3(0, 2). 
Hence, 
(42+) {I —P)Û,(0, А) = — | az mÔ, (0, 2), 


and thus (7.5.34) can be expressed in the form 


0, (а, А) = — [аз | 2m [A221 —Y , (2) Во — ix)oct]Ü , (0, A) + 
+0(21+0) (а — 0). 


But this result and the identity W{Y¥(z), Y,(z)) = 0 show that 


lim , WT), 8 (a, 2) = — | ay, |-*m-22:Y * (0), (0, 4). 


Therefore, on the basis of Lemma 6.3.1, we can write the transforma- 
tion (7.3.17) ор U(x, Л) in the form 


Ü(z, А) = Û (z, А) -Y(z) f VF), (t, 2) dt -Y (2) BA), 


0 
B(A) = |a |-?m-*Y * (0)Ü, (0, 2). (7.5.35) 


According to the results of § 3 of this chapter, O(a, А) satisfies the 
given equation (7. 1.0) and has the same asymptotic behavior at 
infinity as does Ü 1(z, А) and therefore as does 0,2, 3). Furthermore, 
from the formula (7.5.35) for х — 0, we obtain 

U(0, 2) = [I+] a45 | т -?Y (0 \Ү*(0)]Ё,\ (0, a) = Ü,(0, 4) = 
(see (7.3.12) and (7.3.14)) or in other words, Ё; (=, A) senties 
the boundary condition U(0, 4) = 0. 

We next show that Parseval's equality holds for the family of 
matrices Ü(z, 4) (A>0; A= An k —1,2,..,p) The expressions 
(7.5.30) and (7.5.24) give 


Ô (0, 2)=0,(0, a)= 


= —Y,(0, —ix) f Yi(t, —ix)Ü,(t, a) dt, (7.5.36) 
0 
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and by applying the Parseval equality (7.5.22), we obtain 


P a ^ a 
A5 Ay) OF (0, ay) -5— ; | ^. 2)0* (0, 2) 44 = 


0 
= Y,(0, —ia) ji —ix)Y,(t, —ix)dtYt(0, — im). 
0 


But by (7.5.5) and (7.5.15), 


Y,(0, —ix) | Y$(t, — ia), (t, — ix) dt 
0 


= Y,(0, —ix) [ew / fJ IZG, —iYs, -ia| = Y, (0, — ёа), 


and as previously shown, Ü i(z, Ао) = 0. Thus 


P. a . l A A 
‚2 0,0, 200100, а) | 0,00, л)Ё*(о, A) då = 
0 
= ¥,(0, – а) (0, — ix) = |а, [Pm*(1 — P) 


(see (7.5.5) and (7.5.33)) and, therefore, the matrix B(A) appearing 
in (7.5.35) satisfies the relation 


Pp 1 
р most [va B) B*() da = 
k=1 IT 
0 
= | Gy, |-*m-:Y (0) (I Р)Ү, (0) = m?P. (7.5.37) 
This shows that hypothesis (Z) of Theorem 6.3.1 holds for the 
transformation (7.5.35). 


Let us verify that the second hypothesis of Theorem 6.3.1 also 
holds. Let H(t) denote the following matrix step-function: 


no IF — І, Ostsh 


lo t>h. 


VII. SPECTRAL ANALYSIS OF THE BOUNDARY-VALUE PROBLEM 205 


From the Parseval equality (7.5.31) it follows that 


AU Н; AUT, А) +z ê (Н; AJÜS(; л) аА = 0, 
0 


(7.5.38) 


provided that (x) is equal to zero for z < h. 
Now 


lim Ô (H; д) = lim | Ü, (z, A) da — D, (0, 2) 
h—0 h-—0 


because of the continuity of Û (z, A) at z = О (see (7.5.34)). Fur- 
thermore, since 


вир |Ü,(z, 2) | <=, 
Оо=х< сое 


0<A<oo 
it is easy to show by the use of (7.5.24) and (7.5.30), that 


sup IĈ ( т, Л) | =. (7.5.39) 


Hence, ав А — 0, 0, (Н ;4) converges boundedly to 0,60, 2) 
(0 < А < co). Thus, if Y(t) 18 twice continuously differentiable and 
equal to zero in the neighborhood of zero and infinity (in this event, 
Oe; A) = O(A7?) as A — co), we may then let k > 0 underneath 
the integral sign in (7.5.38). Ав a result we obtain 


i5 (0, AQÜT (Y; А) +5 E Ü,(0, 2)0*(V; 4)dA = 0. (7.5.40) 
0 


According to (7.5.36), the elements of Ü,(0, д) belong to Z*(0, oe), 
whereas the corresponding elements of the matrices Y(t) (with the 
properties specified above) form a set which is everywhere dense in 
L?(0, со). Therefore (7.5.40) holds for every matrix with elements 
in L?(0, oo). This shows that hypothesis (2) of Theorem 6.3.1 is 
gatisfied. 
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This theorem and the relations (7.5.31), (7.5.85), (7.3.18), and 
(7.5.37) thus yield | ` 


n d(z)5*(z)dz = 2 O(@; a,)0*(®; Ay) + 
0 =] 


tz Ü(5; ay0*(®; Л) ал —Y (0) (I — PY *(0). 


0 


But since У(ж)(Т—Р) = 0, Ү(Ф)(1—Р) = 0 and hence it follows 
that ' 


Г Ф)Фа) de = 00; 0; + 
; к, 


+5 | Gb; л)йҗ(Ф; А) da. (7.5.41) 
0 


We may take this result for granted for any matrix Ф(х) with elements 
in L(0, со). 

6. As already indicated above, the matrices U(z,4) (А > 0; 
À = Àk, k= 1, 2, ..., p) have the same asymptotic behavior at 
infinity as U,(2, Л). With the idea of applying Lemma 7.5.4, we 
now define 

О(а, 2)-Ü(s, АТ) — (4-0) 
where T'(4) is the unitary matrix given by (7.5.25). Next, making 
use of the polar decomposition? 
Т(А)Йһ= M,U, (й=0,1,2,...,р), 
where M, is a non-negative Hermitian matrix and U, a unitary · 
matrix, we let 
Ulz, А) = 00а, A)UR  (k=1, 2,...,р). 

Since U(x, å) (4 > 0; А = Ар, k = 1, 2, ..., р) is the product of 
О (=, А) and a unitary matrix not depending on хт, it also satisfies 

5 See, for example, Maltsev, Fundamentals of Linear Algebra, Chap.VIII, 


$2, 1948 (in Russian); or Halmos, Finite Dimensional Vector Spaces. 1958, 
pg. 169, Van Nostrand. 
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7.1.0) and so according to (7.5.41), the Parseval equality 


f G(x) 0*(2)de = 5 U(5; A))U*(; A) + 
0 


k= 


m 


+5 f и(Ф; AUG; a) da (7.5.42) 
0 


holds. Moreover, by the definition of U(z, A) and Lemma 7.5.4, 
U(x, А) = e?xI — e-?x8( — 4) + o(1) (A > 0), (к> =) 
U(x, Ay) = eche M, +0o(1)] (k = 1, 2,...,р). 


Неге, 
8(—2) = T(8( — A) (4), 
My =T (Ay) ih, UF, (7.5.43) 


and as can easily be shown, S(A) = S*(—4) is a unitary matrix 
and the non-negative Hermitian matrix M, has the same rank as 
Й,. 

Thus we have proved 

THEOREM 7.5.1: If а, = 0 and aj, ~ 0 (5.е., Y(0) ts bounded and 
Y(0) # 0), then the problem (1.1.0).—(0) has a finite number of eigen- 
values Aj = 0 (k = 1, 2, ..., p) and a continuous spectrum over 
the entire positive axis. A complete set of normalized matriz eigen- 
functions U(x, Л) of this problem exists for which Parseval’s equality 
(7.5.42) holds and such that 


U(z, A) = e®*I —e-*®*8( — A) + 0(1) (A > 0), 

U(z, Ак) = e IM, + 0(1)] (Ё = 1, 2, tt p) 
as x — oo, where S(A) = S*(—A) is a unitary matrix (the scattering 
matrix) and My are non-negative Hermitian matrices (the norma- 


lization matrices). 
Remark. The exact same reasoning that was applied above to 


the matrices O(a, A) and (т, А) may be used to go from U (a, Ay 
(? = 1,2) to the matrices 
U,(z, 4) = ба, ДАТ) (4=0); 
(ш, А) = Ü (ж, Ay) UE (k=1, 2,..., p). 
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The matrices U;(x, 4) (1 > 0; A = Ay, Ё = 1, 2, ..., p) satisfy the 
same equations as U;(z, A) and lead to Parseval’s equality; more- 
over, for A # A), Uj(z, A) has the same asymptotic form at infinity 


as does U(x, A). For À = A, ап argument similar to the above 
shows that 


U, (2, А)= 0, (z, А) =0 
and 


О, (x, Ao) = € Mo + 0(1)] (д — =), 
where 


M,=T (Ay) M,U% 


$ 6. Properties of the Scattering Data (the Case а,, = 0, a,, ғ 0) 


In this section we shall study the properties of the scattering 
data of the boundary-value problem (7.1.0)—(0) for the case dg, = 0, 
аме ~ 0. 


lf as # 0, OF а» = аә = 0, then by the corollaries to Theorems 
1.3.1 and 7.4.1, I—S(A) is the Fourier transform of a Hermitian 
matrix F,(t), such that 


Р, ( ^g [и — S(Ayje?^t da 


is summable over the entire real axis. Its derivative F(t) exists for 
all positive values of ¢ and 


fare midcs — (01-2. (7.6.1) 
0 
We now show that 5(4) possesses these properties even if ay. ~ 0 
when ds, = 0. 


According to (7.5.43), S(4) can be expressed in this case in terms 


of the scattering matrix (A) of the boundary-value problem (7.5.C)— 
(0) as follows: 


S(4) = T( — 2S(A)T( — 2). 
Therefore, using the expression (7.5.25) for T'(4), we obtain 
1—8(3) = I — [I — 2x(x — i4)-19]$(4) [I — 2x(x — 14) -19] = 
= [1- 8()] — 2« (а — #4) HQH — 8()] + LE — S()19) + 
+ 4a*(x — iA) *QLI — $(2)]Q + 4x(x — iA) [1 — ala —42) 1]Q. (7.6.2) 
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The problem (7.5.C)—(0) is not singular and 


с 


Ја |, (а) | de< 
0 


for | 0 | = e. Therefore I — 8(4) is the Fourier transform of a Hermi- 
tian matrix F(t) summable over the entire real axis (see Theorem 
5.6.2) and such that F(t) satisfies (7.6.1). Since 


0 0 
(x — 14) 1 = f e dt, — (x — iù)? = J tesle—i^t dt, 


by applying the convolution theorem, we find from (7.6.2) that 
I—S(A) is the Fourier transform of 


р.н) = | Р(0 — 20D) — 4? P(e) for t>0 
s Ё, (t) — 20 @(t) — 4x2 P(t) +4a(l +aætjetQ for t <0, 
(7.6.3) 

where 


0 А 
Фа) = f et[QP, (rI— 5) + P,(r- 8)0]82 = 


= et f e-*[QP, (п) + Ё, (n)Q dn, (7.6.4) 
t 


0 eo 
Pa) = f &etQf(t—£)QdE = еч f (t— ne, (n)Q dn. 
te { 

From this result, the properties of F,(2), and the convolution 
theorem, it follows that F,(t) is Hermitian, is summable over the 
entire real axis, and has a derivative for all positive values of t. 
The fact that F(t) satisfies (7.0.1) may be verified directly using 
(7.6.8) and (7.6.4). However, this is unnecessary since this ine- 
quality will be derived below in the course of the proof of Lemma 
7.6.1. 


$ See footnote 1 of Chapter III. 
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We can deduce other properties of the scattering data by exa- 
mining the homogeneous integral equations 


a(t) + f «Feb d£—-0,  O0st-ce (7.6.5) 
0 
0 
-yt + fw«DFt--54d 20 -o<t=0, (7.6.6) 


a(t) + far, (¢+ £) 25 = 0, 0 xm i-e, (7.6.7) 
0 


where 


F(t) = Ў Ире Р, (0). 
k=1 


Let ni, л», and ng denote respectively the number of linearly 
independent vector solutions of these equations [z(f) and z(t) in 
L?,)(0, оо) and y(t) in 2 (— оо, 0)], and let r be the sum of the 
ranks of the p matrices M,. 

Lemma 7.6.1: If dog = 0, but ay # 0, then т = 1, n4 = natr, 
and n, is zero or one. Moreover, if Z(A) is the Fourier transform of 
the single non-trivial solution of (7.6.5), then 


lim 22Z(4) (I — P) = 0. 
A—> oo 
Proof: According to the remark of Theorem 7.5.1, (ж, A) (A > 0; 
А = Ар, k = 0, 1, ..., p) are solutions of (7.4.B) for which Parseval’s 


equality holds and which have the same asymptotic form at infi- 
nity as U(x, a) (A = Àj); for A = А, | 


U,(z, A) = еМ) (25), 


with M, = T(4))M,U*. Now S(A) also has the property I, 
and according to $2, Chapter IV, the potential V,(z) of equation 
(7.4.B) may be determined by solving the fundamental integral 
equation 
Е(ж-+ у) + К, (ш, y) f K,(m t)F(t-y)dt 20, — 0-—z-y, 
x 


where 


F(t) = Mge FQ) = Ў MoM P, (t). 
k=0 
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Since 


J 2t+0|V,(a)|de<= (10| е), 
0 
it follows from the last equation and the results of § 2, Chapter III 
that both F;(z) and F;(x) satisfy (7.6.1) (see (3.2.7) which is a con- 
sequence of the fundamental equation). 
Now consider the homogeneous equation 


u(t) 4- f u(E)F(t-- 5) d£ = 0, 0=#= ә (7.6.8) 


and let us show that it has no non-trivial solution in 160, оо). 
By the corollary to Lemma 3.4.1, the Fourier transform #(4) of 
any solution of this equation belonging to L%)(0, ос) must satisfy 
the relations | 


$(—2)8() = Čl); €()My, —0  (k—0,1...,p) (7.6.9) 
Hence, according to (7.5.43) there results 
V(—4)T(—2)8(4) -W(A)T(4);  W(A)T(4)M,—0 — (k—0, 1...,p) 


Therefore #(4) Т(А) is the Fourier transform" of some solution of 


(+ f EREHE dE = 0, Ostao. 
whose kernel ° 


P a a 
= 2 Mie et P, (0) 


is derived from the scattering data of the non-singular problem 
(7.5.C)—(0). But this last integral equation has no non-trivial 
solution. This implies that 4(A)T(A4) = 0, hence 7/4) = 0, and 
therefore u(t) = 0. 

We next show that x, = 1. By $ 3, Chapter IV and the remark 
of Theorem 7.5.1, we can reconstruct the potential Г (2) of equation 
(7.3.A) in a unique manner by solving the integral equation 


F(z--y) 9 K,(z, y)+ f K,(z, t)F(t-- y) dt = 0, 0 === y. 
х 


? From the expression (7.5.25), it follows that 2(A)7(A) is regular along 
with 2(4) in the lower halfplane. 
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In this connection, if (7.6.5) had no non-trivial solutions, then by 
the remark of Theorem 5.4.1, Vi(z) would satisfy the condition 


f z | V (a) | а= =, 
0 


which is impossible in the case under consideration (a. = 0, a4; ғ 0). 
This implies that ту 1. Suppose that (7.6.5) has at least two 
linearly independent solutions x(t) and 2@)(t). Ву the corollary 
to Lemma 3.4.1, their Fourier transforms 2®(Д) (i = 1,2) must 
satisfy the relations 


Z9(—2)S(4) = F(A); Z9(4)M, = 0 (7.6.10) 
(k = 1, 2,..., p). 
We now form a non-trivial linear combination of these solutions 
u(t) = yz (t) + port) such that W(Aj)M, = 0. This is possible 
since the rank of M, is one and therefore the equation | 
[y, £? (49) + y, (4,)]M, = 0 


has a non-trivial solution in y}, yə The Fourier transform XA) 
of u(t) satisfies all of the relations in (7.6.9). But then u(t) is a non- 
trivial solution of (7.6.8), which would contradict what was proved . 
above. As a result, (7.6.5) cannot have two linearly independent 
solutions and n, = 1. 

The Fourier transform 7(A) of a solution of (7.6.5) satisfies the 
relations in (7.6.10) from which it follows that 


£(—2)T(—A)8(4) = Ж(А)Т(А); E (Ay) T (Ay) M, = 0 
(k = 1, 2,..., p). 


Hence, applying the following factorization of the scattering matrix 
of the problem (7.5.C)—(0): 


804) = E10, —2)E,(0, 2) = Е (0, —AES(0, 2] (7.6.11) 


and reasoning as we did in the proof of Theorem 3.5.1, we con- 
clude that 


SOTA = - у EO Te) No (0, 2) 
and thus 
z(a) = _ 2% (ATUS) NS E, (0, 2)T(—2). (1.6.12) 


2-2 
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Here, E(x, A) is the special solution of (7.5.C), and N, the residue 
of E4!(0, 4) at the pole 2 

Taking into account that E4(0, А) — I and T(—4) — I as 4— оо, 
we find from (7.6.12) that 


lim 4?z(4) (I — P) = 2A4Z(A)T(A))NSU — P). 
А> 

By then considering the normalized matrix eigenfunction Y,(z, Ao) 
of the boundary-value problem (7.5.C)—(0), we find as in the proof 
of Lemma 7.4.4 that N,P = N, and therefore 

lim A?z(A) (I — P) = 0. 
А> о 

Thus both statements concerning equation (7.6.5) have been 
proved. 

Now consider equation (7.6.6). The Fourier transform y(A) of 
any solution of this equation is regular in the upper half-plane and 
is such that ¥(—A)S(A) = —9(A) for —со = A < оо (Cf. (3.5.1)). 
Aecording to (7.5.43) and (7.6.11), it follows from this that 


G(—a)T(—A)EFO, —2) = — (YT (ERO, 2) (Im 4 = 0). 


The left-hand side of this equation is a regular function in the half- 
plane Im 4 < 0 except for the point A = — іх, whereas the right- 
hand side is regular for Im 4 > 0,4 # іх. Therefore 

Ф(А) = (22 +02) 9(A)T(A)ES(0, 2) 


is an entire function of А such that 


p(—A) = —9(4) (02 = 0; (4) = 0(43) (A — =). 


This implies that ф(Л) = Ac, where с = (сү, ¢,) is à constant vector, 
and hence 


HA) = rug Ef, DITA). 


Since ¥(A) is regular in the upper half-plane, we have (see (7.5.25)) 
e[E3(0, —%)] 1T(— ta) = e[E3(0, —%)]-1(1—@) = 0. 


This implies that 
c= yg E3 (0, — ta), 
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where q is the sole eigenvector of the matrix Q (a projection of rank 
one) and y is a scalar factor. Hence the vector function 


VQ) = Lg EI, — ix (BHO, DIT) 


is uniquely determined to within a scalar factor. This means that 
(7.6.6) either has only the trivial solution (n; — 0) or one non- 
trivial solution (n, = 1). If л» = 1, then at the poles А, Ap e А 
of [EX(0, 2)]-? we must have | 
qE3(0, —)NET(-À) =0 — (k—0,L...p) 

where N, is the residue of E,!(0, A) at the point Аһ. 

Noting that T(—44)(k = 0, l, ..., р) is a non-singular matrix 
and that q is an eigenvector of Q, we find from this that 

QE3(0, —ix)Ng = 0, 
or . n | 
N, E (0, —ix)Q = 0 (k = 0, 1, 2,..., p). (1.6.13) 

Finally, let us consider the last equation (7.6.7). The Fourier trans- 
form 2(A) of any solution of this equation must satisfy the relation 
Z(—2)8(4) = 2 (A), from which it follows that Z(—4)T(— 4) 8(4) = 
= Z(A)T(A). This means that if %(A) is the Fourier transform of 
a solution of (7.6.7), then Z(A)T(A) is the Fourier transform of 


& solution of 
w(t) + J WEF. (08) 48 = 0, 01 ә. (7.6.14) 


Since the number of linearly independent solutions of this equation 
is equal to the sum of the ranks of the matrices Йй p(k =0,1,..., р) 
[property V of the scattering data of the non-singular- problem 
(7.5.C)-(0)], and since the rank of M, is equal to that of M, # 0) 
and the rank of M, is one, the number пз of linearly independent 


solutions of (7.6.7) does not exceed 1+ Ў rank M, = r4-1. 
k=1 
On the other hand, if #(A) is the Fourier transform of a solution 
of (7.6.14), then Z(4) = $(A)T—1(4) = w(A)T(— A) is the Fourier trans- 
form of a solution of (7.6.7) if and only if #(—ia)Q = 0. Suppose 
that 00(4) (j = 1, 2,. . ., r--1) are the Fourier transforms of a funda- 
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mental system of linearly independent solutions of equation (7.6.14). 
In that case 09(— ix) ~ 0 for at least one value of j. Otherwise 
(4) (A2+a2)-1 would also be Fourier transforms of solutions of 
(7.6.14), and hence the number of linearly independent solutions 
of this equation would exceed 7+1, which is impossible. For 
definiteness, let us suppose that @0(0(— іх) = 0. Then for any 
j=2,..., r+1, the equation 
[yf а) — G9( —ix))Q = 0 

has a unique solution y; since © is of rank one. Thus, the vector 
functions [y 0 (4) — 9 (4)]T( — A) (= 8, ... 7+1) provide 7 
Fourier transforms of linearly independent solutions of (7.6.7). 
This implies that ғ = ng = 7+1. 

Let us now establish the relationship between n, and ng. Suppose 
that n, = 0. Then if n, = 74-1, it would follow from the above 
discussion that the aggregate S(A), Az, and M,(k = 0, 1, ..., p) 
would possess all the properties of the scattering data of the non- 
singular boundary-value problem. This would mean that 0,(0, 4) = 0 
which we know is actually not so. Therefore, n = 7 when m = 0. 

Now suppose that n, = 1. By the remark 2 of Theorem 3.5.1, 
the Fourier transforms #(4) (ў = 1, 2, ..., r--1) of linearly inde- 
pendent solutions of (7.6.14) are expressible in terms of Е,(0, A) 
by means of the relations 

А р 23. ~y А 

WA) = È sa rr P(r) Na E,(0, A) G= 1, 2,... 7+1). 

к= 22 — AR 





On the other hand, when », — 1, (7.6.13) holds from which it fol- 
ows that 
frd . А р 25һ 
ou = 
a 899 2 42—16 
(ў = 1, -+4 74 1). 
Therefore the vector functions 29(4) = $?(4)T(—2) G = 1, 2,..., 
r+1), are the Fourier transforms of solutions of (7.6.7) which are 
clearly linearly independent. This means that ng = 74-1 when 
п» = l and the proof of the lemma is complete. 
Lemma 7.6.2: Let Z(A) be the Fourier transform of the non-trival 
solution of (7.6.5). If S(0) = I, then Z(0)(I—P) = 0. 
Proof: By (7.6.12), we have 


BA) = (4? — 45) 1cNS E,(0, 2)T( — 3), 





$9?(4,)N, Е, (0, —ix)Q = 0 
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where с is à constant vector such that cN, ғ 0. Since N,P = Ng, 
cN, =cN,P = dP, where d is a non-zero vector. Therefore 


(0) = —A?dPE,()T() ^ (Е,(0) = E,(0, 0)), 


and inasmuch as dP = 0, to prove the lemma it is sufficient to 


show that 
P,E(0)T(0) (I — P) = 0. (7.6.15) 


To this end, we first of all note that by Lemma 7.5.1, the matrix 
Y,(x) obtained from Y,(z) by means of the transformation (7.5.3) 
vanishes at х = 0. Since Y,(z) is a solution of (7.5.C) for A= 0, 


Y, (x) = G, (ж) A, (7.6.16) 
where G,(x) is the solution of (7.5.C) for А = 0 satisfying the condi- 


tions G4(0) = 0 and @,(0) = I, and А is a non-zero constant matrix. 
The matrix A satisfies the following relations: 


АР = А; (I—P)A #0. (7.6.17) 
For, since Y,(z)P = Ү (=), it follows from the form of the trans- 


formations (7.4.6) and (7.5.3) that Y4(z) = Y,(x)P, and this implies 
that AP — A. Furthermore, 


lim W(Y$(z, —ix), Y,(z)) = Y$(0, —iæ)Y; (0) = Y$(0, — ia) A. 
x—0 ` 
Now, suppose (I—P)A = 0. Because Y$(0, —ta) = a*(1— P) 
(see (7.5.33)), we would have 
lim W{YF (x, —ix), Y4(z)) = a*(I—P)A = 0. 
x—0 


But then the transformation (7.5.14) applied to Ү,(х) would 
be expressible as 


Y,(z) = Y4(z) +Ү, (а, — ix) f Y£ (t, | — ie)Y (t) dt, 
0 


which would mean that У,(0) = 0. And this is not true. Therefore, 
(I—P)A # 0. 

Now F(z) = —32P-+o(2!—®)P as x — со, and the transformation 
(7.4.6) preserves asymptotic behavior at infinity. Hence, repeating 
computations carried out in the proof of Lemma 7.5.4, we obtain 

Y, (x) = T(0)[ —3zP 4- o(z1—9)P] (д — со). 
On the other hand, Lemma 1.5.1 and formula (7.6.16) yield 
Y, (x) = xE} (0) A+ o(a!—9) (2 — ©). 
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As a consequence, 
ЕЎ(0) А = —83T(0)P. 


But since det E3(0) = 0 when S(0) = &(0) — I (see the corollary 
to Theorem 5.6.2), we then have that 


А = – 3[Е%(0)]-17(0)Р 
and hence by (7.6.17) 
(1 — P) [E$(0)]- 1 T(0)P = 0. 
But 7(0) = T*(0) = T-1(0) + 0, and this last inequality yields 
P[E, (0)7 (0)? (I — P) # 0, 


from which follows (7.6.15), and the lemma is proved. 


§ 7. Behavior of the Scattering Matrix When A— 0. Summary of 
Results 


1. To conclude our investigation of the problem (7.1.0) —(0). 
carried out in the preceding sections, we shall now study the be- 
havior of its scattering matrix at 4 = 0. 

Lemma 7.7.1: The scattering matriz S(A) of the boundary-value 
problem (7.1.0)—(0) has a limit S(0) as A — 0, and this limit is either 
the identity matriz or the matric 2P— I: 


S(0) = lim S(4) = +(1—Р)+Р. (7.7.1). 
А0 
Proof: Keeping the notations of $$ 3—5 of this chapter, we con- 


sider the solution U(x, A) (A > 0) of equation (7.3.A) having the 
asymptotic behavior 


U(x, А) = e?*I — e-?*8( — 4) + o(1) (2 — e). 
From this and Theorem 1.4.1, it follows that 
О, (х, А) = E,(z, —4) — E (z, 2)8(—2) (А > 0), (7.7.2) 


where 
E,(z, 2) = I+ f Ki (o, the dt (Ima = 0) (7.7.3) 
x 


is the special solution of equation (7.3.A). 
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By the use of (7.7.3) and the estimate for K,(z, t) corresponding 
o (1.3.3), it is easy to show that 


lim Е, (2, А) = E, (z, 0) = I+ f Ky(z, t)dt 
À—0 & 


uniformly in each segment 0 < 2, = z = z,. Furthermore, from its 
properties proved at the beginning of the preceding section, it 
follows that S(A) is continuous over the entire real axis. Therefore, 
if A, is any sequence of positive numbers tending to zero, upon 
taking 4 = A, in (7.7.2) and letting n — со, we obtain the matrix 


О, (х) = lim U,(z, dn) = Е, (=, 0) [I — S(0)], (7.7.4) 


defined for all x > 0. Moreover, the sequence U,(z, An) converges 
to U(x) uniformly in each interval 0 < z, = z = z, 

Let us now consider the solution U (z, 4) of equation (7.1.0) (A > 0) 
obtained from Uj(z, A) by means of the transformation (7.3.17), 
assuming henceforth that we are in the most involved case az, = 0, 
ау ~ 0. By (7.5.35) and the remark of Theorem 7.5.1, in this case 


U(z, 4) = О, (ж, А)+Ү(т ) f rte U(t, 2) dt - 


+ |92 |2 (z)Y #0) U, (0, 2) - (7.7.8) 


(if а» = 0, or if ax = @ = 0, then U,(0, 4) = 0 and U(z, 4) has 
the correspondingly simpler form (7.3.19)). 

Since у(х, А) = Ü,(z, А) T(A), where T(A) is a unitary matrix, 
(7.5.39) shows that U,(z, 4) is uniformly bounded in the region 
0 = 2 < оо, 0 < А < оо. From this and (7.7.4), it follows that 


lim jrtov i(t, А) dt = jrtev 1 (t) dt 
n—> оо 


uniformly in each interval 0 = x, = z = z}. Because of the boun- 
dedness of U,(0, Л) for 0 < A < co, we may assume the existence of 


lim U, (0, 44) =U; (0) 


noo 


without any loss of generality. 
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From (7.7.5), it follows that U(x, А.) converges to the matrix 
U(z) = lm U(x, А) = О, (=) + 
Cw (7.7.6) 
ej Y*(U, (t) dt + | aja |-*?m-*Y (z)Y *(0)U (0) 


uniformly in each finite interval 0 < 2, = T = a. 
Using the equation 


О (а, An) — [V(z) + 6z *P]U(z, An) +ARU (a, An) = 
we find that the sequence U"'(z, Ал) is also uniformly convergent in 


each finite interval 0 < z, = х= = z, and hence U'"'(z) exists for 
all positive values of z and 


U" (x) —|V (ж) + 6z-2P]U (z) = 0. 


Thus, the matrix U(x) determined by (7.7.6) is a solution of 
(7.1.0) for 4 = 0. Now from (7.7.6) in conjunction with (7.3.2), 
(7.3.6), and (7.7.4), we find that as = — co 


U(z) = I—S(0)+0(1) +¥(z) {oust + f Y*(t) [I — S(0) + o(1)] a) = 
FE 


= (2-2 Р) [1 — 5(0)] + o(1), (7.7.7) 
since for N sufficiently large and x — o» 
x 
(x) | Yf()dt = 
N 
> x 
= [2-21 + o(z-2—0)]P | [—34 + о(2—в)]) dt = — IP +o(1). 


Thus, (т) is a solution of (7.1.0) for А = = 0 bounded at infinity. 
But then, according to Theorem: 7.2.1, 


lim PU(z) -0 
х—>оо 
This and (7.7.7) show that 


(1-52) 11 —8(0)] = -5 PU 80) =0 


220 THE BOUNDARY-VALUE PROBLEM WITH SINGULARITIES 


or 
| PS(0)=P. (7.7.8) 
Now consider the relations 
S(—4) = S*(4), S( — A)S(4) = I. 


Letting A approach zero, we obtain S(0) = S*(0) and (S(0)]? = 
and this in conjunction with (7.7.8) leads us to the result (7.7.1). 
Remark. If jim S(4) = I, then the problem (7.1.0)—(0) has a vir- 


tual level, i.e., "à "non- -trivial bounded vector solution of the system 

(7.1.0) exists for А = 0 which vanishes at z = 0. But it is not in 

L§)(0, co). However, if jim S(4) = I, then the problem (7.1.0)—(0) 
— 


will have no virtual level. 

We shall not prove these statements. We merely observe that 
they may be shown to hold by considering the non-singular 
boundary-value problem to which the problem (7.1.0)—(0) can be 
reduced by the transformations of $$ 8—5. 

2. We have completed our analysis of the problem (7.1.0)—(0), 
and in conclusion we present a final summary of the results obtained. 

By Theorems 7.3.1, 7.4.1, and 7.5.1, the boundary-value problem 
(7.1.0)—(0) has a continuous spectrum over the entire positive axis 
(4? > 0) and, possibly, a finite number of non-positive eigenvalues 
Ai < А =... = A? = 0. A complete set of normalized matrix eigen- 
functions exists for the problem satisfying the Parseval equality 


f G(x) O*(x)dx = 3 U(D; A)U*(; ay) + 
0 =1 


СОФ; A)U*(À; A)dA, 


+ 
Fl- 


U(Ó; 4)—Li.m. f d(z)U(z, 2) dz. 
` 0 


Аз z — oo, these solutions have the asymptotic behavior 
U(z, А) = e?*I — e-?*S( — 4) 3- o(1) (A > 0), 
U(z, А) = eMM, + o(1)] (28 = 0) 
and if A, = 0, 
U(x, 0) = = М, +0(1)] (M, = mP, m > 0). 
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The unitary matrix S(4) is the scattering matrix, the non-negative 
Hermitian matrices M, the normalization matrices, and the ag- 
gregate of quantities S(A), A2, M, (k = 1, 2,..., p) the scattering 
data of the problem (7.1.0)—(0). 

S(A) has the following two properties (see the beginning of $ 6 
of Chapter VII and Lemma 7.7.1): 

1°. The matrix J—S(A) is the Fourier transform of a Hermitian 


matrix #,(t), such that 
1 oo 
= 9x ‘Jes (A)]e?* ал 


is summable over the entire real axis, and for all positive values of 
t, F(t) exists and 


Јаз |Р, (0) |0 < = (—e < 0 = е). 
0 


2*..8(0) = + (I—P)+P. 
The further properties of the scattering data are associated with 
the equations 


z(t)-- f z(E) F(t--E) d£ = 0, 0<t < оо, (7.7.9) 
0 
vo fuor ;(£4-5) 4 = 0, —e<t=0, 


ao fx £)F,(t-- E) d£ = 0, 0 =t < ә, 


where 


F(t) = Z’ Mge Р, (0) 
k 


and the summation extends over all non-zero eigenvalues of the prob- 
lem in question. 

Let n, ng, and n4 be the respective number of linearly independent 
vector solutions of each of these equations, %(A) the Fourier trans- 
form of any non-trivial solution of (7.7.9), r the sum of the ranks 
of the normalization matrices, M,, M,,..., Mp, and K(z, y) the 
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matrix solution of 
F(z-- y) + E(z, у)+ f K(z, t)F(t- y) dt = 0 (0 == = у) 
х 


(according to Theorem 3.4.1, а unique solution exists for апух > 0). 
The following three cases are then possible (see the corollary to 
and the remark of Theorem 7.3.1, the corollary to Theorem 7.4.1, 
and Lemmas 7.4.4, 7.6.1, and 7.0.2): 
(a) all A, z 0, ny = 0, n; = 0, n= г, and 


|+ n E(0, t) a| = УР, (7.7.10) 
0 


where y is а non-zero number; 
(b 45,—0, И = mP (т > 0), mn = 1, n, = 0, n4 = ғ and 
lim 422(4) (1-Р) = 0; 
à—>co 


(c) all A, # 0, ny = 1, n = 1, ng = n+ r, lim 12 Z(A(I—P) #0 
Ао 


and if S(0) = I, then 2(0)(1— Р) = 0. As to which of the three cases 
occurs depends on the behavior of Y (z) in the neighborhood of the 
origin, Y(z) being the non-trivial solution of (7.1.0) (4 — 0) which 
vanishes at infinity: if Y(z) is unbounded when z — 0, then case 
(a) holds, if Y(0) = 0, then case (b) holds, and if Y(0) is bounded 
but Y(0) 7 0, then the third case occurs. 

Furthermore, in case (c) there are two possibilities related to 
the behavior of the matrix eigenfunctions U(x, Ap) at = = 0: if for 
at least one value of k = 1, 2, ..., р 


U'(0, Аһ) £0, 
then л, = 0; however, if 
U'(0, Ар) =0 (k=1, 2,..., p), 
then n, = 1. We leave the proof of this fact to the reader. 


CHAPTER VIII 


Reconstruction of the Singular Boundary-Value 
Problem from Its Scattering Data 


§ 1. Case (a) 


1. In the preceding chapter it was shown that the scattering data 
of the problem (7.1.0)—(0) satisfies the conditions 1°, 2°, and one 
of the conditions (a), (b), or (c) (see Chapter VII, $ 7, sub-section 2). 
It wil now be shown that these conditions are not only necessary 
but also sufficient for a unitary matrix S(A), Hermitian matrices 
M, ,M,,..., M, and numbers 42 < 42 =... < 12 = 0 to be the 
scattering data for some boundary-value problem (7.1.0)—(0). At the 
same time, an algorithm will be given for reconstructing the problem 
from its scattering data. It is clear that each of the three possible 
cases will have to be treated individually. 

Consider any unitary matrix S(4), negative numbers A2, and Her- 
mitian matrices M, (k = 1, 2,..., p) with the properties 1°, 2°, 
and (a). According to Chapter V, the quantities 

8(4), A2, М, (k=1, 2,..., p) (8.1.1) 
are then the scattering data for some uniquely determined non- 
singular boundary-value problem with a Hermitian potential V (x) 
satisfying the condition! 

f 2*1 (2) | da<% (—e<0<e). (8.1.2) 
0 


1 The condition (8.1.2) for У, (2) followsfrom the analogous one for F(t), 
where f 


F(t) = 5 Mie-| Belt = -S u—sq)ye^ da 


(see the Property 1°), and from the inequality (5.4.4’) in the remark of 
Theorem 5.4.1 
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Let H(z, 4) denote the special solution of 
Y" — Vi(z)Y -23Y = 0, (8.1.3) 
во that (see Theorem 1.3.1 and $ 1, Chapter III) 


E,(z, a) = e-?5I + f E, (2, te dt (Im 4 = 0), 
x 
with K,(z, y) the solution of the equation 


F(z- y) - E, (z, у) + f KV (o, t)F(t-- y) dt = 0, 


yo) = 5 Mge} f LU — SQ)? da, 
К=1 2л 


and set E,(0) = Е,(0, 0). According to property (a), we have (see 
(1.1.10) 


PE,(0) = [|+ fK, (0, t) d = yP, (8.1.4) 
` 0° 


where y is à non-zero number. 

Suppose further that G,(z) is the solution of (8.1.3) for 4 = 0 
satisfying the conditions G,(0) = 0 and G,(0) = I, so that as z — 0 
(see Theorem 1.2.1) | 


G (z) = z[I--o(z9?), бӨ\(ж) = IJ-o(x) (@<e). (8.1.5) 
According to Lemma 1.5.1, 
G(x) = 2Е%(0) +0(21—6), @ (x) = Ef (0) + o(z-*) (8 < е) 
as z — оо, and from this and (8.1.4), it follows that 
G,(z)P = yzP + o(231—79)P (0 = е) (8.1.6) 


as x — co; moreover, this asymptotic relation may be differentiated. 
2. Define . 


Y,(z) = — 39-19, (2)P, (8.1.7) 
Y(z) = Y, (2) [1-7- ў Y*()Y, (0) aw", (8.1.8) 
0 


and consider the transformation 
D(z, A) = Ф, (х, 2)  A?Y(z)W(Yt(z), Ф, (x, 2) (8.1.9) 
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(see (7.3.17)). According to Theorem 6.2.1, it takes any solution 
@,(a, А) of (8.1.3) into a solution of 


Y" —(V,(z) + 2[Y (z) YT (zx) SY +2 = 0. (8.1.10) 
Now, (8.1.5)—(8.1.7) show that for any 0 = € 
Y, (z) = [73721 + о(21+ө)]Р, (к — 0), 
Yi(z) = [—3yI-ro(z9)]P (8.1.11) 
Y,(z) = [—8zI t o(z1-9)]P, Y1(z) = [—31-o(z-9)]P (= e), 
and it is easily verified from (8.1.8) that 
Y(z) = [yz-?I + o(z-2*9)]P, 


(z — 0), 
Y'(r) = [— re (1—3*6)]P (8.1.12) 
Ү(х) = [z-?1--0(z-?—9)]P, Y'(z) = [—2z-731-Fo(r-3—9)]P (= — e). 
Hence, 
2[Y(x)YT(z)) = 6z-2P -o(z-?*9) (x — 0), (8.1.13) 
2[Y (z)Y T(z)| = 6z-?P + o(a—2—9) (ж — e). 
Writing equation (8.1.10) in the form 
Y" —[V(a) + 6a—-2P]¥ + АУ = 0, (7.1.0) 
in which 
V(x) = V,(z)-2[Y(z)YT(z)| —6x-?P, (8.1.14) 


we conclude that V(x) is Hermitian along with V,(x) and satisfies 
(7.1.1.) by virtue of (8.1.2) and (8.1.13). 

We now show that, the boundary condition Y(0, 4) = 0 is preser- 
ved under the transformation (8.1.9). If P(x, 4) is a solution of 
(8.1.3) such that $19 (0, 4) = 0, then by (8.1.11) we obviously have 


lim W(Yt(z), P(x, 1)) 20. 
x0 


Therefore, according to Lemma 6.3.1, the transformation (8.1.9) 
applied to (x, 1) is expressible as 


P(x, 4) = G(x, 2) -Y (a) ў ҮЗ Фю(@, Л) dt. (8.1.15) 
0 


Making use of (8.1.11), (8.1.12), and Theorem 1.2.1, we conclude 
from this that ®(0, 4) = 0. 
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It is also easy to see that the transformation (8.1.9) does not 
effect the asymptotic form of solutions at infinity (see Lemma 
(7.3.4)). 

"Now formula (8.1.15) can be applied, in particular, to the solutions 
U(x, A) of equation (8.1.3) (A> 0; A = A, k= 1, 2,..., р), for 
which the following Parseval equality holds: 


AU АОФ; + 
+21. | U (Ð; А) (Ф; 1) дА = | Ф(ж)Ф*(х) dx, (8.1.16) 
0 ò 
U (Ð; А) = Lim. J oau (a, A) dz 


and which behave at infinity like 
Uy (a, А) = е1 —e-?*8( — 2) + o(1) (A > 0), 
Uy (x, А) = eeM, + 0(1)] (k = 1, 2,..., p). 


There results 


(8.1.17) 


x 
U(x, А) = О, (z, A)+¥ (x fri (tU, (t, A) d 


(4-0; A=A,, k-1, 2,.... Ф). 


These matrices satisfy equation (8.1.10), the boundary condition 
U(0, 4) — 0, and at infinity are asymptotically equal to the func- 
tions in (8.1.17). Applying Theorem 6.3.1, we further find that a Par- 
seval equality analagous to (8.1.16) holds for these matrices. 

This means that if the data given in (8.1.1) has the properties 
1°, 2°, and (a), then it comprises the scattering data for the problem 
(7.1.0)—(0) with a potential V(z) which can be determined from 
(8.1.14). 


$ 2. Case (b) 


1. Consider any given unitary. matrix S(A), negative numbers 
А2, Aj... AL. and Hermitian matrices M,, М,,..., M, and let 
42 = 0. Suppose now that the conditions 1°, 2°, and (b) hold. 
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By the condition (b), the equation 


«(+ f «(£)F(t-- E) d£ = 0, 0 < <<, (8.2.1) 
in which ° 


p—1 2 
=> мрен 2. | [I — 8(Д]е da, 


k=1 


has a non-trivial vector solution z(t) which is unique to within a 
scalar factor; moreover, its Fourier transform Z(4) is such that 


lim 2904) (1—Р) = 0. (8.2.2) 


Tt follows from this that Z(4)P x0, otherwise 12%(4) would be the 
Fourier transform of some solution of (8.2.1).2 Therefore, there 


exists a negative quantity A2?(Im Ay = 0) distinct from all AZ such 
that 


Z(Ag)P #0. 
Letting 
М,=Р, 
F(t) = F(t) + M3 e-t, 
we find that the equation 


«0 fat F(t+£) d£ = 0, Osteo 


has no non-trivial solution because of the corollary to Lemma 3.4.1. 
Now taking into consideration that the given data has the pro- 
perties 1° and (b) and that M, and M, are of the same rank, we 


2 According to the corollary to Lemma 3.4.1, the vector x(t) is a solution 
of (8.2.1) if the following conditions hold: 


*(—4)8(4) = 2) (mA=0), (A) Ma =O (ek =1,2,...,p—l). 


It із clear that both Z(A) and 12241) satisfy these conditions, and also that 
both these functions are regular in the lower halfplane. 

Finally, by the remark 2 of Theorem. 3.5.1, (4) can be represented in 
the form (3. b. б) from which it follows that AA) may tend to zero no 
slower than А? when А oo. Thus, i lim › 22204) = 0, Yhen A72(A) would 


be the Fourier transform of some solution of (8.2.1). 
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conclude that S(A), Az, and M, (k = 0, 1,..., p—1) comprise the 
scattering data of а non-singular boundary-value problem. Moreover, 
the Hermitian potential V,(z) of this problem satisfies the condition 


J а1+9 | У, (x) | dz == (—e<@<s) (8.2.3) 


0 


(see $ 1 of Chapter V and footnote 1 of this chapter). 
Let E(x, A) be the special solution of 


Y" — V, (2) +2Y = 0 (8.2.4) 
and set E,(4) = E,(0,2). By the same reasoning used in the proof 
of Theorem 3.5.1, it can be shown that с (7.4.27)) 


24. 


(A) = 72 — 22 


Tlo) No Ea (A) = у МЕ, (4), 


E 


where c is any constant vector, and Nọ is the residue at the simple 
pole 4) of E4!(4). This and (8.2.2) imply that NQ(I—P)-— 0 or 
МУР = N, Furthermore, E,(A))P = E,(4,).M, = 0, i.e., P is a pro- 
jection onto the null space of the matrix E;(4,). Hence, by (3.1.7), 
PN, — N, and so 


NSPNQP-*»P, (8.2.5) 


where v is some non-zero number. 
2. Consider the matrix 


Y, (x, Ap) = By (zx, Ap) My =E; (x, АР (8.2.6) 
consisting of one non-zero column, a normalized vector eigenfunc- 


tion of the problem (8.2.4)—(0) corresponding to the eigenvalue 
42. Since by (3.1.8) 


Е, (0, A)P —-2A,N$ АР, 
where 


4= J Eg (z, Ao) E, (z, Ao) da 
0 


(P is a projection onto the null space of the matrix Z,(A,)), it follows 
that 
Y,(0, Ap) = E;(0, 4)P — 244», P A,P = »P 


(вее (8.2.5)). Here, v = 0 because A, is a positive definite matrix. 
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From this last result and (8.2.6), we conclude that 
Ү, (2, Ao) - 8, (x, Ap)P, 

in which G(x, Ay) is the solution of (8.2.4) for A = A, satisfying the 
conditions G,(0, 4) = 0 and G,(0, A,) = I. Therefore, for any 0 = e, 
we have in virtue of (8.2.3) and Theorem 1.2.1 
Y,(z, Ao) = [val + 0(21+)]Р, Үз (х, Ap) = [PI +0(x*)]P (z—0). (8.2.7) 

Now let G,(z) be the solution of (8.2.4) for А = 0 satisfying the 
conditions @,(0) = 0 and G@,(0) = I. By Lemma 1.5.1, this solution 
has the asymptotic behavior, 
G(x) = zE$(0)--o(zi-9), G(x) = EF(0)+o0(z-*) (= — œ), (8.2.8) 
for any 0 = г. 

Lemma 8.2.1: If det E,(0) = 0, then 

E, (0)= E, (0)P #0. 

Proof: If det £,(0) = 0, then by the corollary to Theorem 5.6.2, 

S(0) = I and by 2° 
S(0) = —(I—P)4 P. (8.2.9) 

This implies that the rank of /— S(0) is one, and since the dimen- 
sion of the null space of the matrix Е,(0) is equal to the rank of 
I—S(0) (see (5.6.20)), it follows that H,(0) = 0. 

Now consider the relation 

Е, (A) = E,(—A)S(a), 


which is a consequence of the factorization of the matrix S(4) (Cf. 
(2.3.3)). Letting A approach zero in this and taking into considera- 
tion (8.2.9), we obtain 
E,(0) = E,(0)[—(I— P) + P]. 
Thus, E,(0)(I—P) = 0, and the lemma is proved. 
Lemma 8.2.2: There exists a matrix A such that 
Et(0)A = —8P, AP = A. 
If det E,(0) # 0, then these relations determine A uniquely; however, 
if det E,(0) = 0, then there exists a one-parameter family of matrices: 
satisfying these relations. 
Proof: When det Е,(0) # 0, we evidently can take 


А = —3[E2(0)] ?P. 
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If det E,(0) — 0, then according to Lemma 8.2.1, 
Е,(0) = (o з 


ө ) lea [2+] ean = 0 


е» 
and it is easy to see that the matrix 


4 0 В , 12 , 


0 _В » if е = 0, 
0 -3eg 


where f is an arbitrary parameter, satisfies the necessary require- 
ments. 


Let А be any matrix for which the conditions of Lemma 8.2.2 
hold, and set 
Y,(z)—G, (x) А. (8.2.10) 
"Then for any 0 = e, we have by (8.2.8) 
Y,(z) = [—Bel +о(22—8)]Р, 
Y; (z) = [—81I-40(z-9)P. 
8. We now define 


(z — =). (8.2.11) 


x -1 
Y (z, Ap) = Yo(a, А0) [1-Р+ [rt ÀAo)Y (t, Ao) a| (8.2.12) 
0 


And we consider the transformation 
Ф, (x, А) = Ф, (х, Л) + 
+Y (x, Ap) ИУ (z, Ag, Dy (x, A)} (22 — 28)-2. 


According to Theorem 6.2.1, it takes any solution ©,(x, 4) of (8.2.1) 
for А # A, into a solution O(z, 4) of 


Y" —V,(z)Y -- AX = 0, (8.2.14) 


(8.2.13) 


where 


V, (2) = V, (2) — 2[Y, (2, АЕ (2, Ag- (8.2.15) 
From (8.2.6) and (8.2.12), it easily follows that Y.(x, Ay), Y4(v, A9) 


and their derivatives decrease exponentially as z — оо. Thus (see 
(8.2.3)), 


fare | Vy (ж) | de «e (0 = г). (8.2.16) 
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By making use of (8.2.7) and (8.2.12), we then find that for any 
Ө = = 


= [8y—1q72 —24- 
Yj (%, А) = [—6v712^8I + o(z-5*6)]P 
У, (2, А) (а, А) = —62-:P-ro(a-2*9) (= — 0) 
and therefore (see (8.2.3) and (8.2.15)), 


Ја |7, (о) –60—2Р |с сео (0 < е). (8.2.18) 
0 . 


Let U.(z, A) (A> 0; А = Ал, Е —0, 1,..., p—1) be a complete 
set of normalized matrix eigenfunctions of the problem (8.2.4)—(0) 
for which & Parseval equality analogous to (7.4.18) holds and which 
have the following asymptotic behavior at infinity: 


U, (x, А) = e?*xI—e-?x8( — А) + o(1) (A > 0), 
U, (a, Аһ) = еМ, + 0(1)] (k = 0, 1, ...,p—1). 
Since U,(z, A) and Y,(z, Aj) are both O(z) as x — 0. 
lim W(Y2(z, Ao), U, (2, 2) = 0 
&—0 


(8.2.19) 


and by Lemma 6.3.1, the transformation (8.2.13) applied to U,(z, A) 
may be expressed as 


U (x, A) = О, (a, 2) -Ү, (2, A) J Y£ (t А)0,0, A) dt 
0 


(C£. (7.4.21): 

By the use of this formula, the reasoning of $ 4, Chapter VII can 
be repeated literally to show that U,(z, Aj) = О запа that the mat- 
rices U(x, 4) (А > 0; А = Àk, k = 1, 2,..., p—1) are solutions of 
(8.2.14) vanishing at r — 0 and having the same asymptotic form 
at infinity as the U,(z, A); moreover, а Parseval equality such as 
(7.4.23) holds. Thus, the matrices U,(x, А) comprise a complete set 
of normalized eigenfunctions of the problem (8.2.14)—4(0). . 

4. We now let Y,(x) denote the solution of. (8.2.14) for 4 = 0 
which is the image of Y;(r) under the transformation (8.2.13). From 
(8.2.7) and (8.2.10), it follows that 


lim W(Y(z, Ao), Y,(2)) =0, 


з According to (8.2.6), U,(z, 4,) = Y ,(z, 4). 
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so that by Lemma 6.3.1, 


x 


Y,(z) = Y,(z) —Y,(z, А) f PF(t, Ag, (t) dt. 


0 
By then applying (8.2.17), we find from this formula that 
Yi(z)—-O(z)P, Yi(z)-O(1)P (ж — 0). (8.2.20) 


This formula in conjunction with (8.2.11) also shows that Y,(z) has 
the same asymptotic behavior at infinity as Y,(x), i.e., for any 
0 E 


Yi(z) = [— 351 + 0(2176)]P, 
Y; (2) = [-31--o(z-9)]P 
But by (8.2.20), 


- (ж —> ©). (8.2.91) 


lim W{Y¥(z), Y,(z)) —-0. 
x—>0 
Therefore, if we define 
Y(z) = Y, (x) |: — (1+ m?)P — f YF (HY, (0) af , (8.222) 


in which mP — M, (see condition (b) on the given data), then by 
Theorem 6.2.1, the transformation 


Diz, A) = Ф, (z, А) -À-3Y (x) W (2), Ф, (z, 2)) (8.2.93) 


will take any solution Ф, (=, 4) of equation (8.2.14) for А = 0 into a 
solution (x, 4) of 


Y" — (V, (а) 2[Y (z)Y T (X) ) Y +4 = 0. (8.2.24) 


: It is easy to show by the use of (8.2.20) and (8.2.21), that (8.2.22) 
leads to the relations 


Y(z) —O(z)P, ¥’(z)=O(1)P (ж — 0), 


Y(z) = [12I + o(z-?—9)]P, (к — =) (8.2.25) 
Y'(z) = [—2zx^73I--o(z-3-9)]P . 
for any 0 <<. As а consequence, 
2[Y (z)Y T (z) = O(z)P (= — 0) (8.2.26) 


and 
2[Y(z)Y*(z) = 62-2P 4-o(z-2-9) (x — œ). (8.2.27) 
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If we write (8.2.24) in the form 
Y" —[V(z) + 6z-?P]F +Y = 0, (7.1.0) 
where 
V(x) = V,(z) + 2(Y (z)Y f (x)Y — 6х—?Р, (8.2.28) 
then by (8.2.16), (8.2.18), (8.2.26), and (8.2.27), we find that the 


Hermitian matrix V(x) satisfies the condition (7.1.1). 
We next observe that 


lim W(Yt(2), U,(z, 2)20 (AHO; А=А, k=1, 2,..., 1), 
x—0 


and therefore according to Lemma 6.3.1 the transformation (8.2.23) 
applied to U,(z, 4) may be written in the form 


U(z, А) = 0, (а, А) -Y (a) j Y*()U,(t 2) dt. — (8.2.29) 


An immediate consequence of this is that U(0, Л) = 0 (å > 0; å = A, 
k = 1, 2,..., p—1). Also, just as in the case of Lemma 7.3.4, it is. 
possible to show that the transformation (8.2.23) does not effect 
the asymptotic form of solutions (A # 0) at infinity, and therefore 
(Cf. (8.2.19)) 


U(x, А) = e?*I —e-?xS( — A) + o(1) (A > 0), 
U(x, Ay) = eM, + 0(1)] (k = 1, 2,...,p—1). 


Finally, applying Theorem 6.3.1 in conjunction with the. formulas. 
(8.2.29), (8.2.22), and the Parseval equality for the matrices U,(z, A), 
we obtain the Parseval equality 


(x — eo). 


J ФФ) dx = 5 UD; АЧФ; 29 + 
R=1 


0 


1 oo 
+ | ve AJU*(D; 2)dÀ, 
0 


U(®: 4)—lim. f Фе), А) dx 
0 


(see the derivation of (7.4.24)), where A, = 0 and U(x, А) = mY (a). 
By (8.2.25), U(0, 4) = 0 and as z — оо 


U(z, Ap) = x ?[mP + 0(1)] = x-?[M,, + o(1)]. 
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These results clearly show that the given quantities (4), Az, and 
M, (k = 1, 2,..., p) satisfying the conditions 1°, 2°, and (b) com- 
prise the scattering data of the problem (7.1.0)—(0) with a potential 
V(x) determined: by (8.2.28). 


§ 3. Case (c) 


1. Consider any given unitary matrix S(A), negative numbers AZ 
and non-negative Hermitian matrices M, (k = 1, 2, ..., p) with the 
properties 1°, 2°, and (c). 

Let 


Fu) = 3, | 1—8”, 


p . 
Fi) = 2 Meet + Р, (t). 
К=1 
According to (c), ^, = 1, so that the equation 
a(t) + f a(5)F(t-- 5) d£ = 0, 0zt- (8.3.1) 
0 
has one independent solution with a Fourier transform Z(4) satis- 
fying the conditions 
lim 222(4) (I—P) = 0 (8.3.2) 
x—> eo 
and 
z(0)(I—P) = 0, if 5S(0)- І. (8.3.3) 


From (8.3.2) and the uniqueness of the solution of (8.3.1), it fol- 
lows that (A) Р Æ 0 (see footnote 2 of this chapter), and therefore 
for some pure imaginary value of Aj (Im А, = 0) we shall have 


%(Ap)P #0. (8.3.4) 


We may also assume that A2 = 42 (k = 1, 2,..., p). 
We now take some positive quantity a such that æ = |A&| (Ё —0, 
1,..., p) and we form the matrix 


Т(А) = 1—2a(x + 4) 1Q, (8.3.5) 
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where Q is tentatively any Hermitian projection matrix of rank 
one. 


It can be verified directly that 
ТОА) (д) = T(-A)T(A) = I (A = tix), 
T(—24) = T*(4) (Im 4 = 0), 
and therefore for real values of A, T(A) is a unitary matrix. The 
matrix 
(А) = TQ)SQ)TA) (-= < A <=) (8.3.6) 


is also clearly unitary. 
We now set 


M,=P 
and introduce the non-negative Hermitian matrices 


Й, = T(—A,)M,U;, (k = 0, 1,..., p) (8.3.7) 
determined by the polar decomposition‘ 
Т(-А)Мь = Йй (U,UF=1;. k=0, 1,..., p). 
Й һ clearly has the same rank as M, for all values of k. 
Lemma 8.3.1: The projection Q of rank one appearing in (8.3.5) 
may be so chosen that the aggregate of quantities S(A), Аў, and Mp 


(k = 0, 1,..., p) possess the properties of the scattering data of the non- 
singular boundary-value problem. In this connection, the matrix 


Ê.) = = | U — 8(А)]е da 


will satisfy the inequality 


f es fat = = (—£ < 0 =< е). (8.3.8) 


0 


Proof: Applying (8.3.5), (8.3.6), and the convolution theorem, we 


can express F (t) in terms of F(t) by means of formulas corres- 
ponding to (7.6.3) and (7.6.4). A straightforward computation then 


Shows that for any choice of Q, the matrix S) has the properties 
I, and II, whenever S(4) does. Moreover, both F.(t) and F;(t) sa- 


4 See footnote 5 of Chapter VII on p. 206. 
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tisfy (8.8.8). The other properties in which we are interested are 
related to the integral equations 


u(t) + IPC, d = 0, 0 - t =, (8.3.9) 
0 


0 


—v(t)+ f oE) Ps (t--5) d£ = 0, — e <t=<0, (8.3.10) 


w(t) + fee, (¢+é)d— = 0, 0=5# = ә, (8.3.11) 
0 
in which 


Fe) = D dpa P. 
R=0 


It is necessary to choose Q in such a way that the first two equa- 
tions have no non-trivial solutions and such that the number of 
linearly independent solutions of the third is equal to the sum of 


the ranks of the matrices M, Й,, e) M,. 
In the case (c), the equation 
0 
—y(t)+ fs(F,(t--5)E = 0, — ә < #5 0 (83.12) 


either has no non-trivial solution (n, = 0) or has one such solution 
(n, = 1). 

These two cases must be treated separately. 

(1) п, = 0. In this case, the number of linearly independent so- 
lutions of 


z(t) + fag F,(t+&) dé = 0, О=#= ә (8.3.13) 


is equal, by assumption, to the sum of the rànks of the matrices 
M, М,,..., M, (пз = т). It is also known (by the corollary to Lemma 
3.4.1) that the non-trivial solution x(t) of (8.3.1) is simultaneously 
a solution of (8.3.13), and its Fourier transform Z(4) is such that 
Z(A,)M, = 0 for k = 1, 2,..., p. Therefore, if 2(t), 29X(t),..., 206) 
are linearly independent solutions of (8.3.13) and Z((4), 2()(4),..., 
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2404) their Fourier transforms, then 


202) = 2 y; 29 (4) 
and 


2 yj ЗФА) My, = 0 (k = 1, 2,..., p). 


where y; are certain numbers which are not all zero. 
This implies that the homogeneous system 


T 

D> G2? (Ap) M, = 0 (k = 1, 2,...,9p) (8.3.14) 
ј=1 

of r linear equations (since the sum of the ranks of M,,..., M, is 
r) in the r unknowns сі, 6»,..., Cp has a non-trivial solution y,, ys,..., 
y. From the uniqueness of the solution of (8.3.1) easily follows 
the uniqueness of the solution of the system (8.3.14). This means 
that the rank of the system is 7—1, i.e., one of the equations of 
the system is linearly dependent on the. others. Without any loss 
of generality, we may assume that this equation is the one associa- 
ted with M, and that M, is of rank one. This is obvious if all of 
the matrices M, are of rank one; however, the stated assumption 
may always be satisfied. In fact, if any of the matrices M, are non- 
singular, then it is merely necessary to represent it in the form 
Мк = aP +a, where a, and œ, are the eigenvalues of M, 
and QP and Q are mutually orthogonal projecting matrices of 
rank one, and to count the corresponding eigenvalues Az twice: once 
with the normalization matrix a4Qj and once with the normali- 
zation matrix „0. 

Since by (8.3.4) 


T - 
H(Ag\P= Х yi 9(s)P #0 
ј=1 


and since the equation of the system (8.3.14) associated with the 
matrix M, is linearly dependent on the others, the system 


, 
| ZeFXA_)Mp=0 (k=l, 2,.., p- 1), 
ё 


| 2 о29аор= 
ј=1 


has only the trivial solution. 
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But then it is easy to show that the aggregate of quantities S(4), 
Аў апа M; (k = 0, 1,..., p—1) is the scattering data of some non- 
singular boundary-value problem. Therefore, S(4) can be factored 
into the form 


S(a) = E-(—24)E() = E*(—2)[E*(A]-?, (8.3.15) 


where E(4) = E(0, A) and E(x, A) is the special solution of the mat- 
rix differential equation associated with this boundary-value prob- 
lem. Also, E-1(4) is regular everywhere in the lower half-plane ex- 
cept at the points’ do, А1,..:, Ap where it has simple poles with 
the residues No,- N, , (see $2, Chapter IT); moreover, the sum 
of the ranks of Ny, N,,..., Ny із equal to r. Finally, the matrix 
pee) is not zero, and H(—ta) is non-singular Therefore, 
E-1(—ix)E(A,)M, is also 8 non-vanishing matrix, and a vector 
а= {а и exists such that qE-1(—ix)E(4,) M, ; 0. 

Let the.matrix Q be а projection onto the “direction of q. 

Then it is obvious that the relation 


zQE-Y—ix) E (4,)M, = 0 


may be satisfied if and only if x is annihilated by Q, i.e., zQ — O. 
The matrix Q will be used to construct the matrix T(A) defined 
by (8.8.5). 
From (8.3.6) and (8.3.15), it follows that 


(А) = T()E-1( — 2)E(A)T(A) = T(A)E*( — 2) [E*(4)]- 4T (4). 
That is 


(2) = É-X—2)£(4) = E*( 2) [Е%(4)]-, 


where E(A) = E(A)T(A) is regular in the lower half-plane, and E-\4) 
is regular in the lower half-plane except for the points Ao, 4, .. ., 
Ap-1, and — іх where it has simple poles. In the neighborhood of 
the real axis, ЕҚА) and E-\A) behave like E(4) and E-1(4), respec- 
tively. | 


УЕ Е(А) Мр = 0, then the non-singular boundary-value problem in 
question would have AR as an eigenvalue with Mp the corresponding nor- 
malization matrix, whereas in reality it is not an eigenvalue (even if А2 
were ап eigenvalue, the corresponding normalization matrix would be 


orthogonal to Mp). The det E(—ia) then does not vanish since —ia + A, 
(k = 0,1 ,... P—1). 
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Hence, the remark 2 of Theorem 3.5.1 implies that the equation 
(8.3.10) has only the trivial solution and that the number of linearly 
independent solutions of (8.3.11) is equal to the sum of the ranks 
of the residues of the matrix E-1(1). But the residues Ño Nyy; 


N, a of 2-4) at the corresponding poles 4p, 41, ..., Аъ are related 
to the residues N, of the matrix E-1(4) by the obvious formula 
Й, = T(-A)N, (= 0, 1,...,p—1). 

Moreover, by (8.3.5), its residue at the pole — іх is given by N= 
= —2ixQE- 1(—ix) and therefore Ў is of rank one. 

Thus 
p—1 


^ ^ p—1l 
P rank N,--rank № = „2 rank N,--1 = r4 1, 
=0 =0 


and since 


р А р - 
rank M, — rank M,+rank M, = r+1, 
R=0 к A ? 


the number of linearly independent solutions of (8.3.11) is equal 
to the sum of the ranks of М, My, ..., Mp. 

We must still show that if Q is chosen as above, then the equation 
(8.3.9) has only the trivial solution. 

According to the corollary to Lemma 3.4.1, any solution u(t ) of 
(8.3.9) belonging to L2,)(0, oc) is simultaneously a solution of (8.3.11) 
and its Fourier transform (Л) satisfies the conditions 


(А) Й, = U(A,)T(—A,)M, = 0 (k = 0, 1,...,p). (8.3.16) 


Inasmuch as u(t) is a solution of (8.3.11), by the remark 2 of Theo- 
rem 3.5.1, we have 





#0) = 2 ж ае АЙ) 
-3 x (Ay) P( — Ay) Ny E) (A) — 
4x3? a, o, ou, 
рах Ul — e09E — ia) EQ)TQ). 


But (8.3.16) implies that 
(АА) (А) = 0, (k = 0, 1,... p—1) 
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(see footnote 20 of Chapter IIT). Therefore 


2 
H(A) = 5 &(—ix)QE-—ix)E(A)T(A), (8.3.17) 
and 
А) Ap) Mp = — EL (ix) QE — ia) Elp) My —0 
24 р) (— р р Fear 4C 9900 ( — ёх) (Ap) р —`“, 


ог 
Ù —ix)QE-X — ix)E(4,) M, = 0. 


Because of our choice of Q, this last result shows that %(—ix)Q = 0, 
and hence, from (8.3.17) we conclude that 2(4) = 0. This means 
that the equation (8.3.9) has only the trivial solution. 

Thus the lemma is proved for the case n, = 0. 

(2) n; = 1. Let g(A) denote the Fourier transform of the non- 
trivial solution of equation (8.3.12), and let us show that 7(ix) 7 0 
for all positive values of х. Equation (8.3.12) is equivalent to 


y(—-4)8() = —¥(A) (— = < å < œ). 


This equation is obviously satisfied by both 9(4) апа the vector 
function 


FPA) = (4+) y(4). 


Now if (ix) were zero for some value of х > 0, then both 7004) 
and 7(4) would be regular in the lower half-plane. As a consequence, 
they would be the respective Fourier transforms of certain solutions 
of (8.3.12). Since 7(4) and 7X4) аге clearly linearly independent, 
this would contradict the fact that this equation has a unique solu- 
tion (n, = 1). Hence, (ix) # 0 and there exists a projection Q of 
rank one such that 


3 (4x)Q 40. (8.3.18) 


We now take this matrix Q as Ње one defining T(A) in (8.3.5). 
With this choice of Q, we can show that (8.3.10) has only the 
trivial solution. Suppose that ?(4)is the Fourier transform of some 
solution of this equation. The vector function ?(4) is regular in the 
upper half-plane and for real values of 4, 
8(-250) = —90), 
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which by (8.3.6) can be expressed as 
$(—A)T(A)S(4) = —$9(AIT(—2) (— = =< À =<). 

Now according to (8.3.5), 9(4)7(— 4) is also regular in the upper 
halfplane and from the last equation it then follows that ?(A)T(— 2) 
is the Fourier transform of a solution of (8.3.12). By virtue of the 
uniqueness of this solution, 

v(A)T( — 4) = у9(А), 
where y is some constant, and as a result (see (8.3.5)), 
D(A) = VIATA) = уў(А) [I —2x(x + 33) 1Q]. 
This and (8.3.18) show that if y 7 0, then 2(4) will have a pole at 
the point 4 = ia, which is impossible. Thus у = 0 and hence (A) = 0. 
In other words, (8.3.10) has only the trivial solution. 
But then in this event, SQ) is the scattering matrix of some non- 


singular boundary-value problem (see Theorem 5.6.1) and can 
therefore be represented in the form 


ĝa) = E£-X—2)£(4) = E*( — 2) [E*(4)], (8.3.19) 
where E(A) = E(0, A) and Ez, A) is the special solution of the mat- 
rix differential equation associated with this boundary-value prob- 
lem. The matrix E-!(4) is regular everywhere in the lower half- 
plane except at a finite number of points 7,, 9, ..., 7, on the imagi- 
nary axis where it has simple poles and corresponding residues of 
№, ..., М, | | 

From (8.3.6) and (8.3.19), we next have 

В(А) = T(- 2É*(- 2) [£*()]7T(72) = 

= T(—4)E*( — 4) [T Ba), 


and from this and the existence of a non-trivial solution of (8.3.12) 
it can be shown that 


A, E(—4x)Q = 0 (k == 1, 2, .. 4D). (8.3.20) 
The proof is exactly the same as that of the equation (7.6.13). 
Let us now consider equation (8.3.11). The Fourier transform 
(A) of any solution of it is regular in the lower halfplane and is 
such that £(—24)8(4) = B(A) for real values of 4. By (8.3.19) and 
the remark of Theorem 3.5.1, we also have 
1 


wa) = > 


2, 55 
РАЛ RoR (vy). Ny E(A). (8.3.21) 
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From this and (8.3.20) it then follows that the vector function 
@(A)T(—A) is also regular in the lower halfplane, and moreover, 
satisfies the equation @(— A)T (4)8(4) = W(A)T(—A) (—e9 < А « оо). 
In other words, it is the Fourier transform of some solution of (8.3.13). 
Conversely, if Z(A) is the Fourier transform of some solution of 
(8.3.13), then it satisfies the relation 2(—4)S(A) = #(Д) (—oo < А< 
< oo) or the relation Z(—4)T(—4)8(4) = Z(A)T(A). But since 
(A) T(A) is regular together with 2(4) in the lower halfplane (see 
(8.3.5)), it must be the Fourier transform of some solution of (8.3.11). 

Ав a consequence, (8.3.11) and (8.3.13) have the same number 
of linearly independent solutions. Since the number of linearly inde- 
pendent solutions of (8.3.13) is, by assumption, one more than the 
sum of the ranks of M,, М», ..., Mp, this shows that the number 
of linearly independent solutions of (8,8.11) is equal to 


p D ^ р ~ 
> rank M +1 = Drank M,+1= Drank M, 
k=1 k=1 k=0 


Hence, the quantities S(4), A, and M, (k = 0, 1, ..., p) have the 
property V. . 

. Finally, consider the equation (8.3.9). Since any solution u(t) of 
this equation is simultaneously a solution of (8.3.11), its Fourier 
transform 2(4) satisfies the relation (8.3.21). Hence, according to 
(8.8.20), 4(A)T(—24) is regular in the lower halfplane. The corollary 
to Lemma 3.4.1 further yields 


(А) А) = UA) (Пал = 0); V44)M, =0 (k=O, 1...) 
and hence (see (8.3.6) and (8.3.7)) 
U(—A)T(A)S(A) = WATA) (Im 4 = 0); 
U(A,)T(—A,)M,, = 0 (k = 0, 1,..., p). 


Taking into consideration the regularity of %(4)T'(—A) in the low- 
er halfplane, we conclude from these relations that %(4)7(—A) is 
the Fourier transform of a solution of (8.3.1) and moreover, such 
that «4(Ag)T(— А) И, = 0, where M, = P. Hence, by virtue of the 
uniqueness of the solution of (8.3.1), we have %(A)7(—A) = BZ(A) 
and BZ(A,)P = 0. Since %(A,)P #0 by (8.3.4), this implies that В = 0. 
This means that *(A) = BZ(A)T(A) = 0, i.e., the equation (8.3.9) has 
only the trivial solution. 
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Hence, the lemma is proved for both n, = 0 and m, = 1. 

2. Thus, S(4), Az, and M, (k = 0, 1, ..., p) comprise the scattering - 
data for a non-singular boundary-value problem. This problem is 
described by some equation | 

Y” — V. (zY +5%Ү = 0, О == = œ (8.3.29) 


and the boundary condition Y (0, 4) — 0, where according to (8.3.8), 
the Hermitian matrix V,(xr) satisfies the inequality 


f а+е|,(ж®}|4ат<= (-e<O<e). (8323) 
0 


Let E(x, А) be the special solution of (8.3.22) and set H#,(0, A) = 
= Е,(1). Then in exactly the same way as in $6 of Chapter VII 
(see formula (7.6.12)), we find that the following relation holds for 
the Fourier transform Z(4) of a solution of (8.3.1): 


~ 2 ~ 
. ZA) = = ar (ATO Ny ЕЁ, (А)Т( —Л) = 


= (42—48) aN, E, (A)T( — 4). (8.3.24) 


Here, №, is the residue of E31(4) at its pole 4, and a is any con- 
stant vector. From this last result and (8.3.2), we then find that 


М»„(1—Р) = 0. (8.8.25) 
Next, taking into account (8.3.5) and the regularity of 2(4) in 


the lower halfplane, we conclude from (8.3.24) that NyEs( — ix)Q = 0, 
and since N,P = No, | 





PE,(—ix)Q = 0. 


Therefore, 
E, (—ia)QE3(— ix) = (I—P)ES(—ix)QES(— ix) (I—P) = 
= k(I—P) 
and hence, 


Q = РЕ; —)(1—Р)[Е;(—)]* = IPC, 
where 
С = ES,1(— ix) (I—P). (8.3.26). 
It is easy to show that k? = c71, where c is a positive constant 
defined by the equation 
c(I — P) = C*C, (8.3.27) 
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апа hence 
Q-—c-71CC*. (8.3.28) 
In fact, © = Q? = k4CC*CC* = k?cQ, from which it follows that 
kc = 1 or k? = 671. 
Consider the matrix 

Y, (xz, —ta) = E, (2, — éx)C, (8.3.29) 
which is a solution of (8.3.22) for A = — ж. From (8.3.26) and (8.3.29) 
we conclude on the basis of Theorems 1.2.1. and 1.4.1 that for any 
Ө = = 


Y,(z, — іх) = e-**[C 4- 0(z—79)], 
Ү;(2, — ix) = —ae-*[0 +0(2-9)] 


Ү,(2, —ix) = I-P+o(2", 


(z ә), (8.3.30) 


> (x — 0). (8.3.31) 
Y;(z, —iæ) = o(z-1*9) 
Now consider the matrix 
Y, (z, do) = Е, (2, А) No, (8.3.32) 


whose non-zero column is an eigenfunction of the problem (8.3.22)— 
(0) corresponding to the eigenvalue 42. According to (3.1.7), (3.1.8), 
and (8.3.25), 


Ez (0, А), = 22,0 4,0, = 2A49,PN$ AN oP, 
where 


As f ES(x, А)Е, (2, A) dz, 
0 


апа this shows that 
300, 4) =H3(0, 4) No —2P, 
in which vis a non-zero constant. This leads to the conclusion that 
Y, (x, Ag) = [vxI + o(x1+9)]P, | 
Y; (z, Ao) = [PI + o(z9]P 
(Cf. (8.2.7)). 
Suppose that G(x) is the solution of (8.3.22) for 4—0 satisfying 


the conditions G4(0)—0 and @,(0)=I. Then according to Lemma 
1.5.1, 


(x — 0) (8.3.33) 


G, (z) = on +0(21—0), (к — =). (8.3.34) 


G(x) = BE (0) +о(—9) 


for any 0-е. 


VIII. RECONSTRUCTION OF SINGULAR BOUNDARY-VALUE PROBLEM 245 


Lemma 8.3.2: If det E,(0)—0, then 
Е, (0)T (0) = E, (0)Т(0)Р #0. 


This lemma is proved in exactly the same way as Lemma 8.2.1. 
In this connection, 1% is necessary to make use of the relation 


Е,(4) = E,Q(—A90) (2 > 0), 
ог (ѕее (8.3.6)) 
E,(4)T(—A) = Е,(— 2)7(А)8(4) (22 > 0), 
and to take into consideration that S(0)zI when det Е,(0)=0 


(because in that саве &(0) z I). 
Lemma 8.3.3.: There exists a matrix A such that 


E3(0)A = —3T(0P; АР = A; (I—P)A #0. 
If det Е,(0) 50, then A is uniquely determined by these conditions; 
on the other hand, if det H,(0)=0, then there exists a one-parameter 


family of matrices A satisfying these conditions. 
Proof: Suppose that det H,(0)#0. Then the matrix 


А = —3[E3(0)] 1T (0)P 
clearly satisfies the first two conditions of the lemma. Furthermore, 
(8.3.3), (8.3.24), and (8.3.25) imply that 
PE, (0)7(0) (I-P) = 0, 
and since T'(0)— TT*(0)—T'-1(0), it follows that 
(I—P)A = –3(1—Р)[Е%(0)]-27(0)Р = 0. 


That is, A also satisfies the third condition. 
Suppose now that det E4(0)—0. Then by Lemma 8.3.2, 


0 e 
вото) = (0 2) 11е o 
0 ey 
Thus, all the requirements are satisfied by the matrix 
—- ed 
0 --(3 + Bes)e ‚ if е #0, 
А 0 B 


0 В. ‚ d ез = 0, 
0 —8е 9 


where В is an arbitrary parameter. 
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Let A be à matrix for which the conditions of Lemma 8.3.3 hold 
and set 


Y, (х) =G, (x) A. (8.3.35) 
Then according to (8.3.34), 
Y, (x) = [—32T(0) + o(21—9)]P, 
Үз(ж) = [—9T(0) + o(z79)]P 
3. Now define 


(x — œ). (8.3.36) 


Y (z, —iæ) = 
= Y, (z, — ia) [2+ jte. — ia)Y, (t, EIE (8.3.37) 


and consider the transformation 
D (2, 2) = D (x, 2)— 
—¥, (a, — іо) ИУ (x, —ix), D(x, a)} (2-2). 
By Theorem 6.2.1, it carries any solution Фь(х, 2) (Az —ia) of 
equation (8.3.22) into a solution ®,(x, A) of 
Y"—V,(z)Y +Y = 0, (8.3.39) 


(8.3.38) 


where 
Valz) = V4(z)4-2[Y,(m, —ia)¥ E(x, —%)]/. (8.3.40) 
From (8.3.30), (8.3.31), and (8.3.37), we find that for @<e 
Fale, сш) = Pac [O96 (а) (взш 
Y, (a, —ta) = 2a?c-le*[C + o(a—9)] 
and 
Y, (x, —iæ) = Y,(0, —iæ) + o(a?), 
Ү; (2, —iæ) = olai*5) 


Moreover, 


(= — 0). (8.3.49) 


Y, (0, —iæ) = (I—P)Y,(0, —ix) # 0. 
Applying (8.3.31) and (8.3.42), we obtain 
2[Y,(z, —ix)Y$(z, — бә) = 0(=—1+9) (x — 0), 
which, by (8.3.23) and (8.3.40), shows that 
Ја |7,00) drze — (6-9. 
0 
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In order to determine the behavior of V(x) at infinity, it is neces- 
sary to sharpen (8.3.30). This is done by making use of Theorem 
1.4.1 and by then carrying out computations similar to those used 
at the beginning of § 5 of Chapter VII, where the transformation 
inverse to (8.3.38) was investigated. 

As a result, it is found that for any 0 == 


eo 


J >+ | V, (ж) | dz << 


and therefore V(x) satisfies the inequality 


Јаз 0, (a) | dz <= (—e<0<e). (8.3.43) 
0 


Let U(x, A) (A>0; A=A,, k=0, 1, ..., p) denote a complete 
set of normalized matrix eigenfunctions of the problem (8.3.22)—(0), 


so that Parseval’s equality holds, and such that 
Ü,(z, А) = ей] ех) ко) (4 > 0), 
0, (=, A) = e-IMP[M,--o1) (k= 0, 1,..., р). 


(к =) 


Since Y,(z, — іх) decreases exponentially as 2 — оо, Lemma 
6.3.1 can be used to express the transformation (8.3.38) as applied 
to U,(x, A) in the form 


0,02, 2) = бу(а, АР, —ia) | ҮЗ, а), 2) d 


(Cf. (7.5.24)). This result and Theorem 6.3.1 enable one to show, 
as in Chapter VII, that a Parseval equality also holds for the matrices 


0, Д) (42-0; A=A,, k—0, 1, ..., р). Furthermore, as in the 
proof of Lemma 7.5.4, we find that 


U(x, А) = e?*T(—2) —e-?*T(2)8(—2)--o(1) (А > 0), 
Ü,(z, Ay) = eT A) M, -o(1)) (k= 0, 1,..., р). 


= — co) 
(8.3.44) 

4. Now let Y (x, А„) be the image of Y,(z, 4,) under the transforma- 
tion (8.3.38). Define | 


Y,(z, А) = Y,(z, А) [1-Р+ JEEG АР, А) af (8.3.45) 
0 
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and consider the transformation 
Ф, (х, А) = Ф, (z, 1) + 
+Y, (2, AJW(Yz(z, A), Ф, (а, 2)) (32549)! 
According to Theorem 6.2.1, it takes any solution ®,(z, 4) (2# 2) 
of equation (8.3.39) into a solution ®,(x, 4) of 
— V,(x)Y -23Y = 0, (8.3.47) 


(8.8.46) 


where 
V(x) = Va (2) – 2[У, (a, AY (2, A9]. (8.3.48) 


It is easy to see that F(x, Aj and Р(х, Aj) and their derivatives 
decrease exponentially as z—-oo simultaneously with the matrix 
Үз(ж, A9) of (8.3.32). Ав a consequence, 


Јаз |V; (а) | бо (8 е), (8.4.49) 
since the analogous inequality holds for V,(z). 
Now by (8.3.31) and (8.3.33) 
lim W(Y$(z, —ix) Ү„(х, A) = 0 


so that by Lemma 6.3.1, the transformation (8.3.38) applied to 
F(x, Ag) can be expressed as 


Ү; (х, А) = (а, Ag) +Y, (а, —ta) f YE, —ta)¥ g(t, Ao) dt 


0 


Upon also taking (8.3.42) into consideration, we find from this 
result that for @<e 


Ү, (2, Ao) = [vzI + o(zt*9)]P, 
Y, (x, А) = [vI + o(a*)]P 
This together with (8.3.45) shows that 
Y,(z, Àj) = [87—12—21 4-o(z-**9)]P (x — 0). (8.8.51) 
Moreover, this relation may be differentiated. 
Thus, 
2[Y,(z, A)Yz(z, A] = — 6-Р +о0(2—2+0) (z — 0) 
which implies that (see (8.3.43) and (8.3.48)) 
f 201—6 | V4 (x) – вх—2Р | dz = о (0 е). (8.3.52) 
0 


(к — 0). (8.3.50) 
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The further investigation of the transformation (8.3.46) is a literal 
repetition of the portion of $ 5 of Chapter VII beginning with the 
derivation of formula (7.5.30) and ending with that of formula. 
(7.5.82). In this connection, account must be taken of the fact 
that (8.3.32) implies that Ü,z, Ag)—Yg(z, А) B where B is some 
constant matrix; therefore both Y;(z, Àj) and Ü,(z, 4,)=Y,(z, А)В 
are annihilated by the transformation (8.3.46), i.e., Û (z, åo) =0 

In this way we can ascertain that the matrices 0, (=, A) (4-07 
А=Аһ, k=l, 2, ..., p) obtained from 0 да, A) by means of the 
transformation (8.3.46) have the same asymptotic form at infinity 
as the latter matrices. Moreover, they satisfy Parseval’s equality 
and, as z— O0, can be represented in the form 


0, (а, А) = (I —P)Oq(0, A)z —Y,(z, — іа). А(А) +о(а1+0) 
(0 е). (8.3.53), 


A(a) = ЈУ, —ia)Û, (t, A) dt = (22 +) 100, —iæ)Û;(0, А) 


and 
x 
Y,(z, — ia) = Y,(z, —ix) —Y,(z, А) ЈУ A)Ys(t, — ia) dt 
0 
(8.3.54). 
is а solution of equation (8.3.47) for A=— іх. 


The proof of formula (8.3.53) is based on the following two proper- 
ties of the solutions Ü з(2, A) of (8.3.22): 


U,(0, 2) =0; Ü. (x, A) = o(e**) (a + <=). 


But the solution Y,(z) of this equation for A=0 also obviously 
has these two properties (see (8.3.35)). Therefore an expression 
analogous to (8.3.53) for x—0 holds for the solution Y (х) of (8.3.47) 
obtained from Y,(x) by the successive transformations (8.3.38) 
and (8.3.46), i.e., 


Y,(z) = (1—P)Y$(0)2—Y (а, — ix) A(0) +о(а21+9) (0. — е), 


(8.3.55). 
A(0) = «—#ҮЎ(0, —ix)Y3(0). 
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From (8.3.42), (8.3.50), (8.3.51), and (8.3.54), it follows that 
Y, (z, —ix) = Ү,(0, — іх) +о(2%) (0 = e) (8.3.56) 


as z—Ü, and that this relation may be differentiated. 
We next show that 


W(Yt(z, — іх), Y,(z, —ix)) = 0. (8.3.57) 
Since Y,(z, — іс) satisfies equation (8.3.47) for A= — ia, the Wronskian 
of YT(z, —ix) and Y,(z, —ix) is independent of х. But as хоо, 
Р(х, —ix)-—O(e*") by (8.3.41), whereas F(x, ay) and F(x, Aj) 
are O(e—*l*), with «< | Ag]. ` 
Therefore, (8.3.54) yields F(z, —iæ) — Y,(z, —ix)4-O(e- 7) 
as z—-oo, from which it follows that 


WIT (т, — ix), Y (2, —ta)} = lim Wi F(a, — ёх), Y (2, —ta)} = 
= lim W(Y$(z, — ta), Y, (2, —ta)}. 


х—>оо 


Now, by Lemma 6.2.2, the matrix Y,(z, —ia) defined by (8.3.37) 
is such that — 


W(Y£(z, —ix) Y (x, —i2)] = 0, 
and this leads to the required result (8.8.57). 
5. On the basis of (8.3.55), (8.3.56), and (8.3.57), 


lim W(YT(z), Y,(z)) = а У: (0) [ Y4(0, —4x)Y2(0, —i2) (I — P) + 
X—0 


and since the Wronskian of Y (х) and Y,(z) is independent of =, 
it follows that 


W(Yt(z) Y,(x)}=0. 
Therefore, if 


. х. a 
Ү(х) = Y (x) [1-0 +P- JIO, (t) i] , (8.3.58) 
0 
where m? is à positive quantity to be determined below, then by 
Theorem 6.2.1, the transformation 
P(x, А) = Ф, (e, Л) ÀY(z) W(Yt(z), Ф, (а, 2) (8.3.59) 


takes any solution Фу(х, A) (450) of equation (8.3.47) into some 
solution Q(z, A) of 


Y" — (V, (x) -2[Y (z)Y (2) ) Y +4 = 0. (8.3.60) 
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We then find from (8.3.55), (8.3.56), and (8.3.58) that as x—O0 
Y, (£) = Ү,(0) +о(а%), P(x) = Y(0)+o(x°) (0 — е), 
and these relations may be differentiated. 
Ав а consequence, 
Э[У(а)Р F (æ) = о(х-їз) — (2.0) 


for any @<e, from which we conclude by means of (8.3.52) that 
the Hermitian matrix 


V(x) = У, (х) + [У (z)Y f (z)] – 62Р (8.3.61) 
satisfies the condition 
J а1—9 | V(x) | ас (0 е). (8.3.69) 


To determine the behavior of V(x) at infinity, it is necessary 
to know the asymptotic form of Y,(z) there. From (8.3.30), (8.3.36), 
(8.3.38), and (8.3.41) it follows that 


Y,(z) = Y,(z)—Y,(z, —ix)W(Y$(z, — ia), Y,(x)}a-? = 
= [I —20-100* o(z-9)][ -32T(0)2-o(31-9)]P— (= =) 
— 2x7 1c 1[CC* + o(z—9)] | — 3T(0) + o(z79)]P. 


But since I—2c- 1CC* —T(0)—T-(0) by (8.3.5) and (8.3.28), we 
obtain ` 


Y, (x) = [— 821 + 0(21—9)]P (= — œ; 0 = е). 


Now Ү (2) із the image of Y,(z) under the transformation (8.3.46) 
which does not effect the asymptotic form of the solutions at infinity. 
Therefore for any 0 =є 


Y, (x ) — [— 321 + o(z1-9)]P (x — oo) (8.3.63) 
and by (8.3.58), 
Y(z) = [xI + o(z-2—6)]P (ж — e). 


Moreover, both of these relations may be differentiated. 
Hence, 


2[Y(z)Yf(x) = 62-8P+o(2-2-9) (==), 
from which we find, by (8.3.49) and (8.3.61), that 


fare | V(x) | da = (б<). 
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This result together with (8.3.62) leads to the inequality 
Јаз |002) | da < = (—6&-« 0 = c) 
0 


Thus, as а consequence of the transformation (8.3.59), we have 
obtained the equation (8.3.60) which can be expressed as 


Y" ~[V(z)+6a-*P]¥ + 22Y = 0, (7.1.0) 


where V(x) is given by (8.3.61) and satisfies the conditon (7.1.1). 
In order to show that the transformation (8.3.59) applied to 


Ui(z, A) can be written in integral form, it is necessary to compute 


lim W{Y¥¥(z), U,(z, 2)). 


x—>0 


To do this, we make use of (8.3.53), (8.3.55), (8.3.56), and (8.3.57) 
and we find that 


lim W(Y*(z), 0, (z, А)}= 
х—>0 


= — A*(0)Yf(0, — іа) (1 — P)O,(0, 2) 


T-Y$ (0)(I—P)Y,(0, —%) A(A), 
or after the insertion of the values of .4(0) and A(A); 


lim ИУ (а), Ü,(m Y= — 
| x—0 
= YT(0)—a-3Y,(0, —ix)Y*(0, —ix) (I —P) + 
+(A2+a2)-1(I—P)Y, (0, —ia)Y (0, — ia)]03(0, A). 
The formulas (8.3.31), (8.3.37), and (8.3.54) further yield 
Y, (0, —ix) = I—P, Y,(0, — іх) = (I—P)B, 


where В = || 0,, ||} is a positive definite Hermitian matrix. Thus 


lim W(Y*(z), 0, (а, a)}= 


x0 
= Y$'(0[—a-* — P)BU —P) + 
+ (42 -a2)71 (I P) B(I — P)JÛ; (0, a) = 
= — 320—042 a2)-715,Y 2 (0) (I—P)05 (0, 4). 
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From the properties of B it clearly follows that b, is positive. Finally, 
according to (8.3.53) and (8.3.55), 
0,00, 2) = —(A?+02)-3¥, (0, —ix)Y (0, 
— 0-2) (IP) BU — P)Ü Di, A 2 = 
= —b,,(4?+a2)-1(I—P\05 (0, 2), 
Y,(0) = –а-2Ү, (0, —éa)¥#(0, — а); (0 
= —a—?(I—P)B(I —P)Y; (0) = 
= —byx %1—Р)Ү 3 (0), 
and we finally obtain 


lim W(Y*(z), Ü,(z, 2) = —22b7¥*(0)0, (0, 2). (8.3.66) 
x-—0 . 


By means of these formulas and Lemma 6.3.1, the transformation 
(8.3.59) applied to Ü a, A) can be written in the form 


M 


(8.3.65) 


Ü(z, 4) = Û (z, 2)-Y(z) тоо a(t, a) d+ 


(8.3.67) 
+ ЬУ (2)¥*(0)0, (0, А). 


Hence, 

000, А) = [I +Y (OY 1(0))O, (0, 2) = 

= [I +Y (0) (I — P — m-*P)Y T (0)]U, (0, 2) 

(see. (8.3.58)). But from (8.3.64), (8.3.65), and the properties of 
Y,(x), it follows that 

(1—Р)Ү,(0)Р = Ү,(0) = || y;.(0) ||? = 0, (8.3.68) 

(I—P)U,(0, 4) = Ü,(0, 2), 
and so 
000, a) = (1 — 5m-? | y49(0) 2), (0, 2) (91200) # 0). 
Therefore if we choose 
т^ = byt | Y12(0) |? (8.8.6) 

in formula (8.3.58), we shall have 0(0, 4)=0. In other words, any 


matrix U(z, A) obtained from Ü (a, Л) by the transformation (8.3.59) 
will satisfy not only the equation (8.3.60) but also the boundary 
condition Y(0, 4) — 
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By means of the representation (8.3.67) analogous to (7.5.35), 
the very same reasoning of sub-section 5, $ 5 of Chapter VII can 
be used to show that Parseval’s equality holds for the matrices 
U(z, Д) (А20; A=A,, k=l, 2, ..., p). Since O(a, A) is the image 
of 0,2, Д) under the succesive transformations (8.3.46) and (8.3.59) 
which do not efféct asymptotic behavior at infinity, the matrices 
U(a, A) are asymptotically equal to the matrices appearing in (8.3.44). 

Now, in exactly the same way as in sub-section 6, § 5, of Chapter 
VU, we may go from U(z, A) to new matrices U(x, A) (A>0; A=A,, 
k=1, 2,..., p) also satisfying equation (8.3.60), vanishing at 
х=0, yielding a corresponding Parseval equality, and having the 
following asymptotic form at infinity: 

U(z, А) = e?*I —e-9x8(— 2) + 0(1) (4 > 0), 
U(z, Аһ) = е1 Мр + o(1)] (Е = 1, 2,..., р). 


Thus, we have shown that the given quantities S(A), Az, and 
My (k=l, 2, ..., p) consititute the scattering data for the boundary- 
value problem (7.1.0)—(0) with a potential V(x) determined by 
(8.3.61). 

Remark. Similarly, from 0, (z, A), we may obtain matrices U(x, 4) 
(A>0; A=A,, k=l, 2, ..., p) which are solutions of (8.3.47), 
for which Parseval’s equality holds, and which have the following 
behavior at infinity: 


U(x, А) = e?*I — e-?s8( — 2) + o(1) (A > 0), 
U,(z, Aj) = eM M, + 0(1)] (k = 1, 2,..., р). 
Here, U,(z, 4)=U,(a, А) T(4) (A>0) so that (8.3.66) yields 
lim W(Yf(z), U(z, А)} = —2ABYT(0)U,(0, 2). (8.3.70) 


$ 4. Algorithm for Determining the Potential Matrix. Examples 


1. In consequence of the foregoing analysis of the boundary-value 
problem (7.1.0)—(0), we have deduced the following fundamental 
result. 

In order for a unitary matrix S(A), numbers 4242 <... < 48 = 0 
and non-negative Hermitian matrices Му, Ma, ..., M, to be the 
scattering data for some problem (7.1.0)—(0) with a Hermitian 
potential V(x) satisfying the condition (7.1.1), it is necessary and 
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sufficient that the aggregate 
S(A), Аў, Mp (k = 1, 2,..., р) (8.4.1) 
have the properties 1°, 2°, and one of the properties (a), (b), or 
(o). 
An analysis of the results of $8 1—3 of this chapter also reveals 
an algorithm for computing the potential V(x) from the given scatter- 


ing data. Namely, in each of the three possible cases, there exists 
the formula (see (8.1.14), (8.2.28), and (8.3.61)) 


V(x) = V, (x) +2[¥ (z)Y (а) — 6272P. (8.4.2) 


Henee, it is merely necessary to show how the matrices V(x), Y,(x), 
and Y(r)-may be found from the quantities (8.4.1). 
The matrix V(x) always satisfies the condition 


Ја |У, (du (0-е) 
and therefore, by Theorem 1.3.1 and its remark, the equation 
Y" —У,(ж)Ү + %Ү = 0 (8.4.8) 


has the special solution 


E,(z, A) = eI + f K,(z, te-™ dt, (8.4.4) 
e 5 
апа 
d 
V, (2) = -2> Кү(т, а). (8.4.5) 


Furthermore, Parseval’s equality holds for the matrix functions 
U(x, А) = Е, (z, —A)—E, (a, 4)8(— 2) (A > 0), 

Us (х, А) - E, (z, А) М, (й=1, 2...., р; Аһ 0) 

(see (8.1.16), sub-section 3, § 2, and the remark at the end of 5 3 


of.Chapter УШ). Hence, according to $ 3 of Chapter IV, it follows 
that K,(z, y) is a solution of 


(8.4.6) 


Ki(z, y)+ P(z-- y) - f K,(z, t)F(t--y) dt = 0, (8.4.7) 
5 
in which 


F(t) = Z’ peciit = | [I —S(A)]e™ da, (8.4.8) 
Е 2 
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the summation extending over all non-zero eigenvalues in (8.4.1). 
We recall that by Theorem 3.4.1 the equation (8.4.7) has a unique 
solution K,(z, y) for any positive value of =. 

Thus, after determining the matrix F(t) from the scattering data 
(8.4.1) by means of the formula (8.4.8), we find Г, (2) by first solving 
(8.4.7) and by then making use of (8.4.5). 

As for the matrix Y,(z) = || yj, ||}, it is a solution of (8.4.3) 
for A=0 and satisfies the following conditions (see (8.1.11), (8.2.20), 
(8.2.21), (8.3.63), and (8.3.69)): 


(1) Yi(z)P—Y(z), 

(2) ¥y(a) = —3zP-ro(z!79) (= — оо), 

(3) Y,(0) = 0 and (I— P) Ү,(0) = 0 in the case (a); 

Y,(0) = 0 in the case (b); 
PY,(0) = 0, (I— P) Y,(0) z 0 in the case (c). 

The results of $$ 1—3 indicate that Y,(z) is uniquely determined 
by these conditions if S(0) = I; on the other hand if S(0) = I, 
then Y,(z) is uniquely determined only in the case (a) and in the 
other two cases, the expression for Y,(x) will contain an arbitrary 
parameter. We further note that if 


f a| V, (а) | dr<. 


then Ү;(х) may be found from the formula 


0 = Г 0 а 
Y = | K . | di 8.4.9 
e-( Lu 166 900 Lgs cm 


where x and f are determined by the conditions at z = 0. 
Knowing Y,(z), we can then compute 


. 5 -1 
Y(z) = Y, (x) [2-0 + т?)Р — Ј ҮҢ(ФҮ, (0) а | (8.4.10) 
0 
(see (8.1.8), (8.2.22), and (8.4.58)). In the case (а), m? has tbe value 0, 
in the case (b), we take its, value from the relation М, = mP, and 
in the case (c) 


m? = bii | Y12(0) |? (8.4.11) 
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(see (8.3.69)), where 011 is defined by the formula 
lim W(Yf(z), U,(z, 3)) = — А03 (0)0, (0, А) (8.4.12) 
x0 


(see (8.3.70)). | 

By then substituting the matrices V,(z), Y,(x), апа Y(z) thus 
obtained in the right-hand side of (8.4.2), we arrive at our desired 
potential V(z). In this connection, if S(0) — I, then both V(z) and 
Y,(z) wil be uniquely determined by the scattering data. However, 
when S(0) + 0, V(x) is uniquely determined only in the case (a). 
In the other two cases there exists а one-parameter family of Her- 
mitian matrices V(z) satisfying the condition (7.1.1) and such that 
the boundary-value problems (7.1.0)—(0) corresponding to them 
have the same scattering data. 


2. In conclusion, we give several examples illustrative of all the 
possible cases. 


Example 1. Suppose that 8(4) = I and that there is no point 
Spectrum. 

Then 

F,(t)— F(t)z0 

and conditions 1?, 2?, and (a) are clearly satisfied. 

From (8.4.7), we find that K,(z, y) = 0 and therefore by (8.4.5) 

Vi(z)z0. 

Now applying (8.4.9), and (8.4.10) and taking into consideration the 
conditions on Ү,(х) at z = 0, we obtain 


Y (z) = —32P, 
Y(z) = —8zP[I— P — 3а2Р]-1 = z-*P 
and thus by (8.4.2) 
V(x) = V,(z)-2[Y (z)Y (z)) —62-2P = 0. 
Example 2. Let 


Ati 
80) = 9 


and suppose that there is no point spectrum (note that S(0) z I) 
Since 1— (4) = —2(4—%)—1(1— Р), it is easy to verify that 
2e-(I—P) if s¢t>0_ 
0 , if ¢<0 


(1-Р) +Р 
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which, in turn, implies that 
F(t) = 2e-((1—P) (t > 0). 
A direct verification shows that the properties 1°, 2°, and (a) hold 


here just as in the preceding example. 
Solving the equation (8.4.7), we obtain 


K (z, y) = —e-"(cosh z)^! (1 — P), 
So that 


V (z) = -22 Ks, x) = —2(cosh z)-? (I — P). 
1 dz 


The formula (8.4.9) then yields 
тө = (0 Cemar), 
0 —32+8 
and since, in the present case, Y,(0) = (1 — P) Y,(0) = 0, it follows 
that x — B — 0. As a result, | 
Y, (x) = —3zP. 
Finally, by (8.4.10), we have 
Ү(х) = —8zP[I—P —3:3P]^! = т?Р. 
Substituting the expressions found above in (8.4.2), we arrive at 
V(x) = У, (2) = —2(cosh х)? (I — P). 
Example 3. Let 


р (А+) (A424) 5. an _ 
5(4) = (1 P) (a Bay (1—2) P; #2=0, М = тР (т > 0). 
Then 
t I—S(a) = —6iA(A — i) (4 —24)-1P, 
—2t__ Get i > 
Р) = [e 2_6e-)P, if t>0 
0 , if t <0, 


F(t) = (12e—2t —6e—4)P (t > 0), 


and it is not difficult to show that the conditions 1°, 2°, and (b) hold: 
the equation | 


a(t)+ f х(®) F(t-- 5) d£ = 0, О<{<‹о 
0 
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has the vector solution 
z(t) = (0, e-t— et) 


which is unique to within a scalar factor. 
Solving (8.4.7) and then making use of (8.4.5), (8.4.9), (8.4.10) 
and the condition Y,(0) = 0, we find that | 


Ky (x, у) = 3e-V(cosh x —e-V) (sinh хт) ?Р; 
V, (х) = 6(sinh z)72P; 
Ү, (z)=9(2)P, 
where 


g(z) = -3+2 (e-2*—1--2a)(sinhz)-?; (8.4.13) 


x 


V(x) = p(z)P |: —(14-m3)P — | pt) ap | = 


0 
x —1 
= —gí(a) | m+ fre d P. 
0 


One can easily show that the Hermitian matrix V(x) obtained 
from the above quantities by means of (8.4.2) satisfies the condition 
(7.1.1). 

Example 4. Suppose that 





_ Ati _. (А+) (A+24) 5. ap _ 
(m > 0). 
In this case 


2e-t(I —P)+(12e—*—G6e-)P, if t>0 
F,(t) = . 
0 , f t-«O0, 
F(t) = 2e-*(I — P) + (12e-?t — 6e—t)P (t > 0) 
апа as in the preceding example, it is possible to show that the 
given quantities have the properties 1°, 2°, and (b). We note, how- 


ever, that the distinction here is that S(0) = I. 
The equation (8.4.7) and the formulas (8.4.5), (8.4.9), and (8.4.10) 
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yield (Cf. Examples 2 and 3) 
K, (x, y) = —e-*(cogh z)7! (I — P) 4-3e-"(cosh х — e—") (sinh x)—2P; 
Vi (х) = — 2(cosh z)-? (1— Р) + 6(sinh 2)-2P; 
0 «tanhz 
Y.(z)— 
1 (2) C yle) ) 


where a is an arbitrary constant, and the function gp is the same 
as the one in Example 3 and given by (8.4.13); 


. x -1 
0 —g«tanhz [ me Ј {|æ |? tanh? t + g*(t)) a| 
Y(z) = ° 

x -1 
0 —9(z) [m+ f { [о |? tanh? t + g*(7)) a| 
0 

It is clear that the arbitrary parameter x, on which both Y,(x) 
and Y(z) depend, will enter into the expression for V(z). 

Example 5. Let S(A) be the same as in Example 4, and let 4? = —1 
and M, = I—P. 

These quantities have the properties 1°, 2°, and (c), and moreover, 


f, = 0. To satisfy ourselves that this is so, it suffices to observe 
that here F,(é) is the same as in Example 4, that 


F(t) = 3e-*(I — P) + (12e72t — 6e-)P (t > 0) 


and that the equation 
a(t)+ f (E) F(t-- £) dé = 0, 0=# = = 
б 
has the vector solution | 


a(t) = (0, e~ — e72}. 


which is unique to within a scalar factor. 
Now solving (8.4.7), we obtain 


-1 
Ky (z, y) = -3era (1 eget) (I—P)+ 
+ 3е—У(сов x —e~¥) (sinh т) ?Р. 
By (8.4.5), (8.4.9), and the conditions on Y4(z) at = = 0, we find 
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from this that 
—2 
V,(z) = —12e-* ( yet) (I — P) + 6(sinh z)-2P; 


0 а(х) 
Ү = 
Gl (о н) 


where œ is an arbitrary constant distinct from zero, 
= {1 З a 1 3 ml 
p(z) = Tz? + 96 , 


and g(a) is given by (8.4.13). 
From (8.4.4), (8.4.6), (8.4.11) and (8.4.12), it then follows that 
1 
2 ||? 
m Б [а |?, 


and therefore by (8.4.10) 
x -1 
0 —ayla) ls |a 2+ f {la Pye) + gh) | 
0 


Ү(х) = | = a 
0  —g(a) B Госа f {Jo Py) + рд} a| 
0 


Substituting the results obtained in (8.4.2), we arrive at a one- 
parameter family of potentials V(x) depending on the parameter œ. 


Example 6. Let 
(A + 0.5%)? (42 — 0.75) 2i4(A 4- 0.5i) 
80) (4 — 0.50 (4 — 1.52) (4— 0.5i) (4 — 1.52) 
i ФД(А --0.5i) 22 — 0.75 
(4 —0.50)* (4 — 1.5%) (20.51) (А — 1.8%) 


1 1 2 1/1 1 
g--l; m-l(*?) w-i . 
4 y5 \2 1 Гел 1 


> 


22 = T7’ 
In this case 
-3,; l _t _3 _ 
12e 2 —— (t—4)e 2 бе 2 4+(¢—4)e 2 
2 ‚ > 0 
F,(t) = _3, _t 23, 24 
бе ? +(—4е 2 3e ? —e ? 
0 ,t-«0 
t 
2 (t > 0). 
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Consequently, S(4) being a unitary matrix, as one can easily verify, 
satisfies the conditions 1° and 2°. 
It is further possible to show that the equation 


+ ЈР, (t5) dé = 0; 0 me 
0 
has two linearly independent vector solutions 


t t 
zD(t) — {ге 2, —2te гү, 
= 3, 3, і 
2(t) = | @—9уе 24+2e 2 , e 2 —е 2, 


and that the equation 
a(t) + f a(£)F(t 8) d£ = 0, 0 =# = 
0 
has the unique solution (to within а multiplicative factor) 


п і 
a(t) = le^ 2, —9te т}. 


Moreover, the Fourier transform of the latter solution is 


87] 


Since the equation 
0 
-yl + f у ®Р,@—®Ю4Е=0, —--t«0 


has only the trivial solution, the above results show that the given 
quantities also have the property (c) (with л» = 0), and therefore 
constitute the scattering data for some boundary-value problem 
(7.1.0)—(0). The corresponding potential V(x) may be found by 
means of the formulas of sub-section 1. However, we shall not carry 
out the computations in view of their complexity. 
Example 7. Let 
Ai (A +i) (A +24) 


80) 73340-P * Gaya aay 
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and suppose that there is no point spectrum. Then 
9e—2t — веі i 

P) = (12е 6e—!)P, if t>0 

9e(I—P) if t-«0, 

F(t) = (12e721 —6e—t)P (t > 0) 


and it is not difficult to verify that the properties 1°, 2°, and (c), 
with л» = 1, are here fulfilled. 


Making use of the appropriate formulas of sub-section 1, we obtain 
K, (x, y) = 3e—¥(cosh = —e—¥) (Binh z)7?P; 
V, (z) = 6(sinh z)-?P; 


0 «x 
Y,(z) = , 
2 (о =) 


where g is any non-vanishing constant, and p(x) is given by (8.4.13); 
т? |а |, 


0 -a| |a è+ Ј (araa | 
Y(z) = ° 


x -1 
0 = | iere f (le etor a| 
0 


For the present example, S(0) = I, and in accordance with this, 


we have a one-parameter family of potentials V(x) given by the 
formula (8.4.2). 


Example 8. Suppose that there is no point spectrum and that 
S(à) = T(-A)g 1 (CAM(A)T(. 2), 





where 
je ô (А+) (A+ 2%) 
| (4—if (4 – 04 
Е(А) = ( = 0), 
aata на fa 0 
(A—4)4 (2—4) (A4 — 24) (A—i)4 
T(A) = 1+2%4(2—% 16, 
6\2 óN 6 
(+: 
© = 


6\? [686\? ӧ\ ô 60? 
0070-9 @ 
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It is easily seen that S(A) is unitary and has the properties 1? and 
2°. Moreover, S(0) = I. It is possible to also show that if ô is a suffi- 
ciently small positive quantity, then the condition (c), with n = 1, 
will hold. 


APPENDIX I 


On the Characteristic Properties of the Scattering 
Data of the Boundary-Value Problem without 
Singularities. 


The scattering data of the non-singular boundary-value problem 
is characterized by the five properties formulated at the beginning 
of Chapter V. The examples of § 7 of that Chapter show that these 
properties are independent. However, it is possible to replace them 
by another set of characteristic properties. This result will make. 
up the content of Theorem 2 which concludes this appendix. 


§ 1. Factorization of a Unitary Matrix 
Lemma 1. If for —oo < А < co, S(4) is a unitary matriz with the 
property I,, then for any a > 0, the matrix 


À 4- ia. 
À— ia 





Sa (å) = 8(4) 


also has this property. 
If, in addition, S(A) has the property II, then so will S,(A). 
Proof: If —co < 4 < co, then S,(A) obviously is a unitary matrix 
together with S(A). Now, since 


2a 


2201-80) 


2а 
I--S,(A) = I-80 5 11 


and 


= f e—tte—ùt dt, 


0 


1 
А-а 
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we find by means of theorems on the convolution that 1—84) 
is the Fourier transform of 


F,(t--2ae-*"I—2ad(), if t>0 


Psalt) = iz (t) —2вФ(), if +<0, 


where F,(¢) is the matrix having J—S(A) as its Fourier transform and 


eo . t 
Фа) = f F,(t-£)e-*dt£ = e7% f Р, (u)e™ du. D 
0 


It is apparent that Р, a(t) is Hermitian along with F,(t). To com- 
plete the proof of the first part of the lemma, we must still show that 
the rows of ®(t) belong to both Liqy(—oo, оо) and L},)(0, oo), provided 
that the rows of F(t) also have this property. The fact that the rows 


of D(t) belong to Loy(—ece, co) isanimmediate consequence of (1) 
and theorems on the convolution. Further, 


с со t 
f1901at s f etat f | F(u) | еди 
0 0 -æ 


0 со оо со 
= Ј | F, (и) | em du f eot dt 4- f Р, (и) | еви du. f e—a dt = 
-œ 0 0 u 


0 - 
- 2) [iron [ir tia] 
— 0 


and hence by the properties of F,(t), 
[190 | а-о. 
0 


Suppose now that 5(4) has both the properties I, and II,. Then 
8,(A) also has the property II,, i.e., for all positive values of t, Р. alt) 
exists and 


Је, 01е. 
0 


It clearly suffices to prove the statment for D(t). 
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From (1), we have for i > о 


t 
P(t) = —ae-* f Р, (шеди F, (t) = 


. t 
= —ag А ep, (1) +e f Р, (u)e™ du, 
1 
where 
1 
А= J Р, (ђе du. 
From this last result, it is evident that the inequality 
ft] Gt) | й<‹= 
0 
will have been verified if it is shown that it holds for the matrix 
t 
et | Р. (u)e"" du. 
1 
But since 
Јер, (0 |<, 
0 


we have 


eo t eo eo 
f 579 | | Р;(и) | e du. f | Fi (и) | en du. f tet = 
1 1 1 и 


Ко, 1 1 
= f | F (и) | ee (aeta) du = æ. 
; . 
Similarly, 


1 t 
Је f | Fi (u) | e duo. 
0 1 
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ConoLLARY: If S(A) is a unitary matriz possessing the properties 
I, and II,, then so does 





ie " 


sa = s (125 


for any positive integer m. 

Lemma 2: Let S(A) be a unitary matriz which (a) is continuous over 
the entire real axis, (b) approaches I as А — + oo, and (c) has the 
property I,. Let F (t) be the matriz having I—S(A) as its Fourier 
transform. 


If 
—a(t)+ f x(t)F,(—t—£) dé = 0, 0=1< = (3) 
0 


has q linearly independent solutions in Lẹ (0, оо) 1 then for m = q, the 
matriz S(A) given by (2) possesses the properties I, and III, 
If, in addition, S(A) has the property II,, then so will S(A). 
Proof: According to the corollary to Lemma 1, it is merely neces- 
sary to show that when m = q, S(4) has the property III,. Let F,(é) 
denote the matrix having J—§(A) as its Fourier transform, and 
consider the equation 


—y(t)+ fyOF.(-t-dé=0,  0st-e 
0 


We must prove that it has no non-trivial solution in L7,(0, со). 
Suppose that y(t) is a solution of this equation belonging to L7,)(0, оо). 
Then according to Lemma 3.4.1, we have? 


g(4) +9(— 2)8(— 2) = 0, 
where 


g0)- f ye dt. 
` 0 


1 From the conditions imposed on S(4) it follows that F,(—^) satisfies 
all of the requirements of Lemma 3.3.3 апа hence the operator 
/ a(5) F(—:— E) 4 
0 
is completely continuous in Là (0, oo). 
2 See footnote 17 of Chapter III. 
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Using (2), we find from this that the vector 


= ~ AT T 
za = se (22) 
satisfies the equation 


Z(A) + Z( -4)8(—4) = 0. 
It is also evident that Z(A) is regular along with 7(4) in the lower 


halfplane and is square summable over the real axis. Since 2(4) has 
a zero of m-th order at A = — i, the vector functions 


ZOA) = (22 :1)-*2(4) (& = 0, 1,..., m) 


are also regular in the lower halfplane, are square summable on the 
real axis and clearly satisfy 

£z 9(2)4- z*(—4)S(—2) = 0 (k = 0, 1,..., m). 
Therefore, the functions 





Z(t) = | Bmareraa (k=0, 1,..., m) 


vanish for ¢ < 0, belong to L3, (0, co) and according to Lemma 3.4.1, 
satisfy equation (3). 

It merely remains to observe now that if Z(A) # 0, then Z 02), 
#@4),..., Z(9(4) would be linearly independent and, hence, so 
would zz), 2@z),..., a(t). Therefore the equation (3) would 
have at least m-+1 linearly independent solutions in 100, оо) апа 
this would contradict the assumption of the lemma. Thus, (4) = 0. 
This implies that 7(4) = 0 and so y(t) = 0, q.e.d. 

ConoLLARY: If S(A) satisfies the same conditions as in Lemma 2, 
then it can be represented in the form 


sta) = zB -. 4 


Here, m is a sufficiently large positive integer, and E(A) = E(0, 2), 
where E(x, A) is the special solution of a certain equation of the form 
(2.1.3) with a Hermitian potential satisfying (2.1.2). 

In fact, under the stated conditions, S(A) (of formula (2)) has 
the properties I,, I, III, for т a sufficiently large integer and 
according to Theorem 5.6.1, it is the scattering matrix for some 
non-singular boundary-value problem. 
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Therefore by (2.3.3), 
8(4) = Е-1(— А)Е(А), 


where E(4) has the above meaning. From this and (2) we obtain 
the relation (4). 


$ 2. Indices of S(A) 


We shall henceforth assume the unitary matrix S(A) (— со =41-<оо) 
to satisfy all of the assumptions of Lemma 2, and we shall look 
for those solutions of 


(A) = Z(—-2)8(4), — oo < А < оо (5) 
which are regular in the lower halfplane and are of finite order at 
infinity. This last statement means that the ratio of Z(A) to |А), 
where > is some constant, tends to zero as |A|—oe, Im 4-0. For 
short, such solutions will be called proper. 

Lemma 3. Every proper solution of (5) is of the form 


Uo» 
za = a-m] 3. АСИ 





where E(A) has the same meaning as in formula (4), А = — ilr 
Hx 0 (k=l, 2,..., D), are the poles of H-1(A), Np is the residue of 
E-1\(A) at the pole Ay, p(A) is a vector with components that are poly- 
nomials in А, and 
е® = (3—4) MZ (A) la, - 
Proof: The relations (4) and (5) yield 
(5—1) ?"z()E-1(4) = (A-4-4)y-?* Z( — 2)E-1( — 2), Imå = 0. 
Hence, we see that Ag(A), with 
(4) = (A— i ?"Z(A)E-1(A), Imj= 0 
(A+ i) ?mz( — AE-1( — 2), ІА > 0 
is an odd function ор the real axis. From the properties of E-1(4) 
(see $52 and 4 of Chapter П) it then follows that Ap(A) is meromor- 
phic in the entire plane, with a finite number of simple poles at the 
points +A, (k=1, 2,..., 1). Therefore 


Lo QA, 
A A = k h N + À › 
ф( ) À 2 22 нут: с k v( ) 
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where N, is the residue of E-1(4) at the pole 2}, y(A) is an entire 
odd function, and f 


ce = (A —i) z(a) =, А 
We further note that since E(4)—I ав |А|-оо (Im 4-0), ф(А) is 
of finite order at infinity and hence so is y(4). But then A^ 1y(A)— 


—9$(A?), where p(A) is a vector whose components are polynomials, 
and consequently 


1 94 
Ф) = > 0. Na+ pO, 


hz Д2 Е 





which is equivalent to (6). 

Remark. The formula (6) shows that when |4 |o» (Im 4-0), each 
of the components 2;(4) of a proper solution 2(4) of (5) has the 
asymptotic behavior 


2(A) ~ д?» , 


where о; is a constant and »; an integer. The exponent 2»; in this 

asymptotic relation is said to be the order of Z;(4) at infinity, and 

the largest order of the components ofthe vector ?(4) is said to be 

the order of the vector at infinity. It is evident that the order of 

any proper solution of equation (5) at infinity is an even integer. 
From (4), which is expressible as 


(3—#тЕ(Д) = (А+ iE —2)8(),- 


it follows that the rows of the matrix (А – 1)2"Е(1) are proper solu- 
tions of (5). These vectors, which will be denoted by 


ед), e94), . . ., e™(A), (7) 


are linearly independent, are regular in the lower halfplane and have 
exactly the same order 2m at infinity. The vectors of (7) also cannot 
be connected by any relation of the form 


> pe )20, 
ji 


where. р;(А) are polynomials that are not all simultaneously identi- 
cally zero. This is а direct consequence of the asymptotic behavior 
of these vectors at infinity. 

We shall now essentially apply the reasoning used in the solution 
of the Hilbert problem by the method of Plemelj following the 
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presentation in Muskhelishvili’s book, Singular Integral Equations 
(1953, § 127, pp 393—404). 

From (6), one concludes that among the proper solutions of (5) 
there will exist those that have the smallest order of the possible 
orders at infinity. Let — 2х, denote the smallest order, and let 
2'7(4) be a proper solution of (5) having this order at infinity. 

Next, let —2х„ be the smallest possible order at infinity of those 
proper solutions of (5) which cannot be obtained from Z'?(4) by 
multiplying by a polynomial, and let Z®(4) be one of the proper 
solutions of (5) of the order — 2%» Evidently, x,=,. Continuing, 
let —2x, denote the smallest possible order at infinity of those 
solutions of (5) which cannot be represented in the form 


р1(4)2 (4) + pp(A)z(A), 


where p,(A) and p,(4) are polynomials, and let 29'(4) be one of the 
proper solutions of order —2x,. 
This process may be continued until we obtain » solutions of (5), 


ZH A), Z9 (4), ..., ZA), (8) 


having the respective orders at infinity of — 201, — 20, ..., — 201, 
with 
Hy Hye... Rm. 


In fact, suppose that the solutions Z(4), 2(0(4),..., ZA) 
have been found in the indicated way and that s<n. Then there 
must exist vectors among those of (7) which can not be repre- 
sented as 


X 2(A)29 (4), 
j=1 


where the p,(A) are polynomials. In the contrary case, we would have 
Z g;( (A)e9(4) )=0 


where the 0;(4) are polynomials which are all not simultaneously zero 
and this is impossible. 

According to Lemma 3, each of the solutions in (8) is of the 
form 


ZOA) = 1(A) H(A) (j=1, 2,..., n), (9) 
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where 7?(4) is a vector whose components are rational functions 
of A. Let us further set 


w(A) = A22: (2) (j21,2,...,n). (10) 

By the use of the properties of the functions in (8), which are 

immediate consequences of the way in which they were constructed, 

and by means of (6), (9), (10), апа equation (5) itself, it is possible 
to prove the following assertions: 
Property 1°: The determinant 


A(4) = det || ZPA IR, 
where Z9(4) (Z9 (a), ZPA), ..., ZPA}, does not vanish for all 


finite values of A750 and Im 1x0. 
Property 2°: The determinant 


244) = det || r?(A) ||? , 
where r°(ay={r (2), P(A), ..., 7P(A)}, does mot vanish for all 


values of A in the halfplane Im 40: 
Property 3°: The determinant 
Д.А) = "M I. 
where the limit of w?(A) = (wj (A), wP(A), ..., w2(a)} exists as 
A—oo, Im 150, does not vanish. 

The proofs of these statements will be omitted since they essen- 
tially repeat the reasoning carried out in the above-mentioned book 
of Muskhelishvili. 

From Property 3? follows the almost evident 

ConoLLanRv: The order of 


т. 
PE Лу (A 


at infinity, where the p;(A) are polynomials, is equal to the highest of 
the orders at infinity of the terms in the sum. 

Any n vector solutions of equation (5) will be called a canonical 
system of solutions of that equation if it has the Properties 1°, 2°, 
and 3°, and а matrix whose rows comprise a canonical system will 
be called a canonical matrix of equation (5).Now the vector functions 
in (8), in particular, comprise a canonical system of solutions of (5), 
and 


Z0)- ZPA lr 


is à canonical matrix of this equation. 
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The matrix Z(A) is regular in the lower halfplane and continuous 
there up to and including the real axis (see formula (6)). From the 
Properties 1° and 2° it follows that its inverse 2—1(4) is also regular 
in the lower halfplane and continuous up to and including the real 
axis, with the possible exception of the point A = 0 in the neigh- 
borhood of which it behaves like E-1(A). Since the rows of Z(A) are 
solutions of (5), 


Z(À) = 2(— AMA), — о < А < co (11) 
‘and hence, for any real finite value of A~0 
S(A) = Z-1(—A)Z(A). 
By the use of this relation and the relation 
Z(A) = RA)EQ), (12) 


where R(A) = ||rf(A) |? and which is equivalent to (9), it is now 
possible to prove the following lemma. 
Lemma 4: All of the proper solutions of equation (5) can be represent- 
ed in the form 
n 


Z(À)2 2 p,(a2)Z (a), 


ј=1 


where the р(А) are polynomials and (4) the canonical system of 
Solutions (8). 

The proof of this lemma is carried out in exactly the same way 
as that of the analogous proposition in Muskhelishvili's book, and 
we shall omit it. 

Remark. By virtue of this lemma and the corollary to Property 
3° formulated above, any proper solution (4) of (5) whose order at 
infinity does not exceed a given even number 2», is of the form 


20)- Z p» cx (2829 (4), 
2 


where 5,,,,(4) is a polynomial of degree no higher than v + x;. 
By making use of this remark, we can compute the number of 
linearly independent proper solutions of equation (5) vanishing at 
infinity. 
Let 


ж ==... == иро Om aqu ll. m MO. (13) 
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Any proper solution of (5) vanishing at infinity (і.е., of order not 
exceeding 2” = —2) is given by 


В 
20)- È Pa A), 
ё 


where p,.,(4) is a polynomial of degree not exceeding x; — 1. 
Moreover, Px (4) = 0 if x; — 1 < 0. This expression contains 

Ney mx 4X4... + (14) 
arbitrary constants [the coefficients of the polynomials p,, ,(4) and 
one can easily see that this is the number of linearly independent 
proper solutions of (5) vanishing at infinity. 

Let us now turn again to equation (11). Taking first the complex 
conjugate transpose and then the inverse of both its sides and finally 
multiplying by A, we arrive at 

AZ (A) = CUBES (Im å = 0, 4 z 0) 
(since S*(4) = $71(1)), o 


A[Z*( A] = A[Z*(4)]-18( —2) (ImA420, A # 0). 
This implies that the rows of the matrix 


YQ) = az" (18) 
are solutions (and furthermore, proper ones) of the equation 
y) = -9(-28(- А). (16) 


It immediately follows from (15) that for any finite non-zero value 
of A in the halfplane Im 4 = 60, 


det Y(A) #0. 
Now set 


FA)=|| FPA |8; 

then (15) yields 
A4, i(— —7) 

A-3 
where 4;;(A) is the cofactor of the element 29 (4) in the determinant 
A(A) = det Z(A). But by virtue of (10), 
AA C- 2) 
4.02 


PA) = 


TPA) = 9s, 
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where A¥(A) is the cofactor of the element wi (A) i in the determinant 
A). Hence, it follows that the solution 2?(2)— (72 (4), 99 (4), - 
9?(A)} of equation (16) is precisely of the odor 2x; + 1 at infinity 
and that 


аванд) [т = 
l — 4) 
does not vanish there. 
Thus the matrix Y(A) defined by (15) possesses the Properties 1° 
and 3? of a canonical matrix. Also holding is the following lemma. 
Lemma 5: All proper solutions of equation (16) can be represented 
as 


TA =F soa 


where the p(4) are polynomials and the3/9 (4) rows of the matriz Y(A). 

By means of these results, it is possible to show as in the above 
that any proper solution of (16) vanishing at infinity can be repre- 
sented in the form (see (13)) 


n Hn 
y0)— 5 Piel?) A), 
j=k+1 

where Pix—1(4) is an arbitrary polynomial of degree not exceeding 
|*;| — 1. The total number of arbitrary coefficients is therefore 

No, = —9a— Hkt — cos T Hm (17) 
and this is the number of linearly independent proper solutions of 
(16) vanishing at infinity. 

From (14) and (17), we thus have 
Np- No = ++... T S. 


Tbe numbers 24, %2,...,%, are called the partial indices, and their 
sum the total index of the matrix S(A). · 

According to Lemma 3.4.1, N(,) is the number of linearly inde- 
pendent solutions 2(t) of 


s) [eR +04 = 0, Ont<a, (18) 
0 


belonging to L7,)(0, co), and N, the number of linearly independent 
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solutions y(t) of 
—y(t)+ f w£)F,(—t—£) dé = 0, 0<t<o, 
0 


belonging to Ia (0, oo), or what is the same, the number of linearly 
independent solutions ¥(¢) of 


0 
—9@+ f IEF (+E) dé = 0, —e-ts0, (19) 
belonging to Г2,,(— оо, 0), where F (t) is the matrix having I— 8(4) 
as its Fourier transform. 
Thus we have proved 
THEOREM 1: Suppose that the unitary matrix S(A) satisfies all of 
the assumptions of Lemma 2 and F,(t) has I — S(A) as its Fourier 
transform. Then 


No-NoO- x, 
where N(,,4s the number of linearly independent solutions of (18) in 
1ДҺу(О, оо), ДГ, the number of linearly independent solutions of (19) 
in 1}лу(— оо, 0), and ж is the total index of S(A). 
Tf S(A) satisfies the conditions of Lemma 2, then from our earlier 
discussion . | 


_ А—\?°?" 
SA) = EX —24)EQ) (ii) (4) 


where E(4) = E(0, A) and E(x, д) is the special solution of some non- 
singular equation of the form (2.1.3). The computation of the total 
index of the matrix S(A) requires the following lemma. 

Lemma 6: In the neighborhood of à = 0 with Im 4 = 0, 


det E(4) = à (e 4- o(1)), e, 0, 


where q is the rank of I — S(0).. 
Proof: Let P, be a matrix projecting from the left on the null space 
of E(0). According to Lemmas 5.6.2 and 5.6.3, the matrix 
D(A) = [I — P, + (64) 1 Pg]E (A) 
is continuous and non-singular in the neighborhood of 4 — 0. There- 
fore, 


det E(4) = det [I—P,+ (ià)- XP,]-! det D(A), 
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But the lim det D(A) = со x 0 and hence 


A-—0 


det E(4) = det [I — P, + iP] - (cf + o(1) (à — 0). 


Let q be the rank of the matrix P,. Then in an appropriately 
chosen basis, P, will be in diagonal form with g of its elements 
equal to 1 and the remaining ones 0. Since the value of the deter- 
minant of a matrix remains unchanged under a unitary transfor- 
mation of basis, it follows that 


det [I — P, + iAP,] = (4). 
Therefore when 4 — 0 
det H(A) = A(c, 4- o(1)), 
where c, = ifco = 0. Furthermore, (5.6.20) yields 
q = rank P, = rank [I -lim E-1(—A)E(4)] = rank [I — S(0)], 
and the proof of the lemma is complete. 


We now make use of equation (11) to compute the total index 
of S(A) According to (11), А 


log det Z(A) = log det Z( — 4) + log det S(A). (20) 
Noting that | det S(A)| = 1 and setting 
(Л) = arg det S(A) = — log det S(A), 
we find that for any given R > є > 0 
—e R 
J + f dlog det 80) = #08) — nle) -m( е) (B). (21) 
-R e 


By means of the properties of the canonical matrix Z(A), it is 
possible to set up a similar integral for log det Z(A) using contour 
integration. Namely, if Jp and /, are semicircles in the lower half- 
plane with centers at the origin and with respective radii of Ё and 
= and if lp is traversed clockwise and Z, counterclockwise, then 


—е R 
Ј + Ј 4(og det (А) = — f — f d(log det Z(2)). 
—R e lg l; 
By the Property 3° of the canonical matrix Z(A), 

det Z(A) ~ pA—2* 
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when 4 — oo, Im 4 = 0, where y is a constant, and hence 
lim f d(log det Z(A)) = 2nix. 


R->e Jp 


Now by equation (12), 
det Z(A) = log det R(A) + log det E(A), 
and hence, by applying Lemma 6 and the fact that det R(0) = 0, 
we find that 
lim f d(log det Z()) — xig. 
£—0 le 


Thus 
—е R 
lim f f + f d(log act 20))} = —2Qnix—nigq. (22) 
R-re (_R e 
e—0 


Similarly, by means of contour integration in the upper half- 
plane, it may be shown that 


—& R 
lim f J + J d(log det 2-2) = 2ліх + лід. (23) 
R--co —R E 
20 
From equations (20) —(23), there then results 
1 

К+ =)—(+0+(—0—(— =) = (а). (24) 

Since S(A)S(—A) = I for all real values of A, 
(A) + 4(—A) = 2лт, (25) 


where m is an integer. We may also assume 7(4) to be a continuous 
function since det S(A) is continuous and does not vanish. 

Therefore, if the relation (25) for A = co is combined with (24), 
and then the relation (25) for A = 0 is subtracted from the resulting 
expression, we obtain 


по) =) = n (ee). 
or 


1 
х = s n0) -n+ =)1—-у-4- (26) 
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$ 3. A New Characterization of the Scattering Data 


The above results lead to a modification of the set of characteristic 
properties of the scattering data of the non-singular boundary- 
value problem. | 

According to Theorem 5.6.2, the scattering matrix 5(4) of the 
non-singular problem is continuous over the entire real axis and 
approaches I when A — + оо. Thus, Theorem 1 of this appendix 
is applicable to it. From this theorem and the properties III, and 
V of the scattering data of the non-singular problem, it follows 
that the sum of the ranks of the normalization matrices M,, М», . 

, M, of this problem is equal to the total index x of S(4) which | 
can be computed by means of formula (26). 

Let there now be given Hermitian matrices Mp, numbers А2 < 0 
(k = 1, 2, ..., p) and а unitary matrix S(4) continuous over the 
entire real axis, such that S(4) — І when A — оо, and satisfying . 
I,, П,, and IV. Suppose further that the sum of the ranks of Mj, 
M ..., M, is equal to the total index x of S(A). Then, as we next 
show, the conditions III, and V will also hold. 

According to Theorem 1, the number of linearly independent 
solutions of equation (18) in 12,(0, оо), і.е. Л), is not less than 
x. However, this number cannot exceed x. In fact, if 


z(t), 2(t), ..., г®() 


were linearly independent solutions of (18) and / > x, then there 
would exist a non-trivial linear combination of these solutions 


1 
-Z yz? (t) 
such that 
Z(A,)M,=0 (ImA,<0; Е=1, 2,..., р), 
where 


= f z(e ™ dt. 
This is so because the rank of the following system of equations 


in the unknowns y; does not exceed x (i.e., the sum of the ranks 
of the matrices М»): 


1 ; 
D Vj2 (Ay) М, —0 (k=1, 2,..., p). 
j=1 


CHARACTERISTIC PROPERTIES OF THE SCATTERING DATA 281 
But then according to the corollary to Lemma 3.4.1, the condition 
IV would be violated. > . . 

Thus N(,, = x, and hence the condition V holds since x is the 
sum of the ranks of M p И»... My. Furthermore, by Theorem 1, 
the fact that Му, = x implies that N- = 0, ie, the condition 
III, holds. 

These results together with Theorem 5.6.2 yield the following 
partieular theorem. . 

THEOREM 2: A unitary: matris S(A), Hermitian matrices M,, and 
numbers Ag < 0 (k = 1, 2, ..., p) comprise the scattering data for 
some boundary-value problem (2.1. 1) with a Hermitian potential V(z) 
satisfying the inequality 


f e| V(z) | dz oo, 
0 


if and only if the following conditions hold: 
(1) I—S(A) is the Fourier transform of a Hermitian matriz F (t) 
summable over the entire real axis (— оо = t < оо). 
(2) For all values of t > 0, F(t) exists and 
ЈР, 0) |а. 
б 
(3) The equation 
z(t)-- | хЕЕ@+&4&=0, Ost<e, 
б 


in which 


| F= 5 Meets Р, (0) 
h-1l 


has no non-trivial solution in Bin l0, oo). 
(4) The sum of the ranks of the matrices Mi, M», ..., M, is given by 


HINO 0+ 91 — 3-6, 


where in(A) = log det S(A) and q is the rank of I—S(0). 
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Refinement of Certain Inequalities 


In the course of our investigation of the non-singular boundary- 
value problem, the following two inequalities were obtained (see 
(3.2.7) and (5.4.4’)): 


ri 2 
| 22) ——- Vi2)| = «| | vola , (1) 


| V(x) — 4F'(22) | = C, i f | Р/(2) | ar . (2) 


Here C, and C, are constants, V(x) is the potential of the problem 
in question, and F(x) is a matrix which is expressed in terms of the 
scattering data for this problem by means of the formulas 


Fa) = 5 je. Р, (ш), 
R=1 


Р, (а) = z f [I — S(Ayje?^« dà. 


—oo 


The above inequalities show that V(x) and 4F'(2z) behave 
essentially alike in the neighborhood of zero and infinity. 

We recall that (1) and (2) are derived from the fundamental 
equation 


Ру) + K(z, у)+ f Ke, 0F(-- y) dt = 0, (4) 
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the first on the assumption that 
Ја (ж) |а, 


0 


and the second ‘provided that 


[| F(a) | dz 
0 


It is of natural interest to seek a refinement of the inequalities 
(1) and (2), in other words, to obtain asymptotic relations between 
V(z) and F'(2z) containing the next terms in the asymptotic ex- 
pansions. We shall now give without proof several of such formulas. 

By means of a first iteration of the fundamental equation (4), 


it сап be shown that 








P(22)-—- Væ) +> i f LO a} 


- з = 
=0,}] volal Јат |а, 


x 


| V(x) — 4F'(22) —4F*(2z) | = 
7. 27 ° 
=o, f [Pen ae ft] (en | ae, 


which clearly sharpen (1) and (2) for large values of z only. 

To obtain more precise formulas for х in the neighborhood of 
zero, ib is necessary to impose а more stringent a priori condition 
on the one of the two matrices V(x) and F'(2z) whose behavior 
is considered to be known. 

Thus, it may be shown that if 


fer | V(x) | dz оо (т << 1) > (7) 


0 
then 


F'(2z) = 1 V(z) -7 | ve) ар +А+0(2—2+38) (z—0) (8) 


REFINEMENT OF CERTAIN INEQUALITIES 285 


where 


А = f i jo [K(s, 2t-- s) — K(0, 21)] a F(2t) dt (9) 
0 0 


and K(z, y) is the solution of equation (4). 
On the other hand, assuming that F(x) satisfies the condition 


| 22— | F'(z) | dz < (= == ) , (10) 
i А 
one can obtain for V(x) the asymptotic representation 
V(x) = 4F'(2z) --A[F(2z) — Р(+ 0) — 
—4A4-0(z-2*9 —— (д0), (11) 
where А is given by (9) and 


F(40) = D Мү+- lim Ue 9) Fi C72] 


(the limit exists whenever the condition (10) holds). 
The representation (11) can also be expressed as 


V(z) = 4F'(2z) +[F, (2x) — F, (— 22)? — 
—4A 4- O(g-2*3 (к — 0). 
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